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THE 
«UT Hor. 
PREFACE. 


FX N order to the Reader's fatisfaQion con: 

| (EZ8 cerning the Book put into his hand, I 
© atm to advertiſe him of ſome few 

ep _ » and that according to rhe na- 
ture of the Work; briefly; as followeth, My Un- 
dertaking aimed principally at two Ends. The firſt 
of which was to conjoin the greateſt Compen* 
diouſneſs of Demonſtration with as much Per- 
 ſpicuity as the quality of the ſubjeR would ad» 
—-mit 3 that ſo the Volume might bearno bigget 

\ bulk then would render it conveniently portable; 

- Which I have ſo farr attained , that though poſh» 
bly ſome other perſon might with greater curiofs 
 tyzyet (I preſume) none could with more concifes 

- heflſe have demonſtrated moſt propoſitions; gfpe* 
.) cially , fince I have altered nothing in the number 
and order of the Propoſitions, nor taken the lis 

© berty to leave out any one of Euclide's as leſſe ne- 
=.ceflary, or to reduce certain of the eafteſt into the 
 Claffts of Axiornes, Which notwithſtanding ſome 
-/ haye done ; as that moſt accurate Geomerrician 
©; Andr.Tacquer, whom I mention the rather, becauſe 
Lefteem it ingetuous to acknowledge ſome things 
.>taken from him. And, indeed, I ſhould have at- 
\ tempted nothing afcer his moſt elegant Editrons 
had it not pleaſed that learned Perſon to publiſh 
(43 2 only 


The PREF ACE. 
only Eight of Euclide's Books illuſtrated by his 
paines , either (lighting or undervaluing the 0- 
ther” Seven 2s leſfe relating to' the*Elements of _ 
Geometry. But I had a different Purpoſe from 
the beginning 3 not to compoſe Elements of Geo- 
metry any-wiſe at my diſcretion , but to demon- 
Nrate Exclide bimſelt,and all of him, and that with 
all poſhible breyity. For as for Foure of his Books, 
the Seventh, Eighth, Ninth and Tenth , although 
they do not ſo neerly pertain to the Elements of 
Plane and Solid Geometry , as the Six Firſt & the 
Two ſubſequent; yer no man that ha's arriv'd to 
any meaſure of $kill: in Geometry is ignorant 
how exceedingly uſefull they are in Geometricall 
matters , aſwell in regard of the very neer alliance 
between Arithmetick and Geometrie , as for the 
knowledge of Commenſurable and Incommen- 
ſurable Magnitudes which is highly important to 
the underſtanding both of Plane and Solid Fi- 
gures,And the noble Theory of the Five Regular 
Bodies, contained in the Three Laſt Books,could 
not be omitted without prejudice & injury ; ſince 
pur Author of theſe Elements,heing a Setator of 
Plato*s Schole, is reparted to have compiled the 
whole Syſteme only jn reference to that Contem- 
lation 5 which Prodws atteſteth in theſe words , 
O34y dy % " Covumions SVYLEW TE TAG» QIC9%5n 027 6 Thu T 
$aAvpoizey TIAGT mrxar gnpd4re Cvomon, Moreover, | was 
eaſily induc'd to belieye, that jt would he acce- 
ptable to all Lovers of theſe Sciences to havethe 
Jarrre work of Euclide by them,as it is uſually cited 
andrecommended by all men, Wherefore] _ 
min” 
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 min'd to leave: out no Bookor: Propoſition'of 
thaſe which are found: in Perer:Herigon , whoſe 
footſteps I became. neceflitated:rotollow cloſely 
by baving reſolved to make uſefor the'moſtpart 
'of the Schemes of his Book,upon a foreſight that 
my ſpeedy departure out of England, would not 
allow me time ta deſcribe New , although I ſome- 
times defired fo to doe. . Upom'the: ſame account 
alſo I purpoſed to uſe generally no other then 
Euclide's own Demonſtrations, icontraRted into a 
more ſuccin& form, ſaving perchance in the'Se- 
cond and Thirteenth, & ſparingly in the Seventh, 
Eighth, and Ninth Books , where ir ſeem'd conve- 
nient to vary ſomething from him. So that it may 
be reaſonably» hoped that in- this Particular our 
owh Deſign and the Wiſhes of the Studious arein 
ſome manner ſatisf'd. | 
The other End aimed at,was in favour of Their 
defires who more affe& Symbolical then Verbal 
Demonſtrations.In which kind,ſeeing moſt of our 
own Nation are accuſtomed to the Notes of Mr, 
Oughtred, Ieſteemed it more convenient to make 
uſe of them principally throughout, For no man 
bitherto that I know of, ſaving only Pezer Herigon, 
ha's attempted to ſer forth and interpret Eaclide 
according to this way, The Method of which 
molt learned Perſon , though in many other re- 
ſpecs very excellent, and exactly accommodated 
to his peculiar purpbſe , ſeem'd to me notwith- 
ſtanding doubly defeCive. Firſt;in that, whereas 
of ſeverall Propoſitions brought to the proving 
of ſome one Theoreme or Probleme the Latter 
do's 


do's not alwaies depend on the Former , yet when 
they do cohere 6newith atother » and when nor, 
cannot readily enough be known » either from 
their order or any other way ; whence it not ſel- 
dome comes to paſle , thtat rhrough the want of 
CoryunGions and AdjeRives,Ergo,rurſus,&c.there 
ariſes difficulty and occaſion of doubting , efpe- 
cially:to fuch) as dre but little vers'd therein. And 
mthenext place., it oftentimes falls out that the 
fatd Method cannot avoid ſuperfluous repeti- 
tions;whereby the Demonſtrations become fome- 
times prolixes and fometimes perplex'd and intri- 
cate, All which Inconveniences are eafily reme- 
died in our Way by the imetmingling of Words 
and Signes at diftretion. Ard thus mucb may ſuf 
fice to be | concerning the Intent ahd Me- 
thod of this Compendium. 1 fha}l' not alledge in 
favour of my ſelf the ſcantnelle of time allotted 
to this Work s nor the avocations of affairss nor 
the ſcarcity of Helps to this ſort of Studies a+ 
mongit us (as I —_— untruly)out of fear leſt 
my Performance Id not throughly pleaſe e 
very body: But I wholly ſubmit to the faire Cen- 
ſure and Judgement of the Ingehtaous Reader, 
what I have undertaken for the advantage of his 
Studies ; to be approved , if he find-it ſerviceable 
thereuntoz org if otherwiſe, rejected. 
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contralto > Eipnpuiopr. 


AdFum bene ! didicit Laconice loqui 
Senex profundus, er aphoriſmgs indyit. 
Immenſa dudum margo commentarii 
Diagramma Circuit minutum; utque Tyſuls 
Problema breve natabat mm vaſto mari. 
Sed unda jam detumwuit; & gloſſa arttjor 
Stringit Theoremata ; minoris anguts 
Lateribus ecce totys Eucliges jacet, 
Incluſus olim velut Homerus in nuce 3 
Pluteoque ſarcina modo qui incubuiz, levis 
En fit manipulus, Pelle mn exigna later 
Ingens Mazheſis, matris utero Hergules, 
In ylande quercus , ve} Tthaca Eurus in yils. 
Nec mole dum decreſcit, uſu fit minor ; 
OQuinenFior jam evattit, & cummulatius 
Contratta prodeſt exudita paging. 
Sic where mayis liquor Þ prefſo effluis 5 
Sic pleniori'vaſa ene 4 a | 
Torrente cordis Syftole ; fic fuſius 
Procurrit equor ex Abyle anguſtiis. 
Tantilli operis ars tanta referenda wnice eſt 
BAROVIANO ks; fllpia 
Sublimis euge mentis ingenium potens ! 
Cui invium vil, arduumeſſe nil ſoles ;' 
Sic uſque pergas proſpero conzming 3 
Radiuſque multum debeat ac abacus tibi ; 
Sic creſcat indies feracior ſeges, | 
Swmili colonwm germine #5 beans, * 
Specimen future meſsis hic ſiet labor, 
Magneque fame illuſtria hec preiudia, 
Invenis dedis qui #auta, quid dabit ſenex 3 


Car. Robotham, £ ANT .4 Þ- 


Coll, Tyin, Sew. $06, 


The Explication'of the Signes of 
Characters. 


[ 


Greater: 
| Leſſer, | 
Mote, or to be added. 
"[Lefle ,or to be ſubtrafted. 
_ | 4 The Diiferences or Exceſle ; Alſo that all the 


quantitieswhich followzare to be ſubtracted, 
- the $ignes not being changed. 


+ gd) 


8 E Cntuiticaionzar the Drawipg.one (ide of a 
G ( Reftangle.luto anothep.  ., . 

The.ſame is denoted by, the CanjunRion of 

letters; as AB=A xB. 


# > + £4 


, | 
"Yg [The Side or Root of a Square, or Cube, &c. 

: | 
Q&q A Square. 


C&c J {[ACube. . 


| Q.Q. [The ratio of a ſquare oumber to a ſquare 

| number. 

: Other Abbreviations of words z where ever they 
occurr , the Reader will without trouble underſtand of 
bimſelfs ſaving ſome few , which , being of leſſe gene- 

| rall uſe, we referr tobe explained in their own places, 
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Defenitious. 


&8 Point is that which hath no part, 
2 11. ALineis a longitude withs 
= WR out latitude. 

R ITE The ends,or limits, of 
==S linc are points. - 
I V. A right line is that which Jyes equally 
betwixt it's potats. | | y oy 

V. A Superficies is that which bath only Igngji- 
tude and latitude. | 
p VI. Theextremes, or limits, of a ſuperficies are 
ines. | 
V II. A plaine ſuperficies is that which lyes 
equally betwixt it's lines. | , 

VIII, A plaine Nvgle is the inclination of 
two lines the one to the other , the one touching 
the other in the ſame plaia , yet not lying 1n the 
—_—_— _ 4 ny 

. Andif thelines which conteia the angle 
right lines, it is _ a.right-lined augle. |, 
A X/ When 


% 


\% l 


= 
_ 
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© Wet "PI 
SW et AC Ge ae OD ou CO - 

WY = X . 
AY 


A 1 B then both: thoſe equal 
£ 
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X. When a right line 
CG ſtanding upon a 
right line A B, makes the 
angles on either ſide 
thereof, CG A, CG B, 
equall one to'the other, 


= 


C angles are right angles ; 
and the right line C G,which ittandeth on the other, 
ts termed a Perpendicular to that ( A B ) whereen 
it ſtandeth. _ 

Note. Whew ſeverall angles meet at the ſame point 
( 45 at G) each particular angle is deſcribed by three 
letters ; whereof the middle; letter ſheweth'the angular 
point, and the two other letters the lines that make that 
engle : As the angle which the right lines C G, AG 
make at G, is called C GA,or A GC. 


XI. An obtuſe angle is 
.that which is greater then 
a right angle;as ACB. 

X I1. An acute angle is 
that which 1s lefle then a 
right angle; as A CD. 

P D XIII.A Limit, or Term, 
wy CC is the end'of any thing. 
XIV. A Figure is that which 1s conteined un- 
der one or more terms. 
XV. ACircle is a plain figure conteined under 
one line”, which is @alled a Circumference ; unto 
which all lines drawn from one point within the fi- 


- gurez and falling upon the circumference thereof, 


are equall the one to the other. 
| B X V IL And that point 
1s called the Centre of 
the circle. 

XVII. A Diameter 
of a circle is a right line 
drawn through the cen- 
tre thereof, and ending at 
the circumference on ei- 

ther 
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ther ſideydividing the circle into two equall parts; 
XVIIL ASemicircle is a figure which is con- 


' teined under the diameter and under that part of 


the circumference which is cut off by the diameter. 


. © " Inthecircle EABCD,E is thecentre, A C the 


diameter, A B C the ſemicircle. 
- XIX. Right-lined figures are ſuch as are con- 
teined under right lines. | 
X X. Three-ſided or Trilateral figures are ſuch as 
are conteined under three right lines. 
X XI. Four-!1ded or Quadrilateral figures are 
ſuch as are conteined under four right lines. 
X XII. Many-fided figures are ſuch as are cons, 
teined under more right liges then four. 


X XIII. Of erlateral 
hgures, that is an Equila» 
ral Triangle z which hath 

* three equal ſides ; as the 
Triangle A. 


 XXLIV. Ifoſceles is a 
Triangle which hath one« 
ly two {des equall ; as the 
Triavgle B. 


X X V. Scalenum 1s a 
Triangle whoſe three ſides 
all unequal! 


are z as C. 


A 2 XXVL Of 


+. # 


"The frſt Bubb bf 
| LAVA Of theſe trila- 
af res » a Ri t- 
apted” Triangle is JHA 
| which hath one ight: an- 
\ gle; as the T:1angle 
XXVII. An Ambly- 
gonium , or obtuſe-an- 
Cn ———n ed Triangle , is that 
Which hath ofie angle eval, as B. 
| XXV 111. An Oxy- . 
Pier or EE , 
rian le 5 7) that 
bay three. acute an gles 5 
" b " 


ar, Or e*- 
quall- a pogular 1s that 
Chanck 1 the avgles are 
equall. T'wo figures are C- 
quiangular,if the ſeverall angles 6f the one fgure be 
equall to the ſeyerall angles of the other. The fame 
is to be underſtood of equilateral fi gures. 


B 
X X1X. Of quadrila- 
teral,or four- OS) figures, 
aSquare ischat whoſe ſides 
are equal, & apples right; 
as A of D.- 
A 4 
B 
i x Px. A figure on the 
S 0 one part longer, or alon 
ſquare 4 is that. which hat 
br a es,but hot  equall 
A D > 
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or diamond-figure, is that 
which hath four equall 
ſides , but is not right- 
angled; as A. 


XX XII. A Rhom- 
boldes,or diamond-like fi- 
gure » 1s that whoſe oppo- 
ite ſides , and oppoſite 
angles , are equall ; but 
C ' hath neither equall ſides 

nor right angles; as GL M H. | 


XXXITIL, All other 
uadrilateral Ggures be- 
1des theſe are called Tra- 

4% or Tables; az G-N> 
DH. Os 


N 
A WE X XXIV, Parallel, or 
B equidiſtant , right lines are 
ſuch , which being 1a the 
ſame ſuperficies , if infinitely produced , would 
- never meet; as A and B. 


XXX V. A Parellelo- 
gram is a quadrilateral fi- 
gure, whoſe oppoſite fides 
are parallel,or equidiſtant; 
as GLHM. 


A3 XXXV1.1o 
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XXXVI. In a paral- 


diameter AC , and two 
lines E F, HI parallel .to 
the ſides, cutting the dia- 
meter in one and the ſame 
I ou G , are drawnz ſo 

that the 'parallelogram 
| E G be divided G them theo 
four parallelograms; thofe two, D G, G B, through 


ments; and<he other two, H E, F I, through which 
the diameter paſſeth , the Parallelograms ſtanding 
about the diameter. 
A Probleme is , when ſomething is propoſed to be 
Done or effetted. 
A Theoreme is > when: ſomething is propoſed to be 
Demonſtrated. 
A Corollary is a conſeftary , or ſome conſequent 
' truth gained from a preceding demonſtration. 
T A Lemma is the demonſtration of ſome premiſe , 
| whereby the proof of the thing in hand becomes the 
ſhorter. 


Poſtulates or Petitions, 


* line, 

2. To produce a right line finite , ſtrait forth 
continually. | 

3- Upon any centre, and at any diſtance , to de- 
feribe a circle. | 
Axiomes, 

1.”Þ Hings equall to the fame third, are alſp equall 
_ *® oneto the other ; 

As A=B==C. Therefore A=C.Or thereſore all, 
A,B,C,are equall "the one to the other. 

Note. When ſeverall quantjties are joyned the one 
£0 the other continually with this mark = , the firſt 
qnantity is by vertue of this axiome equall to the laſt » 
&+ ever y one to every one: In which caſe we often = 


lelogram A B C D,when a ' 


which the diameter pafſeth not, are called Comple- - 


= 


1. F Rom any point te any point to draw a right | 
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from aiting the axiome, for brevities ſake ; although the 
force of the conſequence depend thereon. 

2, Ifto equall things you adde equall things,the 
wholes ſhall be equall. 

3. If from equall things you take away equall 
things, the things remaining will be equall. 

4. If to unequall things you adde equall things, 
the wholes will be unequal. 

5. If from unequall things you take away equall 
things, the remainders will be unequall. 

6. Things which are double to the ſame third, or 
to equall things,are equall one to the other. Under- 
ſtand the ſame of triple, quadruple, &c. | 

7.Things which are half of one and the ſamethingg 
or of things equall , are equall the one to the other. 
Conceive the ſame of ſubtriple,ſubquadruple, &c. 

8. Things which agree together , are equall one 
to the other. x 

The converſe of this axiome is true in right lines and 
angles, but not in figures, unleſſe they be like, 

Moreover , magnitudes are ſaid to agree , when the 
parts of the one being applyed to theparts of the other, 
they fill up an equall or the ſame place, | 

9. Every whole is greater then it's part. 

Io.Two right lines cannot have one and the ſame 
ſegment (or part) common to them both. 

11., Two right lines meeting in the ſame point, 
if they be both produced , they ſhall neceflarily cut 
one the other in that point. , 

12.All right angles are equall the one ro the other. 


.N.. ; D 
1> LK arightline B A falling on two right lines 
A 4 AD,CB, 


7 


"n 
% 


' CB;make the internall augtes on'the fame 'Ge,BAN, 


_ 110"Fhy firſt Book. of  -| 


ARC ,lefethen two right angtes , choſe rwo'righr 
lines'produced'ſhall meet on that fide , where the 
angles are lefſe. then two right angles. 

'T4- Two rightlines do-not contetn a ſpace. 

I5.. If to equall things you adde things unequall, 

tle excelſe. of the wholes ſhall be equall to the ex- 
cefſe of the additions. | dt, ch 

'76. Tf to unequall thinys equall be added,the ex- 
cefſe of the wholey ſhall. be '&quall to rhe excefſe of 
holy were at firſt. ; 8 

77. W'from equal things unequal! things be 
taken away, theexceſle of the rematnders ſhall be e- 
qtalt tothe exceſſe of what was taken away. 

© 18, If from thin wo equall be 
taken away, the mn "Bo _crs ſhall be 
equall roithe exceſſe of the wholes.** 7 * 

.' I9. Every whole is equall to all it's parts taken 
together. Er ISs. | | 

-.20, If one whole be double to another , antl rhat 
whith is'taken away from the'firſt co thar. which js 
taken aWay from the ſecond, the remainder. of the 
nf ſhall be double to the remainder of the fe- 
cond. . , | 
 The'fitations are to be underſtood in this metiner; 
when you met with twonumbers , the firſt thewes the 
Propoſition, the ſecond the Book ; as by 4. 1. you are to 
underſtand che fourth Propolition of the irftiBook; 
and ſo of the reſt. Moreover , ax. denotes Axiome, 
poſt. Poſtulate, def. Definition, ſch. Scholinn, cor.Corol- 


—- 
wh - (+ + -- 
—- 


EUCLIDE'S Elements. 


PROPOSIFION Lo 
| Pon 4 finite vi br line 
P 4 WU. ABr robe 
equilateral triangle ACB. 


\ _ From the centres A agd 
j Bat the diflance.pf AB, 


P J BA, « deſcribe two circle 
SB each other in the 02146 
- pointe C ; from whence 


Scholium. 


After the, ſame manner upes' the line A,B may 
tbe deſcribed an Ifoſceles triapgfe , ifthe diſtances 
of the equall circles, be taken greater-or Jefſe them 
the line AB.. . * | . / 


PROP. IL. 


CE, = 


At @ point given A, to make a right line A G-equall = 
0 right line-given BC, =; 
From the centre C , at the diſtance of C B, «d&'\, 3.908. 
{cnbe-rhe: circle /CBIE., Þj&io AC; upon which b1. pf -"I. 
'c raiſe the \equilateral-triangle A'D C. d dn poſh 7 
OC to B, From: thy centre D,at the diſtance Do | - "9 


by 


3.1, 


The firſt Book of 
detcribe the circle D EH; & let DA ebeproduced to 
the point G in the circumference thereof. Then AG 
=CB. 

For DGf=DE,andDAg= DC. Where-. 
fore AGb—=CEi=BC!=AG. whichwast, Þh 
to be Done. ; | 

The putting of the point A within or without 
theline B C varies the caſes ; but the conſtrution, 
and the demonſtrationzare every where alike. 

Schol. 


 Theline A G might be taken with a pair of com- 
paſſes; but the ſo doing anſwers to no poſtulate , as 
Prodlus well intimates. 


PROP. III. 


 Tworight lines , A and 
B C, being given from the 
greater BC to take away 
the right line B E equall to 
the leſſer A. 

At the point B« draw 
the right line BD = A. 
' The circle deſcribed from 

the center B at the diſtance 
of B D ſhall cut of BEbS=BDc= A q=BE., 
Which was to be Done. 


PFhnOesp?. IV. 


A D 


C 


* pp—— - p 


If ewo triangles BAC, E DF , hove two ſider 
of the one BA, AC equall to two ſides of the other ED, 
DF,each to it's correſpondent ſide (that is, BA = ED 


and 
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andA C=DE) and have the angle A equal! to the 
angle D conteined under the equall right lines ;they ſhall 
have the baſe BC equall to the baſe E F ; and the 

\ triangle B A C ſhall be equall to the triangle E DF; 
= © and the remaining angles By C , ſhall be equal! to the 
remaining angles Ez F, each to each, under which the e- 
© quall ſides are ſubtended. 
* ii If the point D be applyed to the point A , and 
the right line D E plac'd upon the right line A-P, 
the poxnt E ſhall fall upon B,becauſeD E<— AB., 
alſo the right line D F ſhall fall upon A C,becauſe 
the angle As—D.moreover,the point F ſhall fall up- 
on the point C, becauſe A Cs = D F. Therefore tl.e 
right lines EF,BC ſhallbagree,becauſe they have the b 1444 
ſame termes, & ſo conſequently are equall. Where- 
fore the triangles BAC, DEF, andthe angles 
B, E, as alſo the avgles C  F, do agree and are e- 
quall, Which was to be Demonſtrated. b 


PROP. V. 


The angles ABC,ACB,atthe 

A baſe of an I ſoſceles triangle ABC, 

are equall one to the other; And if the 

equall ſides AB , A C be produc'd, 

P x angles CBD,BCE, undey the 

baſe, ſhall be equall one to the other. 

« Take AEZA D; andbjoin ,,, ,, 

CD, andBE. d 1 poſt. 

F Becauſe, in the triangles ACD, 

AB Eare ABe=A C,and AE 5%, 
d= AD,and the angle A common to them both, e4.4. 
e therefore is the angle ABE=ACD ,and the angle 
AEBe= ADC, and the baſe BEE=CD ; alſo EC f xox. 
f = DB. Therefore in the triangles BEC, BDC 8+ * 
g ſhall be the angle ECB = DBC. Which was tobe 
Dem. Alſo therefore the angle EBC=D)CB. bur the ppp 
angle ABELþ=—=ACD; Terabois the angle ABC 


4; = A C B.Which was to be Dem. 


C o- 


@ 3. 1. | 


b z. pof. 
thr 


e 41 


ſg ex, 


and BCE. Now you would haye AD = ag 
t 
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| Coroll, _ 
Hence » Every equilateral triavgfe is alfo equian- 
ar. | 
Pae?r. V.L 
”'Y If two les ABC,ACB ofs 


triangle ABC be equall the one to 
the other , the fides AB, A C fub- 
tended undey the equal angles ſhall at- 
ſo be equal] one to the other. 

If the fades be not equal{)let one 
be bigger then che par fuppals BA c—CA.s Make 
BD = CA, andþ draw the line C D. 

In the triangles DBC, A C B, becauſe B De= 


, CA;,and the ſide BC is common, & the angle DBC 


4 = ACB.the triangles DBC, ACB e hall be equall 
the one to the other , a part tro the whole. f Which 
"is impoſsible, | | 
| Coroll. 
Hence , Every equiangular triapgle is alſo equi- 
lateral. 


VIT. 


PROP. 


| ' - ASS: 

PFpon the ſame right line A B two right lines being 
dravn AC,B Cy two other xight fines equall jo the 
farmer, AD,B D, eachtoeach(yiza. AD= AC, 
aud BD = BC) canyot be drawn from the ſame 
points A, B, on the ſame ſede C, to ſeverall points, as C 
au1 D, but opely to C. 

1. caſe. If the point D be ſet jn the line AC , it is 


+ plain that A Dis «notequaltoA C. 


2.Ceſe.If che point D be placed withip the triangle 
A C B,thendraw the line C D,, and produce BDF, 


EUCLID ES #thmencs. 1} 

the angle ADC b = ACDzas alſo,becauſe BD e = 

BC,the angle FDC==b ACD. therefore is the angle - ford 

FDCC_4 ol. that is,the angle FDC C* ADC, dy. «x. 
[s 


d which is impoſſ. 


3.Caſe.If D falls without the triangle ACB,let CD . 
be j yned. 'F : #* 
F 1c the angle ACDe== ADQ, ahd the angle, . ,. 


BC De—BDC.fThereforer angle AC D* BDC, f g.ex. 
viz. the angle ADC Z- BDC. which is intpoſſible. 
Therefore, &c. 


PROP, VIII. 
1f tho triangles 
ABC, DEF have 


A | : 
| two ſides AB, AC 
| equal{ "te two fides * 
| - DE,DF,, exch to 
"iy - F each J. and the baſe 


BC equal! to the baſe E F , then the angles conteined 
#ider the equal! right lines ſhall be equal! ; viz. 
to D 


Becauſe BC,—=EF, if the baſe BC belaid $57. 
on the baſe E F, b thity will : therefore whereas c,,. 
AB e==DE,and A C=DF;,the point A will fall 
on D (for it cannot fall on any other flavat,by the 
precedent propolition) and fo the bi of the 

A and D are coincideat; 4 whrefore thoſe d8.x. 


4bgles are equall» Which was t0 be Dyk. 
Coroll. / 


I Hence, Triangles mutually equilateral are alſo * 4: ' 
nuttally * equiaugular. 7 . | 
2. Triangles mutually equilateral # are cquall one. 
to the other, | .* 


PROP. 
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PROP. Ix. 


A To biſeRt, or divide into #wy 
f equall parts , @ right-lined an. F 
| gle given BAC. 

s, Take AD= toAE, 

nan on — anddrawthe line D E; upon 

& whichþ make an equilateral 

triavele DF E. draw the 

right live A F; it ſhall biſeR 

B F £\ the angle.” 
For ADe—=AE, and the fide A F is common, 
Ca. & the baſe DF « =FE. © therefore the angle DAF 
=—E AF. Which was to be Done. 
Coroll. 

Hence it appears how an angle may be cut into 
any equall parts, as 4, 8, 16,&c. to wit, by biſeing 
each part agaia. 

The method of cutting angles into any equall 
parts required, by a Rule. and Compaſle,is as yet uns 
known to Geometricians, | 


P xo. X. 
To biſef « right line gives 
B. 


Upon the line given A B 
DD an equilateral triangle 
ABC;andb biſeR the angle G 
with the right line C D. That 
A line ſhall alſo biſeR the line 
D eiven AB. | 
crofr, For A Ce=B C, & the {ide CD is common, & 
44: theangle ACDc=BCD: therefore AD «BD. 
FL iv of bank he prrcedene hoaphs| 
The pradtiſe of this the precedent 1- | 
P Pp gu ek 
WV 


tion is eafily ſhewn by the conſtrufion 
I.prop. of this book. 


PReo?r. © 
» | 


,; 


7 
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PROP. XI. 
- From 4 point C in « 

right line given AB to e- 

rett a right line C F «t 

right angles. 

s Take on either fide az. 1, 

of the point given CD 
- = CE. upon the right 
D t. B lice DE bere& an equi- 
lateral triangle. draw the line F C,and it will be the 
perpendicular required, | 

For the - nr DFC,EFC are mutually: & « .,,g,. 
quilateral ; 4 therefore the angle DCF=ECEF. 48.1. 

e therefore FC is perpendicular. Which wgs to be Done, © ——_ 
_ ThepraQiſe of this and the followjog is eafily 
performed. by the help of a ſquare. ; 

PROM Ak | 
C . . ,  Vhþon at infinite 
-1 right line given AB, 

from a4 point given 

' that is not init, to let 

fall a perpendicular 
E As , B+; * rom the centre 
C « deſcribe a circle cutting the right line given A B © 3.poft 
in the points E & F. Then b biſe& EF in G,and draw *'*: © 
the right line C G, which will be the perpendicular 
reguired. 

Let thelines C E, CF be drawn. The triangles 
EGC,F GC are mutually c equilaterall. « cthere- ceonfr. 
fore the angles EGC, FG C are equall , andby — 
e conſequence right.eWherefore GC is a perpendicu- | 
lar. Which was to be Done. F | 

Prxoe. XIII. 
E When @ right line A B ſtanding 
upon 4 right line C D maketh angles 
B C, A B D; it maketh either two 
right angles , or two anghes equallto 
C | two right. 


by,n. 


If 


"—_ , X 
I 27S 


The foft Jak of | 
If the angles A B ©, A B D be equall, « then they 
make ewo dg tes ; if unequall, then from the 

ncBb letrhere be'erefted a perpendicular BE, 
ecauſe the angfte ABCec= toarigh + ABE, 
and the angle ABD4== to a right = AB E;there- 
fore ſhall be A B C+ ABDe=to two' right an- 
gles + ABE— ABE= > right; angles, Which 

«5t0 be Dem, © Hr: | 

? ON? Corollayyes. bl 

1. Hencezif one atgle ABD be right,the other ABC 
1s alſo right ; 1f one acute, the other is obtuſe , and 
ſo on the contrary.. ' © © 

© 2. If more right lines then one ſtand upon the ſame 
right linear the ſame point;the angles ſhall be equal 
to two right, | | 

3. Two right lines chatting each other make an- 
gles equall to four right, | 

4. All the an les made about one point make 4. ' 
riphr; az appears by Coroll. 2, 

# PaOere, XIV. + 
A _ "If tony right line AR , gnd 4 
2» o B , #wori 2 not 
drawn from the ſame ſide, do make the 
E «ng/is ABC, ABD oxcach ſide e-' 
D nallto two right, the lines C BzB D 
make one ſixait line, 

If you deny it, let C B, B E make one right line; 
thea ſhall be the aople ABC + ABE#s= 2 right 
anglesb =ABC—+ ABD. Which is « Abſard. 
| PR&'©& Pp. XV. 

If two right lines AB, CD 
cut through one anather , then are the 
two angles which are oppoſite,viz. 
RQCEB, AE Dyequall one tothe 0- 
Forthe angle AEC+CEB 
s= to 2 tight angles = AEC + AED); 6 therefore 
CEB=AEÞ, which was to be Done... wh 

Cc » 


pa 
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Schol. 1. 


If to any right line G H, and in it a point A two 
right lines being drawn E AA F, and not taken on 
the ſame fide, make the verticall (or oppoſite) an- 
gles D and B equall, thoſe right lines EA,AF, do 
meet'diretly and make one Arait line, 

For 2 right angles are « equall to the angle D—+ ,,,, 
A«s—=B—+A.b therefoteE A, AFarein a ſtrait d14.1. 
line. Which was to be Dem. 

Schol. 2. 

It ſour right lines E A, E B, 
E C, E D, proceeding from one 
point E , make the avggles 
vertically oppoſite equall the 
3 onero che other,each two lines, 

AE,EB, and CE, E Dz, are 
placed in one ſtrait line. 

For becauſe theangle AEC+AED—+CEB 
+D E Ba== to 4right angles , therefore the angle Dm— 
AEC+AEDþ;<= CEB + DEB= to two 227 © 
right angles. c Therefore CED&AEB areftrait © 14 1+ 


lines. Which was to be Dcm. 
»SnofT AV 
E One ſide B C of any trian- 
A gle A BC being produc'd, the 
outward angle A CD will be 
reater then ether of the in- 


ward and oppoſite angles CAB , 
CBA 


Letthe right lines A H,BE 
s biſet the tides AC, BC; Row 1, & 
þ produce E F =B E,and HI a 
B = 


18 


c eonflr, 
dig.1. 


e4-1. 


fig, 1. 


g 9.4x, 


a13.1, 
b 16, 1, 


C4 ax, 


* 19.1, 


/ 


A 


/ 
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þb—= AH. andjoin FC, and IC; and produce 
ACSG.-, | 

Becauſe CEc=E Azand E Fe= EB » and the 
angleFEC4—BEA , theangle E CFe ſhall be 
equall toE A B. By the hke argument is the angle 
ICH =ABH. Therefore the whole angle ACD 
(BCG) g is greater then eirher the.angle C A B or 
ABC. Which was to be Dem. | 


PROP. XV IL. 


Two angles of any triangle | 
ABC, which way ſoever they 
be taken are lcſſe then two right 
angles, 
Let the fide B C be pro- 
duced.Becauſe the angle ACD 
, \_D. ACBa«=2: right angles , 
and the. angle ACD 4 = Ac therefore A+ ACB 
— then two nght angles. After the ſame manner 
is the angle B+ACB © then two right, Laſtly, the 
fide A Bbeing produced, the angle A + B will be 
alſo lefle then two Tight angles. Which was to be Dem. 
Coroll. 


1. Hence it follows that in every triangle,wherein 
one angle is either right or obtuſe, the two others 
are acute angles, 

t 


AN 


2. Ifaright line A E make unequall angles with 
another right line D, one acute AED, the other ob- 
tuſe AE C, aperpendicular A D ler fall from any 
poiat A to theotherliue C D , ſhall fall on that ſide 
the acute angle is of. 

Foraf A C, drawn on the {ide of the obtuſe angle, 
be a perpendicular , then in the triangle ABC (all 
AEC—+ACE be greater then two right 'anyles. 
* which is contrary to the precedent prop. 

3. All the angles of an equilateral triangle , and 
the z angles of an Ifoſceles triangle that are upon 
the baſe, are acute. 

P.R OP. 
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PkoPr XVIIL. 
A The greateſt fide A C of every 
iricn:le ABC ſabtends the great- 
[> eſt angle ABC. 
c From, A C atake awayAD , © 
B = AB, indjoin BD. b There. Þ $. :. 
TT  fore1s the angle ADB=—4A BD. 
But ADBc=<C ; therefore is ABD — C; 4 there. Bd 
fore the whole vgle ABC CC. Afﬀer the ſame 
manner, ſhall be ABC IC A. Which was to be Dem. 
'PRoPP. XINX. 
[$1 In every triangle ABC , undey 
the greateſt angle A is ſt ibrended 


| the greateſt ſide B C. 
NG For 1f A B be ſuppoſed equall 
to BC, then will be the angle A 


A s— C,which 1s contr: ary to the , F. 1, 
Hypotheſis: and if AB © BC then ſhall bethe an- 
gle Cb— A, which is agatuit the Hypothehs., 6 ig, ,, 
Wherefore rather BCCAB ; and aficr the ſame 
manner BC” AC. Which _ - be Dem. 

Hh R oO P. 


of = rote ABC two 
O des BA, AC, any way taken,are 
—_—_ the ſide that remains | 
by, 4" -FIE8 the line BA, a & rake , "*: 
B CAD=AC,& draw the line DC. 


b then ſhall the angle D be e- b s.1. 
quall to ACD, c therefore is the whole angle BCD © JM 
= D; 4 therefore BD (« BA + AC) =” EC. hich e confr 


was to be Dem. S000 


PR oO P. XXI. | 

A If from the utmoſt points of one 
frde B C of a triangle ABC two 

2 right lines BD , CD be drawn 
to any point within the triangle , 
then ave both) thoſe two lines 
B /N. ſhorter then the two ether {:des of 
: B 2 


the 


« 309. l, 


b 4.x. 


ec 16. 1. 


E 15..def. 


d n,ox, 


a 1,poft, 
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the triangle, BA, CA ; but docomtain a greater angle, 
BDC. 

Ler  D be produced to E. Then is CE+E D 
a © CD. adde Biz common to both,# then ſhall be 
Bl) + DE + EC © CD BD. Again, bA+AE 


«C—_BE.b therefore Ba +<AC CTBE+E C. Where- 


fore 1.BA + AC T- BD + DC.2. The augle BDC 
ce DEC<c 5 A. Therefore the avgle BDC © A, 
Which was to be Dem. 


FR oP E@ALIL 


To make a triangle FKG of three right lines FK, FG, 
GK which ſhall be equall to three right limes given A, 
B, C. Of which it is neceſſary that any two taken to- 
gether be longer then the third. 

From the infinite line DE « take DF, FG, GH e- 
quall to the lines given A, B, C. Then if from the 
b centres F and G by the diſtances of FD andG H, 
two circles be drawn cutting each other in K, & the 
rightlines KF , KG bejoined, the triangle FRG 
ſhall be made, c whoſe ſides FK, FG , GK are equall 
to the three lines DF, FG, GH 4 chat is ro the three 
lines given A,B,C. Which was to be Done. 

PROP. XAILILL. 
At a point A in a 
0 A right line given A B, to 
make a richt-lined an« 
gle A equall toa right- 
Ye lined angle given D. 
B « Draw the right 


- line 
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line C F cutting the ſides of the angle given any 
wayes; 6 make AG = CD); upon AGc raiſe atrian. Þ 3 r. 
gle equilateral ro the former C i) F,fothat A H be © 2 6 
equall to D F, and GH to CE. then thall you have 4 "WI 
- the avgle A 4= U. Which was to be Done. 

| EZ 3 Sf? ©. 


A D 
| 


If two triangles ABC , DEF havetwo ſrdes of 
the one triangle AB,AC equall to two ſides of the other 
triangle DE, DF, each to other,and have the anyle A 
greater then the angle EDF conteined undey the equall 
right lines , they ſhall alſe have the baſe B C greater 
then the baſe EF. 

a Let the angle ED G be made equall to A, and _ 
the de DG6— DF <= AC;&let EG, and FG « | ay 
be joyned. 

1. Caſe. If E G fall above EF; Becauſe AB 4— 4 
D Ezand A C e =DGz,and the angle A e = EDG, (ot Ss: 
f therefore is BC —= E G. But becauſe DF e—= DG, 
£ therefore is the angle DEG = DGF ; þ therefore 
is the angle DEG” EFG,and by conſequence the | 57: 
angle EFG þ"EGF.k wherefore EG (BC) — EF. # 19. 4. 
B 3 2.4ſts 


mzt.n, 
nſs. «x, 


n 41. 


b 24. 1, 
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2.Caſe. If the baſe EF falls in the ſane place with 
FG, ! it is evident that EG (BC) =” EF. 

3. Caſe. If E G fall below E Fzrhen becauſe DG + 
GE =» ©— DF—+FE.,if from borh DG,PF be taken 
away,which are equall, EG(BC) remains * ©” EF. 
Which was to be Dem. 


 FRSM AST. 


® 
_* 
p: 

- 
$5 


Tf- two triangles | 
A ABC , DEF have two 


ſides \B, AC equall to 

two jzdes DE,DF each 

to other , and have the 
3 er aſe B C greater then 

the baſe E F , they ſhall 
alſo have the angle A contained under the equal! right 
lines greater then the angle D. 

For if the angle A be ſaid to be cquall to D,s then 
is the baſe BC=EF, which is againſt the Hypo- 
thelis. If it be ſaid the angle A "D D, then 6 will 
beBC "3 EF, which is alſo againſt the Hypothe- 
ſis. Therefore BC © EF. Which was to be Dem. . 


XXVI. 


A D 
7 A - We) 


If two triang/es BAC, EDG have two angles of the 
one B,C equall to two angles of the other Ez DGE,each 
to his correſpondent anzle , and have alſo one fide of the 
one equall to axe ſide of the other , either that ſide which 
lyeth betwixt the equall angles , or that which is ſub- 
zended under one of the equall angles ; the other [edes yp 

- 


£TFE8F-/ 
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ſo of the one ſhall be equall to the other ſides of the other? 


each:o his correſpoadent ſide , and the other angle of the 
one ſhall be equall to the other angle of the other, 

1. Hypotheſis. Let BC beequall ro EG, which are 
the i1des that lye between the equall angles. Then I 
ſay BA =ED,and AC=DG, & the apgle A=— 
EDG. For if it be ſaid that ED!—BAzthen alet EH 


be made equall co BA , & let the line GH be drawn. * * 


Beeauſe ABb6= HE,zandB Cc= E G, and the k 
apgle Bc=E , therefore ſhall be the angle EGH < foreel 
4= Ce= DGE. fWhich is abſurd. Aſter the ſame 4 4- * 
manner let AC be equall ro DG,*chen will the angle = 
A be equall to EDG. | 

2. Hyp. Let AB beequall to ED. Then 1 ſay BC 
= EG,and AC = DG, and the angle A = EDG. 
For if EG be greaterthen BC, make EI = BC,and 
joyn the line DI. Now becauſe ABg— ED, and 
BC» =ETLT, and the angle Ggq—E; therefore 
will bethe angle EID* = C!/= EGD. » Which is k 4.1. 
abſurd. Thereforeis BC =E G, and ſo as before n% ,, 
AC= DG, andthe angle A = EDG. Which was to 


be Dem. 


PROP. LXVIL 
If a right line E F falling 


C B #pontwo right lines AB , CD 
A * . make the alternate angles 
C AEF, DEE , equal! the one to 


= 


D heother , then are the right 


lines AB, CD parallel. 
IAB, CDbe ſaid not to be paralle » produce 


them till they meer ja {G.which 


eing ſuppoſed, the 


23 


byp. 
b ſuppoſe. 


outward angle AEF will bes greater then the 1n- a 16. +," 
ward angle DFE , to which it was equall by Hypo- 
theſis. Which is repugnant. 


PROP. XXVIIL. 
" Tf a right line EF falling 
upon two right lines AB , CD 
B ,nake the outward angle AGE 
— | of the one line equall 10 CHG 
the inward «nd oppoſite oy 
4 0 


&. te SASH de. cv. Ahh Dri wen” Zi  .. ct 


a 13 ax, 
b 43. 1. 
C 11}.ax, 
d 15. 1, 


© 20. 3, 
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®f the other on the ſame ſide , or make the inward angles 
on the ſame fide AGH , CHG equall to two right an- 
gles, then ave the right lines AB, CD parallel. 

Hyp. 1. Becaufe by Hypotheſis the angle AGE 
== CHG , «therefore are BGH , CHG alternate 
angles and equall: And therefore are AB and CD 
parallel. 

Hyp.2. Becauſe by Hypothelis the angle AGH } 
— CHG = to two right, «= AGH + BGH, ? 
b thence is CHG=BGH;ande therefore AB, CD 
are parallel, Which was to be Dem. 


SS ALLE 


EF If a right line EF fall. upon 
' two parallels, AB, CD, it will 
——_ AF . B both make the alternate angles 
a 


DLHG, AGH equall each to 0+ 
ther , and the outward angle 
BGE equall to the inward and 
oppoſrte angle on the ſame ſide DHEzas alſo the inward 
angles on the ſame ſide AGH, CHG equall to two right 
angles. 

It is evident that AGH + CHG = 2 right an- 
ples; 4 otherwiſe A B, CD would not be parallel, 
which 15 contrary to the Hypotheſis: But moreover 
the angle DHG + CBG 6 = 2 right; therefore is 
DHG e= AGHd = BGE. Which was to be Dem. 


| Coroll. . 

B _ — Hence it follows 

| that every paralle- 

logram A C having 

one angle r1ght A, 

© the reſt are alſo 
A — D right. 

For A+B#4= 

2 right angles. Therefore , whereas A is right,b mult 


| 


B be alſo right. By the ſame argument are C and D 
r1ght angles, 


PROP, 


: LY " RN 
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PA @# THEY 


0 Right lines (AB,CP) paral- 
A W B ielt0 one &+ the fame right line 
M6 . F EF, are alſo parallel the one td 


E T1 me k the other, 
— / _—_ Let G I cut the three right 


lines given any wayes. then 

becauſe AB , EF are parallel , 
will be th: angle AG[ « = EHIL. alſo becauſe CD a a9. 1, 
and EF are parallel , will be the angle EHI «= Þ 1 «x. 
DIG, & Therefore the angle AGI = DIG.e whence © © 

3 and CD are parallel. Which was to be Dem. 
FROD TELNL 
A From 4 point given A to 


1 — i draw a right line AE parallel 
| / to 4 right line given BC. 
- C From the point A draw a 


- rigbt line AD to any point of 
the given right linezwith which at the point thereof 
s A make an angle DAE = ADC, 6 then will AE 
and BC be parallel. Which was to be Done. 

P Ra OP. XAXIL. 
A Of any triangle ABC 
E one ſide BC being drawn out, 
the outward angle ACD 
ſhall be equall to the two in- 
ward oppoſite angles A, B. 
B and the three inward angles 
of the trianzle , A, B, ACB, 

ſhall be equall to two right angles. 

From C «draw CE parallel to BA. Then 1s the , ,,.,. 
angle A6G=ACE,, andthe angleB4þ——=E CD. bag.s. 
Therefore A +B < = ACE + ECD4= ACD. q qu. 
Which was to be Dem. 

I afirm ACD+ ACBe= 2 right angles ; e 3.0. 
f therefore A + B+ ACB = 2 right angles. Which 8 2.08; 
was to be Dem, 


a 23,0, 
b 23.1, 


Coroll. 
I. The three angles of any triangle taken together 
are 
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are equall to three angles ofany other triangle taken 
together. From. whence it follows, 

2. That ifin one triangle, two angles (taken ſe- 
yerally- , or together) be equall to two angles of 
another triangle (taken ſeverally , or together) then 
is the remainivg angle of th&one equall to te re- 
maining angle of the other, In like manner , if two 
triangles have one angle of the one equall to one of 
the other, then is the ſum of the remainiog angles of 
the one triangle equall to the ſumme of the remain- 
ing angles of the other. - 

3-Ifone angle 1n a triangle be right, the other two 
are equall to a right. Likewiſe,that angle in a trian- 
gle —_ is equall to the other two, is 1t ſelf a right 
ale. 

A When in an Iſoſceles the angle made by the 
<quall ſides is right, the other two upon the bale are 
each of them half a right angle. 

5- An angle of an equilateral triangle makes two 
third parts of a right angle, For ! of two right angles 
15 equall to 2 of one. , 

, Schol. 

By the help of this propoſition you may know 
how many right angles the inward and outward an- 
ples ofa right-lined figure make; as may appear by 
theſe two following Theoremes. 


THEOREME I. 


All the angles of a right-lined figure do together 
make twice as many right angles , bating four » «s there 
are ſides of the figure. 

From avy point within the Ggure let right "m_ 

e 


fy a - IX 
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be drawn to all the angles of the figure , which ſhall 
reſolve the Hgure into as many triangles as there are 
ſides of the figure. Where fore,whereas every triangle 
afords two right anglesall the triangles taken to ge- 
ther will inake up twice as many rightangles as there 
are ſides. But the avgles about the ſaid potat within 
the figure make up four right; therefore, if from the 
angles of all the triangles you take away the angles 


which are about the {aid point , the remaining an- - 


gles , which make up the angles of the figure, will 

make twice as many right augles , bating four, as 

there are ſides of the figure, Which was to be Dem. 
Coroll. 

Hence , All right-lined figures-of the ſame ſpecies 

have the ſums of their angles equall. 
THEOREME II. 
All the outward angles of any right-lined figure, taken 
together, make up four right angles. 

For all the ſeverall inward avgles of a figure with 
the-ſeverall outward angles of the ſame make two 
r:ght avgles;therefore all the 1nward angles together 
with all the outward , make twice as many right an- 
gles as there are ſides of the figure ; But (as it was 
pow ſhewn) all the inward angles with fourright 
make twice as many right as there are ſides of the fi- 
gure; therefore the outward angles are equall to 4 
right angles. Which was to be Dem. 

Coroll. 

All right-lined figures of whatſoever ſpecies have 

the ſummes of their outward angles equall. 
PROP. XXXIII. 


AE = If two equall and parallel lines 

AB, CD be joyned together with 

pr two other right lines A C » B Dz 

< then are thoſe lines alſo equail & 
parall 1. 


Draw a linefrom C to B. Now becauſe AB and 
CD areparallel, and the angle ABC «= BCD 3 
and alſo by bypotheſis AB == CD,and the de CB 


COnt 


27 


a29 1, 


a &yp, 


b 29 1, 
C 23.4x, 


d 26 1. 


a 27.1, 
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common 3 therefore is A C 6 = b D, and the angte 
ACB 6— DBC. c whence alſo AC,BD are parallel. 


EF UD LE LALLY 
A B In parallelograms,as ABCD, 


the oppoſtte ſides AB , CD, and 
AC, BD, are equall each to 0+ 
C D they ; and the oppoſite angles A, 


D, and ABD , AC are alſo equall ; and the diameter 
BC biſetts the ſame. 

B:cauſe AB, CD « are parallel, 5 therefore is the 
angle ABC = BCD. Alfo becauſe AC,BD are pa- 
rallel , b therefore is the angle ACB= C BD; 
e therefore the whole angle ACD = ABD. Aﬀter 
the ſame manner is A = D. Moreover becauſe the 
angles ABC, ACB lye ateach end of the iide CB, 
and are equall to BCD, CBD, 4 therefore is AC == 
BD, and AB4—= CD , and ſo the triabgle ABC = 
CBD. Which was to be Dem. 

Schol. | 

Every four-ſided figure ABDC having the oppoſite 
fedes equall, is a parallelogram. 

For by $.1. the angle ABC = BCD;a wherefore 
AB,CD are parallel.In like manner is the angle BC- 
A = CBD; # wherefore AC, BD are alſo parallel, 
; Therefore ABCD is a parallelogram. Which was zo 

Dem. 


EF From hence 
”, \ Þ ay be learned 
IF how to draw a 


PR te». * WINS parallel C D to a 

riht line given 
C D | AB » roll a a 
point affigned C. 

Take in the line 4B apy point,as E.From the cen- 
tres E and C at any diſtance draw two equall cir- 
cles EF, CD. From the cen:re F by the ſpace of EC 
draw a circle FD , which ſhall cutthe former circle 
CD in the point D. Then ſhall the line drawn CD 
be parallel to AB. ſor as it was before demonſtrated, 
CEFD is a paralleJogram. PROP. 


EUCLIDE'S Elements. 
PROP. XXXV. 


I. 

Parallelograms , BC- 
, A D = C DA,BC FE, whidd ſtand 
d G upon the ſame baſeB C, 


ant between the fame pa- 
rallels AF,BC ,are equall 


p, 
r - one to the other. 

, C ForADa = BCa=—= «34: 
. EF. ac:de DE common to both, 6 then is AE=DF. b _ 


But alſo AB 4 = DC, and the angle A c= CDF. dg io. 
{ dTheretore is the triangle ABE = DCF. take away 
! DGE com-1:0n to both triangles, e then is the Tra> ez as. 
| peztim ABGD —=EGCF. adde BGC common to 
. bothzF then is the parallelogram ABCD =EBCE. f x.ex. 
Which was to be Dem, | 
 Thedemonſtration of any other caſes is uot un- 
like,but much more plain and ealy. 
- Schol, 
If the fide AB of a right- 


ME 


% 


A Dangled parallelogram ABC D 

4M 5, 296d. 587 to = carried along 

Uk perpendicularly through the 

4. whole line BC , or B(. through 

WP | t he whole line AB, the Area or 

— Cconteut of the ReQangle AB- 

b-1 £149 ie ſhall be produc'd by that 

- motion. Hence a reftangle 15 

B ) = ſaidto bemade by the drawing 

or multiplication of two contiguous ſides. For ex- 

amples ſake; let AB be ſuppoſed four foor , and BC 

three ; draw 3 into 4 , therewill be produced 12 

ſquare feet for the Area of the ReRangle. | 

This being ſuppoſed , the dimenſion of any parai- 
lelogram (*EBCF) is found out by this theoreme. » Se the Fe. 
For the Area thereof is produced from the altitude 7 P'vP. 31- 
BA drawn into the baſe BC. So the Area of the 
parallelogram AC = EBCF, is made by the draw- 
ing of BA into BC, therefore, &c. 


PROP. 


LA ts re 
- 
Par F ; 


* 31.0, 


b 34 t. 


7. ax, 


« 34 1. 


b 36, tl. 4 


7.4x, 


© 34.1. 


nd 
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D +e [> Parallelograms, BC- 


DA, GHFE, ſtanding 
£ | upon equall baſes BC, 
GH, and betwixt the 


& _ 07 ſame parallels AF,BH, 
aye equall one to the other. | 
Draw BEz&CF.BecauſeBCa—= GH6b= EF, 
c thereforets BCFE a parallelogram. Whence the 
parallelogram BCDA4=BCFE&d= GHEFE. 
Which was to be Dem. 


PROD. 
=: AM 


XXXVII, 
F Triangles, BCA, 


—_—— 


| BCD , ſtanding upon 
NY the ſamebaſe BC , and 

between the ſame paral- 

le's BC, EF, are equall 


C one to the other. 


B 
s Draw BE parallel to CA, 42nd CF parallel to 
BD. Then is the triangle BCA 6 == ! of the paralle- 


e 35.t,end logram BCAE c=" BDFC b —*B CD. Which 
2 R 


was to be Dem. 
P'z op. XXAVIILI. 


Triangles » B CA, 


D 
C. Do 8 EF D, ſet upon equall 
/ baſes B C, E F, and be- 
tween the ſame parallels 
\/\ GH, BF, are equall the 
{ one to the other. 


s. DT EF Draw B G parallel 

to CA , & FH parallel 

to ED. Then is the triangle BCA «=! Pegr. 

—_ a= - EDHF c = EFD. Which was to be 
em, 


| Schol. 
* Ifthe baſe B C begreaterthen EF , then is the 
triangle BACCCEDF ,, and' fo on the con- 


. trary- 
PROD. 


- Ro $ . 
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ST Ss STEER 

. 8 Equall tyiangles 

A BCA, BCD, ſtanding 

on the ſame baſe BC, 

and on the ſame ſide y 

A they are alſo between 

= the ſame parallels AD, 
BC 


If you deny it 3 let another line AF be parallel to 
BC; and ler CF be drawu. Then is the triangle CBF a 37. 1. 
« —= CBA; = CBD.c Which is abſurd. - 

PROP;;KL. 
Equall triangles 
BCA, EFD, handing 
«pon equall baſes B C, 
EF, and on the ſame 
ſide , they are betwixt 
the ſame paradlels. 

If you deny it , let 
another line AH be parallel to BF , and let FH be | 
drawn. Then is the triangle EFH «= BCA b = 4 


E FD. e Which is abſurd.. Cg.ex, 
Tam ALS 
D Tf a Per. A B CD have 


E the ſame baſe B C with the 
triangle BCE, and be be- 
tween the ſame parallels 
AFE,BC, then is the Þgr. 
B C ABCD double to the trian- 

gle BCE. 

Let the line A C be drawn, Then is the triangle 
BCA «= BCE. therefore 15 the Pgr. ABCD6= 
2 BCA c = 2 BCE. Which was to be Dem. 

Schol. 

From hence may the Area of any triangle BCE 
be found. for whereas the Area of the Pgr. ABCD 1s 
produced by the altitude drawn 1ato the baſe, there- 
fore ſhall the Area ofa triangle be produced by half 
the altitude drawn into the baſe , or half _ baſe 

rawn 
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drawn 1nto the altitude. as if ſo be the baſe Þ C Le 
8, and the altitude 7, then is the area of the triangle 
BCE 28. 7 


PROP. XLIT. 


JV/ 
_—_— ES D 
To make a Pgr. ECGF equall to a tr::12/* given 
ABC #in an angle equal to a right-lined anole given I), 
Through A « draw A G parallel to B C. 6 make 
the angleB C G=D. c biſet the baſeBC1aE, 
and draw E F parallel to C G.then 1s the probleme 
reſolyed. 
For AE being drawn, the angle ECG is equall to 


D by conſtrution , aud the triangle BAC 4=2 
AECe = Ppgr. ECGF. Which was to be Done. 


PRoP. XLIIT. 


A E In every Per. ABCD, 
5 the complements DG, GB 

of thoſe Pers HE, FI, 

which ſtand about the dia- 


H I meter, are equall oneto the 
ws other. 
- F C For the triangle ACD 


a = ACPB., and the triangle AGH a= AGE, and 
the triangle GCF «a =GCT. 6 Therefore the Pgr.DG 
= BG. Which was to be Dem. 


% 
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PROP. XLIV. 


' 
Ty 


" 
k Fpon 4 _—= line given A , t0 make a Payallelogyam 
r FL at 4 right-lined angle given C , equal! to « triangle 
wen B. | 
ec « Make a Pgr. FD = tothe triangle B , ſo that « 4* 1, 


the angle G-F E may beequall to C. Produce GF 
, cill FH be equall to the line given A. through H 
Y b draw IL parallel to EF » which let DE produced , 


meet ia the point IL. let DG drawn forth meet with NY 
a right lme drawa from I in the point K. 
through K 6 draw K L parallel to G H, with which 
let E F drawn out meet at M, and IHatL. Then 
L ſhall FL be the Pgr.required. 
; For the Pgr. FLe =FD =B, 4and the angte © 43. r. 
* }® MFH= GFE=C. Which was to be Done. dif 
e Prkor. XLV. 
B CG HE 
ls 
F = 


Vpen 4 right line given FG to make a Per.FL equall 
20 a right-lined figure gives ABCD » «t« right-lined 


, «ngte given E. 
] C Re+ 


—— 


Lo ES Me ELLE. EIEOED 


- i. 4a -- oe. SY. - Res 


. Moreoyer the angles are all r 
A, is right; b therefore AC is a ſquare. Which was t» 
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Reſolye the right-lined figure given into triangles 
BAD, BCD. then « make a a FH= BAD, fo 
that the angle F may be equall to E. FI being po- 
duced, « make on HI the Pgr. IL = BCD. Thea is 
the Ppr. FL6=FH—+ IL «= ABCD.Which was 
to be Done. 

| ; Schol. 


GVA 


Hence is eaſily found the exceſſe, H E , whereby 
any right-lined figure, A, exceeds a lefle right-lined 
figure, B; namely.1f to ſome night line, CD,both be 
applyed, Pgr. DF =A, and DUH =B. 

Pref. XLVI. 


3 —_— 1 C Ypon 4 right line 


| ſquare AC. 
| « Ere@ two perpen- 
4 diculars AB,DC, 6 & 
quall to the line given 
| AD; ; then joyn BC, 
| & the thing required 
Alomwenn JD ;; gore | 
For,whereas the angle A+D c = 2: right; there- 
fore are AB,DC parallel. But they are alſo e equall; 
fF therefore AD, BC are both parallel and equal! ; 
therefore the figure A C 1s a Pgr. and equilateral. 
Fe -» g becauſe one, 


'be Done. 
After the ſame manner you may eaſily deſcribe 
a reangle conteined under two right lines given. | 


PROP. 


given AD to deſcribe « 
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PRxo?P. XLVII. 


In right an- 
G | gled wi les , 
BAC ,the ſquare 
B E 3 which is 
made 'ef the ſt- 
de B C that ſub- 
tends the right 
angle BAC , is 
equall to both the 
ſquares BG,CH, 
which are made 
of the ſides A. B, 
A C conteining 
the right aygle. 
E Join AE, and 
AD;and draw AM parallel to CE. 


35 


Becauſe the angle DBC «= FBA,adde the angle a 12.02, 


ABC common to them both;then is the angle ABD 
= FBC. Moreover AB 4 = FB, and BDb— BC; 


c therefore is the trianole ABD — FBC.But the +l : 08 
or d 41. L, 


BM4=2 ABD, and the Pgr. 4 BG== 2 FBC ( 
GAC is one right line by Hypothelis , and 14.1.) 


etherefore is the Por. BM — BG. By the ſame way «© 6.x. 


of argument is the Pgr. CM — CH. Therefore is the 
whole BE == BG -+ CH. Which was to be Dem. 


Schol. 


This moſt excellent and uſefull theoreme hath 
deſerved theticle of Tythagoras his theoreme , be- 
cauſe he was the jnventer of it. By che help of which 
the addition and ſubſtration of ſquares are per- 
_ to which purpoſe ſerye the 2 following pro» 

emes. 


o C $ PR 0» 
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PROBLEME I. 
Z | 
Tomake one ſquare equal! 
ta any number of ſquares 
n 


we, Let . three ſquares be 
/ given , whereof the (des are 
A B,B C, C E. * Make the 
gut angle FRZ baving the 
ſides infinite ; and on x 
transfer BA and BC ; join 
AC. then is ACqb 2 ABq 
—+ BCq. [Then transfer AC 
PD from B to X, andCE the 

third fide given from B to E; 
join EX. 6 Then is EXq= EBq (CEq) + BXq 
(ACq) e= CEq-—+ ABq=+ BCq. Which was to be 
Done. 


| 


PROBLEME II. 


E Two unequall right lines 
being given AB,BC,to make 
« ſquare equall to the diffe- 
rence of the two ſquares of the 
given lines, AB, BC. 

A F AC From the centre B, at the 
diſtance of BA, deſcribe a circle ; and from the point 
Cere& a perpendicular CE meeting with the cir- 
cumference in E ; and draw BE. « Then is BEq 
(Baq) = —_— _ b Therefore BAq —BCq 
= CEq. Which was to be Done. 


EUCLIDE'S BFlements. 37 
PROBLEME TIII. 


C Any two ſides of 4 right- 
1 angled triangle A B C being 
/ | Kknowngo find out the third. 
Let the ſides A By A Cen- 
compaſiing the right angle, 
be, the one 6 foot , the other 
8 8. Therefore, whereas ACq 
—+ ABq= 64-+36= 100 
| = BCq » thence is BC= g. x. 
| 4 100 = to. 
= Te Otherwiſe,let the ſides AB, 
B 6 B C be knowt! , the one 
A 6 foot, the other 10. There- 
fore ſince BCq- ABq = 100=- 36 = 64= ACq, 9.1. 
thenceis AC=4/ 64 = $. Which was to be Done. 


PRO? XLVIIL 


D If the ſquare made upon one fide 

BC of a triangle be equall to the 
ſquares made on the other ſides of 
the triangle, AB, AC then the an- 


24 | £ gle BAC comprehended under thoſe 
4 Yo—— two other ſides of the triangle AB, 
AC, is a right angle. 


Draw to the point Ain AC a perpendicular line 
DA = AB, and join CD, 

Now 15 « CDq = ADq + ACq = ABq + *#.:. 
ACq=BCq. * Therefore is CD= BC. And fellowing 
therefore the triangles CAB, CAD are mutually e- Ter. 
quilateral]. Wherefore the angle CAB 5 —=CAD<= ? = 
a right angle. Which was to be Dem. ; 

; Schol, 

We aſſumed in the demonſtration of the laſt pro- 
polition, CD = BC, becauſe CDq was equall to 
BCq: our aſſumption we prove by the fhowing 
theoreme, 


C 3 THE0- 
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THEOREM E. 
FE G N oP 
| EOS 
The ſquares AF, CG of equal! right lines AB, CD 
are equall one to the other ; And the ſides IK , LM of 
equal! ſquares NK,PM,ere equal one to the other. | 
1, Hypotheſis. Draw the diameters EB, HD. Then 
it is evident that AF 1s 4 equall to the triangle EAB 
twice taken , and b equall co the triangle HC D 
.twice taken, and equallto + C G. Which was tobe 
Dem. | | 
2. Hyp. If it may be, let LM be greater then IK. 
Make LT—TIK, and let L Sbe a<quall to LTq. 


Therefore is LSb = NK<= LQ. «4 which is 4 
ſard. | | 


Coroll, 


After the ſame manner any retan gles <quilateral 
one to another,are demonſtrated to be alſo equall. 


The End of the firſt Book. 
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Definitions. 


A _ © 
> Very right- angled Parallelogram AB- 

{ CDis ſaid co be conteined under 

X mul). two rightlines AB, AD compre» 

Fo BIZE bendiog a right angle. _ 

q = Mm 3 Therefore when you meet with juch 
as theſe, the reftangle under BA, AD, oy for ſhortneſſe 
ſake the gar od BAD, or BA x AD (or ZA, for 
Zx A) the reftangle meant is that which is conteined 
ander the right lines BA, AD ſet atright angles. 


Ke 


(2 RE 
LI. Inevery.Pgr. FHIK, any one of thoſe paral- 
lelograms which are about the diameter together 
E with its two complements is called a Gnomon. As 
the Per. FB + Bl + GA (E HM) is « Gnomon 3 and 


likewiſe the Pgr, FB+BI+ EM(GKA) is 4 Gnomon. 
C4 PROP. 


b 19.ex.1. 
C34. 1. 
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If two right lines AF, AB, be 
given, and one of them AB divided 
mnte as many party or ſegments as 
you pleaſe ; the rettangle compre- | 

E hended under the two whole right 
| lines ABzAF, ſpall be equall to all 
the reflangles conteined under the whale line A F and 
the ſeverall ſegments, AD, DE, EB, 


3 Set AF-p : TOpeR F «draw 
an infinite ling FG perpendicular to AF. From the 
points D, E, —__ perpendiculars DH, EI, BG, 
Then is A G ja re@Qangle comprehendgd under AF, 
AB, and is þ equall to the reftangles AH, DI, EG; 
that is (bec BL, AF: ate equall to the re- 


Rapgles under AF, AD, ynder AF, DE, yader Ab, | 
EB, Which was to be Dem. nk | | {A 


be=DA + DB—+DC + EA —+EB 
. Which was to be Daw. \ | 
From hekge is wederſtood the manney of multiplying © 
compounded right lines intq compounded. Foy you = i; 
take all the Re angles of the' » and they will pre- 
ſent you withithe Reftangle of the wholes. pe 


But whenſoever in the multiplication of lines in- ® 


to: themſelves you meet with theſe ſignes = inter- 
mingted with theſe + , you mult alſo haye particu- Þ 
Jarregard tothe fignes. Forof + nultiply'd into 
— arijeth-- ; but of— into—'arifeth +, ex. gy. et 
—+A-be to be multiply'd into B-- C;then becaufe=+ 
A 4s not affirmed of all B , bur only -of a art of it, 
Whereby it exceeds © , therefore A C mn _— 


\ 
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denied ; ſo that the produtt will be AB-= AC, Or 
thus 3 becauſe B conliſts of the parts C and B-= C,, 
* thence AB= AC—+ A x B=<C, take away AC 
from either , then AB AC = AxB= C. In like * ** 
manner if- A be to be multiply'd into B-=« C,then 
ſeeing by reaſon of the figure , that A is not denied 
of all B, but only of ſo much as it exceeds C , there- 
fore AC mult remain affirmed. whence the produR 
will be= AB+AC.Or thus; becauſe AB —= AC + 
| AxB= C; take away all throughout, and there will 
, be= AB= AC= A x B+C; adge AC toeither, 
and there will be= AB+AC = A%B- C. 
This being ſufficiently underflood, the nine fol- 
; lowing propoſitions,and innumerable others of that 
: kind , ariſing from the comparing of lines multi- 
, ply'd into themſelves (which you may find done to 
| your hand in Viete and other Analytical writers) are 
demonſtrated with great facility , by reducing the 
| matter for the moſt part to almoſt a ſqmple work. 
P) Furthermore) F it appears that'the og of ary » 19, ex, 
d magnitude multiply'd into the parts of any number 
is equall to the produt of the fame multiply'd into 
'; the whole number: As5 A+7A=1:A, and4 
/ Ax5A+4Ax7A=4A x1: A, Wherefore what 
is here delirer'd of the multiplying of right liges in- 
8 & tothemſelyes , theſame may be underſtood of the 
= multiplying of numbers into themſelyes. fo that 
7 2 whatſoever is affirmed concerning lines ip the njne 
3 following theoremes , holds gooqjalſo in numbers 


by $ ſeeing —_ immediately depend and are deriy'd 
from this firſt. | | 


& 7-3 383 97 


u- if If « right line Z be di- 
to © DE oiled any-wiſe into two 
et on _ parts, the rettangles com- 
| nf prehended under the whole 
it, line Z andeach : hoe ſegments A,E,ere equall to the 
in WF ſquare made of the whole line Z. 


” I 
4 


42 


@8L.2. 


@ $. 3. 


Þ 2.3. 


d 4 cor. 32. 
v. 

C32. 1. 
it6 4. 


$92 


& 19.ex,t. 
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Ifay that ZA +ZE = Zq. FortakeB==Z; 
s then is BA ++ BE = BZ. that 1s (becauſe B=Z) 
ZA+ZE=Zaq.. whichwas to be Dem. 


PRO Þ. III. 
If a right line Z, be divided 


EE wil into two parts , the 
- E .. reftangle comprehended undey 


\ the whole line Z, and one of the 


emis Eis equall to the reftangle made of the ſeg- 
co A, E, aud the ſquare deſcribed ow the ſaid ſeg- 
went E. | SY 
Ifay ZE= FE + Eq,«For EZ = EA + Eq. 
| PROP. IV, 


If « right line Z be cut 
| any-wiſe into two parts , the 
; E ſquare male of the whole line 


h F Z is equall. both, to the 
queres maae. of the ſegments A, E,qnd to twice 
reftangle made of theparts A, E. oft | 


,  Ifay that Zq=Aq+Eq—+ 2 AE. For ZA a= 
Ag+AE,and ZE 4= Eq+EA. Therefore whereas 


ZA+ZE b=Zq, ethence is Zq = Aq+Eq+ 
2 AE. Which was to be Dem. | | 
| PROP. VV. - | 

= F ÞD Otherwiſe, tbus' ; Upon the 

R right line AB make the ſquare 

| | AD,anddraw the diameter EB; 

through C , the pojnt wherein 

H 6G I the line AB is divided, draw the 


to AB. - 
Becauſe the angle EHG=Ais a right angle, and 
AEB is 4 halfa right, e therefore is -m 
angle HGE half a right angle. Therefofg.is HEf= 


H g— EF g=—= AC , ſo that HE + is theXquare of 3 


the rightline A C; Aſter the ſame manner 15 CT 


proved to be C Bq. Therefore AG, GD are retangles, 


under AC,CB. wherefore the w hole ſquare AD $= 


ACq+CBq+2: ACB.which was to be Dem. C6 


Y 


; | perpendicular CEjand through £ 
A CB the point G draw, HI parallel, Þ 


remaining 


1s 


_ = > _— OT 
. + of ” 
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EUCLIDE'S Blements, 
Coroll. 
1. Hence it appears that the Pgrs which are about 
the diameter of a ſquare are -alſo ſquares then- 
ſelves. 
\ 2. That the diameter of any ſquare biſeRs it's av- 
les. | 
3- ThatifA —=£{ Z,thenis Zq=4 Aq» and 
Aq =! Zq. As on*the contraryifitbeſo that Zq= 
4 Aq then is A = - YM 


"a0 V. 
A |] | B if arightline AB 
| C D be cut into equall 
parts AC 2 CB, and 


into unequall payts AD , DB, the reftangle compre- 
hended under the unequall perth AD;DB, together with 
the ſquare that is made of the difference of the paris CD, 
is equall to the ſquare that is made of the half line 
CB, ELIA wo 
| Ifay that CBq = ADB + CDq. 
Bq. | 

For theſe are_J« CDq+ CDB+DBq+CDB. 
all equall ; YCDq+#% CBD(cACx#BD)+CDB. 

CDq —+ 4 ADB. 


ariſeth Aq- AE+EA= Eq=Aq= Eq. Which was 
to be Dem. OE Wong 
Schol, 
——_ | —_ — If the line AB be di- 
A Cc E D p vided otherwiſe, (viz. 


ie | nearer to the point of 
L | biſeftion, in Ez Thenis AEB © ADB. 


For AEB'« = CBq=- CEq. and ADB a = CBq 


— CDq. Therefore, whereas CD3Z—CEq , thence , 


1s AEBT—© ADB. W, W, to be Dem. 
| C0- 


af.2, & 


«x, 


b 4.2. 


C 3.0x, 


. eg®3, 
Cor. 4,8. 
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Coroll. 

1, Hence is AD3+ DBq- AEq—+ EBq. For 
ADq-+DBq + 2 ADB&= ABqb—AEq=—+ EBq 
-+ 2 AEB. Therefore becauſe '2 AEB ©” 2 ADB, 
thence 1s ADq + DBq © AEq-+ EBq. W.W.to be 
Dem. 

2. Hence is ADq + DBq-« AEqec + EBq= 2 
AEB= 2 ADB. Tx 
Tas s yh, 

IT If « right line A be di- 


md.” E vided into two equall partsy 


«nd anothey right line E 


added to the ſame direftly in one right line , then the 


reftangle comprehended under the whole and the line ad- 


ded, (viz, A +E,) end the line added FE, together with ' 


#he ſquare of * A+E taken*ds one line. | 
fay that? * Aq (4 Q.! A) +AE+Eq=Q. 
*%;A—+E.«For,' Qt A+ E'=! Aq+Eq+AE. 
"Which was to be* Dem. | 
— 

Hence it follows that if 3 rightlines E , E+ 4 A, 
E-+A bein arithmeticall proportiot, then the*re- 
Rangle conteined under the extreme termes E, E—+ 
A, together with the ſquare of the difference ! A, is 
hs the ſquate ofthe middle term E-+* "A, 


PxOP. VIL. 


the ence which is made of ' the line A, is equdll t6 


If aright line Z be divi- 
ys 


—_ any-wiſe into two 
A F— parts , the ſquare of the 
whole line Z, together with 


the ſquare made of ane of the ſegments E , is equall to 
double reftangle comprehended under the whole line Z 


* 


«nd the ſaid ſegment E together with the ſquare made of | 


the other ſegment A. 

I fay that Zq+Eqe= 2 ZE—+Aq. For Zqs = 
Aq—+ Eq—+ 2 AE, and2 ZE&= 2 Eq+2 AF, 
W. W. tobe Dom. | 


C8- - 
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Coroll, 
Hence it follows that the ſquare of the difference 
of any two lines Z , E , is equall to the fquares of 
both the lives leſſe by a double re&angle compre- 
hended under the ſaid lines. 
c For Zq+Eq=- 2 ZE=AqzQ. Z=E. a ans 
PkoP VIIL 
If @ right line Z be di- 
2”. iP % vided any.-wiſe into two 
A E party, the reftengle compre- 
hended under the whole line 2; «ud one of the ſegments 
E fouy times » _= with the ſquare of the other ſeg- 
" ment A, is equall to the ſquare of the whole line Z and 
go the ſegment E taken as one line Z+E. 
p I fay that 4 _ ,— wneh, Z + E. Forz ZE 
| «= Zq-+ Eq= Aq. Therefore 4 ZE—+ AqzzZg ,», 
bo + 2 LE b= Q. ZE. WW. pa += 


Dem. © Hs e 
PRea®?. IX; | 
[ b—— IF a right line AB 
A _ "WW d, Rvided into equall 
parts AC, CB, «nd into 


unequall parts AD, DB, then are the ſquares of the un- 
equall parts AD, DB together , double to the ſquare of 
—_ line AC , and to the ſquare of the difference 
CD. 
I fay that 4 Dq+DBq = 2 ACq— 2 CDq.For 
ADq+DBq - = ACq+CDq —+ 2 ACD-+DBq: « 4 :. 
* But2z ACD (62 BCD) + DBq «= CBq (ACq) _— 
= —CPFq. « Therefore ADq + DBq= 2 ACq -+ dz. 
2 CDq. W.W. to be Dem. 
This may be otherwiſe deliver'd and more eafily 
demonſtrated thus;The aggregrate of the ſquares made 
of the ſumme «nd the difference of two right lines A,E, 
is eqaell to the double of the ſquares made from thoſe 
lines, 
For Q: A+E  =Aq—-+ Eq -+ 2 AE, ndQ:A,,, 
— Eb—= Aq + Eq= 2 AE. Theſe added together Þ f6.73. 
make 2 Aq-+ 2 Eq. Which was to be Dem. 


— VF "I *  _..v 


PReP. 
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& & - 2» *y 

| 's Tf © right line \\ be divi- 

RYE dedin two equall parts,and 

another line be added in 4 

| right line with rhe ſame, then 

is the ſquare of the whole line together with the added 

line (as being one line) together with the ſquare of the 

added line E, double to the ſquare of A and the added 
line E, taken as one line. - 

I fay that Eq+Q. A=+E) 7. e. « Aq+ 2 Eq—+2 
AE=2Q.'!: A+2Q'A+E.ForzQ.' Ab— 
Aq. And 2*Q.': A+E'e=! Aq +2 Eq' +*2 
AE. W.W. to be” Dem. , 

PROP. XI. 


To cut a right line gi- 
ven ABinapoint G, ſo 
that thereftangle compre- 
_— under the whole 
Line A B and one of the 
_ of oy be e- 
| quall to the ſquaye that 
D NA Ft is made Farade ſeg- 
ment AG. 

Upon AB « deſcribe the ſquare AC. b BiſeRt the 

fde AD in E,& draw the line-'EB;from the line EA 


produced rake EF= EB, On AF make the ſquare 


AH. Then is AH=ABxBG. 

For HG being drawn out to 1; the reftangle DH 
+ EAqc= EFqd = EBqe = BAq + EAq: 
Therefore is DHſ= BAq= ro the {ſquare AC. 
Take away Al common to both , then remains the 
ſquare AH=GC. that is; AGq=ABxBG. W.W.to 


| be Done. 


Schol. 
This propoſition cannot be performed by num- 
bers;* ſor there is no number that can be ſo divided, 
that the produt of the whole into one part ſhall be 


equal] ro the ſquare af the other part. 
PROP. 


tm VV Www 
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PROP. XI1T. 
A _, 1» obruſe- angled triangles ABC, 
the ſquare that is made of the ſide 
AC ſubtending the obtuſe angle ABC 
is greater then the ſquares of the fides 
BC, AB. that contem the obtaſe angle 
ABC , by a double refangle con- 
teined under one of the ſides B C , which are s the 
obtuſe angle ABC, 0n which ſide produced the perpends- 
cular AD falls, and under the line BD , takenwithot 
the triangle from.” the point on which the perpendiculay 
AD falls to the obtuſe angle ABC, 
I fay that ACq=CBqn- ABq + 2 CBxBD. 


AC 

For theſe are cDq+ AD4q. 

all equal! CB3-+ 2 CBD+BDq-ADq. 
CB;j—+ 2 CBD-+< ABq. 

Scholium. 

Hence, the ſides of any obtuſe-angled triangle ABC 
being known , the ſegment B D intercepted betwixt the 
perpendicalar AD ant the obtuſe angle ABC\as alſo the 
perpendicular it ſelf AD ſhall be eafily found ogt. 

Thus. Let AC be 10, AB 7, CB 5. Then is ACq 

100,ABq 49,CBq 25. And ABq+CBq=74. Take 
that out of 100 , then will 26 remain for 2 CBD. 
Wherefore CBD ſhall be 13 ; divide this by CB 5 
there will 23 be found for B D. Whzace AD wil 
be found out” by the 47. 1. 

P x ov. XIIT. 

In acute-angled wy ap ABC, 
the ſquare made of the ſide A B ſub. 
tending the acute angle ACB, is leſſe 
then the ſquares made of the ſides 
AC, CBcomprehending the acute 


Savple ACB by a double reftangle * 


-Þ conteined undey one of the ſides BC , 
which are about the acute angle ACB,on which the pey- 
pendicular AD falls , and under the line D C taken 
within the trienyle from the perpendicular AD to the 
acute angle ACB. I 


47.1. 
4 


9.8. 


The ſecond Book, &c 
I fay that ACqBCq=ABq-+ 2 BCD. 


ACq+BCq. 
- For tlieſe are Js ADq+DCq+BCgq. 
b 7," equall » ADq+BDqgq+ 2 BOD. 
©47.1, « ABq a BCD. | 


Coro. pred: Oy 
| Hence, The jides of an acute-angled tridhg!e ABC 
being known , you may find out the ſegment D C inter. 
ecpred betwixt the perpendicular AD and the acute an- 
git ABC, as aſe the perpendicular it ſelf AD. 

Let AB be 13, AC 15, BC 14. Take ABq (169) 
from ACq+BCq, that is,from 225 + 196 = 421, 
Then remains 252 for 2 BCD. wherefore BCD will 
be 126.divide this by BC 14, thea will 9 be found 
out for DC. From whence it follows AD=4/: 225 


ung $1= I 2, 
PRO? XIV. 
M x H 
A .D EF 
OE Ba 
- B 
Tofind a ſquare ML equall to right-lined figure 
iven A. 


s Make the retaugle DB==A , and produce the 

ater hde thereof CtoF fo that CE==CB.6 bt- 
{e@ DF in G, about which as the centre at the di- 
ftance of GF deſcribe the circle FHD, and draw out 
CB till it touch the circumference in H, Then ſhall 
» 46. 0. be CHqg = *ML= A. 
c conflr- ForletG H be drawn. Thenis Ac = D BeZ= 
45.2.97 DCF 4=GFq—= GCq e—HCy« =ML, W.19.cobe 


e47.1.cnd Dore. 
3,6x. = 


Es 
oh 
—— 


The End of the ſecond Book. 
LIB. 
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TTY" 


Definitions. 


ST WD 
RAPSNG Quall circles (GABC , HDEF) are 
fuch whoſe diameters are equall ; 


ml) or, from whoſe centres right Htines 
drawn GA, HD, are equall.. 


IT. A rightline AB 1s ſaid 
to touch a circle FED , when 
roucking the ſame , and being 
produced, it cutterhit not. 

The right line F G cuts the 
circle FED, 


II1 Circles DAC , ABE /and alſo FBG, ABE) 
D 


49 


50 
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are ſaid to touch one to the other, which touch, but 
cut not one the other. 
The circle BFG cuts the circle FGH. 
F Ak I V. Ina circle GABD, 
—— right Ines FE,KL are ſaid 
NPB tobe equally diſtant from 
the centre > when per 
T pendiculars GH , GN 
i i drawn from the centre G 
to them are equall. And 
that line BC is ſaid tobe 
© Kfurthelt diſtant from irzon 
E L whom the greater perpen- 
4 dicular GI falls. 


V. A (ſegment of acir- 
cle(ABC)1s a figure con- 
teined under a right line 
AC, and a portion of the 
circumference of a -cit- 


cle ABC. 


D . 

VI. Anangle ofa ſegment CAB , is that angle 
which is conteined under a right line C A and an 
arch of a circle AB. 

V II. An angle ABC is ſaid ro tein a ſegment 
ABC, when in the circumference thereot ſome point 
B is taken,and from it right lines \ B, CB, drawn to F 
the ends of the right line A C , which 15 the baſeof 
the ſegment ; then the angle ABC conteined under 
the adjoined lines AB,CB, is faidto be an angle in Þ 
a ſegment. * +; ' 

V 11 I. But whep the right lives AB, BC con}; 
prebending the anple ABC, do receive avy periphe- Þ 
ry of the circle ADC, then the avgle ABC is ſaid to 
ſtand upon that periphery. ” i. 


A 


nA 


4 ” 


EUCLIDE-S Blements:- '£ 


A PB I X. A ſeQor ofa circle (ADB) 
ne an angle ADB is ſet at 
the centre D of that circle;name- 


), D ly , that figure ADB , compre- 
id headed under the right lines AD, 
m BD conteiniog the anglezand the 
- part of the circumference recei- 
N ved by them AB. 

G 


» X. Like ſegments of a circle (AB C » DEF) are 
e ® rhoſewhichconclude equall angles (ABC, DEF;) 
e or,in whom the angles ABC, DEF are <quall. 


P RK B MH; © 


B To find the centre F of « 
circle given ABC. 

Draw a right line A C 
any-wiſe in the circle,which 
biſeR in E,through E draw 
a perpendicular DB,anad bij- 
ſe the ſame in F;the point 


| fs C F ſhall be the center. 
| If you deny it,JetGapoint 
(| D without the line DB be the 


centre (for it cannot be 1n 
the line BD, ſince that cannot be divided equally in 
any point but F;) let the lines GA, GC, GE be 
> drawn. Now if G be the ceatre,s then is GA=GC, 
= andAE = ECby conſtruſtion., and the fide GE b " Fate 
common. 6b Therefore are the angles GEA, GEC e- © 10.def 4, 
quall, and © conſequently right. d Therefore the an- , mm 
| gleGEC= FEC. e Which is abſurd. 
D 2 C9- 
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Coroll. 
Hence \, If a right line B D biſe@ avy right line 


AC ian a circle at right angles , the centre thall be jy 
the line BD that cuts the other. 


The centre of a Circle is eaſily found out by applying 
the top of a Square to the circumference thereof. Forif 
the right Hine Þ E that joins the poirs D , E » in 
which the ſides of the Square Q D, Q E cut the cir- 
cumference , be biſefted in A,the peint A ſhall be 
the centre. The demonſtration whereof depends up- 
on Prop.31.0f this Book. 


rPnoP. IL 

Tf in the circumference of a cir- 
cle CAB any two points A ,B be 
taken ,the right live AB which joins 
thoſe two points ſhall fail within the 
circle. 

Take in the right line AB any 

point D;from the center C draw 
CA,CD, CB. BecaufeCAa=CB, therefore is 
the angle A 6B. But the angle CDB c A, there- 
fore is C D B © B. therefore C Bd C D. But 
CB onely reaches the circumference , therefore CD 
comes not ſo far; whereſore the point D is within the 
circle. The ſame may be proved of any other point 
in the line AB. And therefore the whole line AB fals 
within the circle. Which was to be Dem, * 


C6+ 
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| Coroll, 
Hence, Ifa right line tou" a circle, ſo that it cut 
it not, it touches but in one point. 


TOOK HA 


If in a circle EABC, 
a right line BD drawn 
through the centre , biſeft 
any other line AG not 
draws through the centre, 
it ſhall alſo cut it at right 
angles : And if it cuts it 
at right anptes, it ſhall al- 
D fo Wie the mg 

From the centre E let the lines EA, EC be 
drawn. 

I.Hyp. Becauſe A Fa=FC,andEAþ=EC,, ,s. 
and the (ide EF common ; the angles EFA , EFC Þ »5.0efr, 
c ſhall be equall,and 4 conſequently right. Which was 4 wo.guf , 
to be Dem. 

Hyp.2. Becauſe E FAe=EFC,andthe angle e hp «nd 
EAFFf—=ECF, andthe fide EF commonzg there- g'-*7" 
fore is AF = FC. Therefore AC is cut into two e- g 6. 1- 
quall parts. which was to be Dem. 


Coroll. 

Hence , In any equilateral or Iſoſceles trian- 

; geyif a line drawn from the yerticall angle biſe the 
aſe , that line is perpendicular to it. And on the 

' Þ contrary a perpendicular drawn from the yerticall 

angle biſeRts the baſe, 


| P Roe. IV. 


If in a circle A CD two 
right lines AB,CD cut through 
one another, yet neither of them 
paſſe through the centre E , then 
q neither of thoſe lines are divided 
"into equall parts. 

For if one line paſſe through 
, D 3 the 


_ LES Rl ha a 4 MAH... 
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the centre , it appears that it cannot be biſeRed by 
the other;becauſe by Hypotheſis, the other does hot 
paſſe through the centre. 
If neither of them paſſe through the centre, then 
from the centre E draw E F: now 1f AB, C D were 
Þ37- bothbiſeftedinF, then «would the angles EFB, 
*._ EFD be beth cight, and conſequently equall + Which 
is abſurd. | 


PROP.*V, 


Tf two circles BAC, 
BDC cut one the other, 
they ſhall not have the 
ſame centre E. 

For otherwiſe the 
lines EB , EDA drawn 
from E the common 
centre , would D E be 
s — Bo = 3&3 
6 which is abſurd. 


B 


PROP. VI. 


Tf two circles BAC, BDC, 
mo inwardly touch one the other (i 
| " B) they have not one and the 
_ \\ ſame centye F. 

Fi. For otherwiſe the right lines 
F B,F DA drawn fromthe cen: 
&/ treF , would be FDa= FEB 
4 = FA. +6 which is abſurd. 


4x” 
IK 
- 
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y PRraO?P. VIL 
a A IfinAB the diameter 
_ C of a circle ſome point G be 


taken,which is not the cen- 
tre of the circle , and from 
that point certain right 
lines GC, GD 3 GE fall 
on the circle , the greateſt 
line ſhall be that (GA) in 
which is the centye F; the 
leaſt, the remainder of the 
- fame line (GB.) And of 
be BY all the other lines , the line G C neareſt to that which 
was drawn through the centye is alwayes greater then 
he any line farther removed G D; and only tws lines are e- 
mm © qual! GE, GH, which fall upon the circlefrom the ſame 
on | point , oneach ſide of theleaſt G B or of the greateſt 
GA 


\. From the centre F draw the right lines FC, FD, 
FEzand a make the angle BFH = BFE. a 23.1, 
1. GF + FC (that 1s GA) s T” GC. Which was 
to be Dem. 
2, The ſide FG 15 common, and FC 6b = FDzand þ 15.9. «. 
the angle GFC c TGED; d wherefore the baſe GC © 
"= C* 0D. . w_— 
io 2. EB (FE)e 2 GE—+GEF. Therefore FG,which «10. . 
hf is common)beine taken away from both, there re- f 5.«x. 
mains BG "I EG. | 
Jes 4. The lide FG is common,and FE==FH,and the 
"} avgle BFHg = BFE3b Therefore is GE=GH:But # 
DB thatnootherline G D from the point G can be e- h4 ur 
uall ro GE,or GH, 1s already proved. which was to 
[0 Demonſtrated. 


£2,30,1, 
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PROP. VIIL. 
If ſome point A be 


taken without a circle, 
and from that point be 
drawn certain right 
lines ALAH, AG,AF 
to the circle,&-of thoſe 
one A I be drawn 
through the centre K, 
and the others any. 
wiſe;of ll thoſe lines 
that fall on the con- 
cave of the circum- 
ference , that is the 
greateſt A1 which is 
drawn through the 
centre ; and of the others,that which is neareſt (AH) to 
the line that paſſes through the ceatre is greater then 
that which is more diſtant A G. But of all thoſe line 
that fall on the convexe part of the cixcle , the leaſt is 
that AB which is drawn from the point A 10 the diames 
ter I B; and of the others, that (A C) which is meayeſt 


' $0 the leaſt, is leſſe then that which is farther diſtant AD. 


And from that point there can be onely two equal! 
right lines AC , AL drawn,which ſpall fall on the cir- 
eumference on each fide of the leaſt line A B or of the 
greateſt AT. . 

From the centre K draw the right lives KH, KG, 
KF,KC,KD,KE. and make the angle AKL= 
AKC. . 

1, AICAK+KH)sCC AH. 

2. The fide AK is common, and KH=KG , and 
the angte AKH — AKG3b therefore the baſe AH 
CO AG. 

3.KAc 2 KC-+ CA. From hence take away 
KC, KB that are equall; then will remain AC 4” 
AC. 

4. AC+ CKe”'YA AD—+DK.From thence take 
away CK , DK that are equall ; then remains AC 
f"I AD. | s. Tae 
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5. The ſide KA is commonzand KL=KC, and 

e the angle AKLgs=MA KC ; b therefore KA —= CA. g oft. 
; But chat no other line could be drawn equall to' 4 & 

'e theſe » was proved above. Therefore, &c. 


r PROP. IX. 

ſe If in a circle BCK @ point A 
n be taken,and from that point more 
bs 8 then two equall right foxes AB, 
. AC, AK, draws t0 the circumfe- 
' rence,then is that point A the cen- 
« tre of the circle. 

T For « from no point without , 
the centre can more then two 
i C right lines equall be drawn to 
be the circumference, Therefore A 
q is the centre. Which was to be Dem. 

be | 

's PROP. XN. 

Is | 

2 Acircle IAKBL 
f cannot cut another ciy- 
k I cle IEKFL in more 


then twd points. 


ED K 

h Let one circle , if it 
G IT © NP rp way be, cut the other 

10 throe points I,K,L. 
W, and I K, KL beiog 
e _—_ let _ - 
iſetedin M and N. 

hg Os —_ L s Both tircles have a or.1, 3. 

d their centres in their 
1 perpendiculars MC, NH, and in the interſeQion of 
thoſe perpendiculaps which is O. Therefore the car- 
cles that cut each other haye rhe ſame centre. Which 


Y 
- 1s falſe;by Prop.s. 3. 


ed 


2, 


F8 


ea 15 def 1. 
d 9. 3. 


cg.ex. 


210,10 
dg ex, 
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PROP. XI. 


If two circles G A. 
DE 3 FABC touch 
one the other inwardly , 
and their centres be ta. 
kenG , F; 4 right line 
F G joyning their cey- 
tres,and produced, ſhall 
cut the circumference in 
E A the point of contalt 
| of the circles. 

If it can be, let the 
; right line F G prody- 
ced cut the circles in ſome other point then A. fo 
that not FGA, but FGDB ſhall be a right line. Let 
the line GA be drawn. Now,becauſe GD a== GA,& 
GB b "JGA (lince the right line F G B paſſes 
through F the centre of the greater circle) therefore 
15 GB 2 GD. <Which is abſurd. 


PROM ALI 


D—_— 


If two circles ACD , BCE touch one the other 0m- L 


wardly,the right line ABwhich joins their centres A,B, & 


ſhell paſſe through the point of contatt C. 


If it may bezlet ADEB be aright line cuttiog the | 


circles not in the point of conta&t C , but in the 
points D,E;draw AC, CB. then is AD + EB (AC 
-+CB) 4 = ADEB. 6 Which is abſurd. 


© 


PROP. 


[ 


PROP FLES 


q 


it be produced, fall as well in A,as H. Now becauſe , , 
CHb=CA,andBHC—_CH , therefore is BA z- 


(£ BH) © CA. gWhich is abſurd. 


EUCLIDE'S Elements. 


A Circle 
CA F cannot 
touch" a circle 
BAH in more 
points then one 

A , whether it 
b inwardly or 
 UE-R"*-4 

. Let ane 
date (if 1t can 
be) touch an- 
other 1n two 
points A, NH. 


s Then will * #45 


the right line 
CB that joins 
the centres , if 


2. Ifit be ſaid to touch outwardly in the points | 
E and F , then draw the line E F,e which will be 1 in © 
both circles. Therefore thoſe circles cut one the o- 


ther; Which is agaiaſt tt e Hyp. 
: P R O Pp. X I'V. 


hs” ee 


C 
bones AC, BD. join EA, EB. 


I.HYyp. AC= == BD. therefore: AFb = BG.But al- Þ 74x. 


Ina circle EABC equal! 
right lines AC ,BD axge- 
qually diſtant from the cen- 
tre E: and right lines AC, 
BD which are equally di- 
ſtant from the centre , are 
equal! among themſelves, 

From the centre E draw 

the perpendiculars EF, 
EG. a which will biſe@ the a 3. 3. 


{o 
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ſo EA = EB. therefore FEqe = EAq—- AFJ, = 
z.x, ow EBqn BGqc = EG4. d Therefore FE=EG. 
dſebel 48.1, 3 Hyp:EF=EG.Taerefore AFq = EAq= p 
= EBq= EGq=BGq. Therefore AF 4 =GB, an 
e Cax, * conſequently AC==BD. Which was to be Dew. 


P ROP, XV. 
FA ke In 4 circle GABC 


which is neareſt to the 
centre G is greater then 
any line i C farther di- 
ſtant from it. 

r. Draw GB, and 
GC. The diameter AD 
- (« GB+GC) b BC. 
| 2. Let the diſtance GI 
. be” GH. Take GN=GH. Through the point N 

draw KL perpendicularly to GI: join GK, GL. Be- 

| cauſe GE=GB,and GL=GC,and the angle K GL 

©34-1. CF BGC;cthereſore is KL (FE) ©” BC. Which was 
' tobe Dem. 


PROP. XVI. 
A line CD 


C F A D drawn from the 


WW extreme point of 
G | the diameter HA 
E L of a circle BALH, 


h perpendiculay to 
the ſaid diameter , 
ſhall fall without 

| RB the circle ; and be- 

. tween the ſame 
right tine and the 
circumference can- 
not be drawn an- 
other line AL. 

H And the angle of 

the 


| the greateſt line is A-DD | 
/ / the diameter ; and of all 
1 other lines,that lin? FF, 


LY 


Rs A 
ths. EO II—_ 


EUCLIDE'S: Elements. 
| the ſemicircle BAI is greater then any righe-lined ecaze 
angleBAL 3 and the remaining angle witthoue the civ- 
c umference-D Al is leſſe then axy right-lined angle. 

1. From the centre B ro any point Fit the tight 
line AC, draw the rigtline BF. The Gde BF fub- 
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tending the rig).t avglſeB AF is gremter then el e « «9, 4 


ſide B A which is oppoſite to the acute angle BF 4. 


Therefore whereas BA ( BG) reaches to the circum- 


ference, BF ſhall reach further ; and ſo the point F. 
and for the fame reaſon 48 any other point of the line 
AC placed without the curcle. 
z. Draw BE Ir Mr 4 AL, Theſde BA 
te to the right angle BE A is b preater then 
rags BE which nr the acute x BAE; 
therefore the point E, and ſo the whole line E A, fals 
within the circle. 
3. Hence it follows that any acute angle, to wir, 
E AD, is greater then the apgle of contatt DAI, and 
that any aeute aogle BAL is lefle then the angle of a 
ſemicircle BAI. Which was to be Dem. 
Coroll, 
Hence, A right line drawn from the extremity of 
the diameter of a circle, and at right angles, is a tan- 
ent to the ſaid circle. | 
From this propoſition are gathered many para- 
dox and wonderfull conſeRtaries , which you may 
meet with in the interpreters. 
PROP. XVII, 
From a point given A to 
E draw « riehe line AG which 
ſpall touch a circle given DBC. 


circle gtyen let alineD \ cut- 
ting the circumference in B, 
be drawn to the point given 
A;from the centre D deſcribe 
another cuccle through the 
poiat A; and from B draw a 


perpendicular to A D, which ſhall meer with the 
circle 


From D the centre of the . 


b 19, «. 
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#15 def 1. 
d4 1. 


Ceor,i6 z. 


a 2. def.3. 


bd cor.19.1. 
19.1. 
dg.ex, 


The third Book of 


circle AB in the point Ez and draw ED meeting with 
the circle BC in the point C. Then the line drawy 
from A to C ſhall rouch the circle 1*BC. 

For DB«—=DC,and DE « = DAzand the avgle 
D is common; 6 therefore the angle ACD = EBD 
and right, e Therefore AC touches the circle inC. 


Which was to be Done. 


If any right line AB touch 
a circle FEDC , and from 
the centre t0 the point of con- 
taft E @ right line FE be 
drawn; that line FE ſhall be 
perpendiculay to the tangent 
AB. 
If you deny it , let ſome 
other line F G be drawn 
A . 3 from the centre F perpen- 
dicular to the tangent, and a cutting the circle in D. 
Therefore , whereas the anole F GE 1s faid to be 
right , b thence 1s the angle FEG acute; c ſo that FE 
(FD) ©” FG. «Which is abſurd. 


PROP. XIX. 


A C B If anyvight line\B 
Fi nts es, REIN toach a circle , and from 
\ the point of contalt C a 

\ right line CE be erefted 

| oy at right angles to the 
tangentythe'centre of the 

circle ſhall he in the but 

EE By ag erethed, \* R 

If you deny it , I 

E th> ceatre be without 

the line CE in the point F; and from F to the pojnt 
of conta(t let F C be drawn. Therefore the angle 
FCB is right,and « conſequently equall to the angle 
ECB,which was right by Hypothelis. & which itb- 
ſurd. PROP. 


, 
# 
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PRO P. 


A &) ED 


Ina circle DABC , the angle BDC at the centre is 
double of the angle BAC at the circumference,when the 
ſame arch of thecirtle BC is the baſe of the angles. 

Draw the diameter ADE. The outward angle 
BDE a= DAB -+ DBA b= 2 DAB, Likewiſe the $3 *- 
apgle EDC = 2 DAC., Therefore in the firſt caſe 
the whole angle BDC = 2 BAC. and in the third 
caſe the c remaining angle BDC = 2 BAC. Which c1o.ex. 
was to be-Dem. 


PROP. X XI. 


” 


In a circle ED AC, the angles DACandDBC 
vg are in the ſame ſegment, are equal! one to the 0- 
ther. 0 
I. Caſe. 1 the ſegment DABC be preater then a 
ſemicircle, from the centre E draw ED, EC. Then is 
twicetheangleA «= E4= 2B. W. i. to be Dem. 
2.Caſe. lt the ſegment be lefle theria ſemicircle, *** * 
then 15 the ſum of the angles of the*triangle ADF 


£quall to the ſum of the angles of thetriapgle BCF. 
kom each let AF I be taken away 6 equall to 6 yg. x, 


I 


w_ Ls hed — 
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—_ t BFC,and ADB-= ACB be likewiſe taken away, 
then remains DAC=DBC, w.W.to be Dem. 

PROP. XXII. y 

The angles ADC, | 
B — ABC ofa quadrilae. 
ral figure ABCD'de. 
ſcribed in a circle , 
which are oppoſite one 
20 the other , axe equall 

to two right augles, | 
| Draw A C 5 B D, 


A C The angle ABC+ 
d / BCA+BAC,=2 |, 
| I mnght, Bat BDAb:= 


BC A, and BDC HF = c 
<L4#. BAC.c Therefore ABC + ADC= 2 right angle. |f| ; 
Which was to be Dem. | pl 
Coroll. 4 
Ss ale 7, Hence, If oneſide * AB ofa quadrilateral de- 
following ſcribed in a circle be produced , the externall angle 
— EBC is equall to the internall angle ADC, which is 
oppolite to that ABC which is adjacent to EBC. as 
appears by 13.1.and 3.ax. 
2» A crcle- cannot be deſcribed about a Rhom- 
bus ; becauſe it's oppoſite angles are greater or leſſe 


then tworight angles. k t 
| Schol, 
If in a quadrilate- 
E ral ABCD the angie: 
Aand C , which are 
oppoſite , be equall to 
tw0 right, then a ci 
may be deſcribed about 
that quadrilateral, || i 
For a circle will || hz 
paſſe through any 3 || * 
avgles: (as ſhall ap* Hy 
: ar by 5. 4.) wy _ 
chat ſhall paſſe through A the frank alſo of fu ” Un 


and hab C wry \ tae wes ht _ I 
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2 quadrilaterall:For if you deny it,let the circle paſſe 
through F. Therefore the —= lines BF, FD, BD 


ine drawn, the angle C+F «= 2 yghth = C+ 2 22 3. 
b [ps bei Ac eget to F, 4 which is abſurd. on 
| $7 dai. s. 

l PRoFr. XXI111. : 


z | o@ US 
: jane like and unequal 
" Jegments of circles AB» 
Q = C, ADC, cannot be ſer 
þ A | EC the ſame right line 


; AC , and the ſame [de 
thereo ” | a . ; 
wo they are ſaid to be like , draw theline CB 
cutting the circumferences in D and B , join AB 
s | andA D. Fecauſe the ſegments are ſuppoſed like , 
atherefore-is the angle ADC = ABC. 6Which js Cc 


abſurd. 2 50-2 Tk 
4 Pkoe XXIV. 
: - 
, "ike" ſegments 
25 | of circles ABC; 


DEF apon equall 


1 E right. .lines A C, 
ſe | DF, are equall one 
Penne ie £0 SHO OUHeT: * 


The baſe AC 
being-lazd on the 


| C | 
t = E 0 glaido 
[7] baſe. D F will a- 
re / B 4 ; greewith it, be- 
i _ cauſe AC=DF. 
le CEA CF Therefore the ſe- 


| ment ABC 

ſhall agree with the ſegment DEF (for otherwiſe 1g | 
ll & fhall fall either wichio or without , and-if ſoa then «1; ;. 

3 the ſegments are not like , w hich is contrary co the 
p* | Ipothelis ,, and ar leaſt ic ſhall fall partly within 
ay | *>dpartly without, and ſo cut in 3 points , 6 which 
1 babſurd. c Therefore the ſegment ABC = DEF. ?g%* 
a 


Which was to be Dem. 
E PROP. 


i 
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P R oP. XXYVY. 


A ſegment of a circle 
ABC being given , to de. 
ſeribe the whole circle 
whereof that is a ſegment. 
Let two right lines be 
drawn AB,BC,which bj- 
ſet in the points D and 
E. From D and E d- »w the perpendiculars DF, EF 
meetipg 1n the poia! F. 1 ſay this point ſhall be the 
centre of the circle. 
For-the centre ſhall be :s wellin«D Fas;EF, 
therefore 1t muſt be in the common point F, Which 
was to be Done; 


FRASDAALYEL 


In equall circles GABC,HDEF,equall angles ſtand 
upon equdh parts of the circumference, AC, DEF; whe- 
ther thoſe angles be'made at the centres, G, H, or at the 
circkmferences,'By E. 

Becauſe the circles are equall, therefore is GA = 
HD, and GC==RF; alſo by Hypotheſis the angle G 
= H; « therefore AC = DF. Moreover the angle B 
b —= +Ge==! H b=E. 4 Therefore the ſegments 
ABC,*D E F*are like, and e conſequently equal}, 

f whence the remaining ſegments alſo AC , DF are 
equall, Which was to be Dem. 


Schal. 


DE'S Zlements. 


EUCLI 
| Schol. 


circumference A- 
C, DF,are equall 
between ary 


them- 


2 | felvto', whether 
they be made at the centres G , H', or at the circumfe- 
ences, B, E. 

 ,Forifit be poſſiblg;let one of the'anples A'GC 
© DHEF, and make AGLI= DFH. thence is the 
archAl; =ÞDFb= _ ky Which is abſutd. 

Schol. 


4 right lineEF,mhich 
being drawn from 
A the ——w point 
of 4 BC - 
xs, dry: exo is 
papallel "to the right 
line B C Jubtending 
_ the ſaid periphery. 
From the centre 
'D draw a Tight line 
. DA to the point 


Cc 


4 join DB, DC. 
«The ide DG is common, and DB = DC , and 


of contat A, and- 


In acircle ABCH let #n arch 
AB be equall to DC ; then ſhall 


( AD be parallelro BC. For the 

n right line AC being drawn , the 

[4 angle ACBs — CAD; Where- a 16. 3. 

, ſore by 27. 1. the ſaid lides me 

e parallel. Oe] 

- +1 PROP. XXVII. 

In equall cir- 
cles GABC,HD- | 

e EF , the. angles 
fanding wpop e- 

, qualt payts of the 


abs, 
b hyp 


cg «x, 


the angle BDA = CDA, (becauſe the arches BA, a 27 3 


. E 2« CA 


4 


9. wT 


aAaFTsn 
ry 
ip 


4 . 
$2 


4 1, 


A IE 
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CA are þequall) therefore the angles at the baſe 


DGB, DGC aree equall, and 4 conſequently ri ght; 
But the inward angles GAE, GAF are alſo e right, 
F therefore BC,EF are parallel. which was to be Dem. 


XXVIIIT. 


In equall ciytle 
 GARC, HDEF, 
equall right lines 
AC, DEF cut [Rt 
quali parts of the 
ci rcamference, the 
- | greateſt "A B Cle 
FAGEHNAY, quall #0 the greds 

eſt DEF, aud the AIC re Yeſes DE ; Þ 
From the centres G;H-drav CA GC.4& HD,HF. 
Becauſe GA—=HD, and GC=HF,and ACs= 
DF , $therefore.is the avgle.G=H ; «© whence the 
arch AIC=DKF;z4 and ſo the remaining arch ABC 

= DEF. Which was to be Dem. - 

But if. the ſubtended live A C bet or "A then 
DF>then in like manner will.the arch AC be tr 

”2 then DF. "1 


P Ro?P. 


a 
# 


=” xt = al circle 
Z Te A BO OY EF, 


" equall 6m 

..AC ubtwd e- 

Fr ll perip eries 
ABC, DEF. 


| the | Draw thy lines 
GA,GC;and HD;HE. Becauſe CLIT GC 
= HF, and (becauſe the hes AC» F ares& 
quall) the angle G4—H. © therefore is the bal: 
AC = DF, Which was to be Dem, © ' 

This and the three ptecedent propoſitions may bt 
underſtood alſo of the ſame circle. 


% PROP 


EUCLIDE'S Elements. 6g 
 &# i AP ® & 4 


t; | To cut a periphery given 
t, ABC into two equall parts. 
w, Draw the right live AC, & 


biſeR itin D ; from Ddraw 4 
D .C perpendicular” DB meeting 

with.the arch in B, it ſhall biſe@ the ſame. 

For join AB, and CB. The {1de DB is common, 


a conff 


a 
F, 
*& | andAD«=—DC, and the avglg ADBbx= CDB. 9%. 
& | ctherefore AB=BC ; d whence thearth AB=BC. <4. «. 
he which was to he Done. (i\ ; <8 3, 
« P-k Of, XXXE, 
a "In 4 circle: the angle 

© F ABC, which.is in the ſemi- 

circle, is a right angle ; but 


: the angle , whichis in the 
" redtey ſegment BAC is 
r A Ie then a right angle,and 
| 'V+---4 & the angle which is in the 
* leſſer ſegmes BFC is 
v greatey then a right angle. 


Moreover , the anzle of the 
greater ſegment 1s greater 
then a right angle , and the angle of the leſſer ſegment is 
lefſe then @ right angle. 
e From the centre D draw DB. Becauſe D B= 
| DA , therefore is the angle As = DBA, and 35 
7 | the angle DCB4a=DBC , 6 therefore the angle « png 
8 ADC=A— ACB<c= EBC, «fo that ABC and 910 def'e, 
ff EBC areright angles. W. W. to be Dew. © Therefore ©” 74+ 
BAC is an acute angle. fw.1.:o be Dem. And further, f aa. 3, 
5 whereas BAC+ BFC = 2 right, -therefore.BFC is 
CB anobtuſe angle. Laſily rhe angle conteined unger 
-B theright line CB,and the arch BAC is greater then 
eB the right angle A B C 3 bur the at le made -by the 
right line CB and the periphery of the ledder ſegment 
"| BFC g is lefſe then the right avgle ABC; Which was , 
tobe Dem. - | 
E 3 Schol. 


«1 


Sa - 
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Schol. 


In arightgngled triangle ABC , if the hypotenuſe 


ſubtended line) AC be biſefied in D,2 ciycle drawn 


om the centre D through the point A ſhall alſopaſſe 
through the point B; As you may eaſily demonſtrate from 
this prov.and 21- I. 
XXX11. 


PP kK OP. 

If @_right line AB 
touch a circle , and from 
the. point of contalt be 
drawn « right line CE. 
cutting the circle , the an- 
gles ECB5ECA which it 

Frakes with the tangent 
# line areequall to thoſe an. 
gles EDC , EFC which 
are made in the alternate 
| egments of the circle. 
A. & | B ſes Let C 4 » the {ide of 
the angle EDC\,be perpendicular to AB {# for it*s to ' 
the ſame purpoſe) therefore C D is the diameter, 
c therefore the angle CED 1n a ſemicircle is a right 
—__ and'therefore the angle D ++ DCE = toa 
right avglee = ECB + DCE. f Therefore the an- 
gle D = ECB. Which was to be Dem. 
Now whereas the angle ECB+ECA g =2 right 
þ = D+F,from both of theſe take away ECB and 
D, which/are equall,* then remains ECA==PF. Whith 
was tobe Dem. 
P = 0 I 


EXXTLH: 
Ppon aright line 
A Bro deſcribe a 
fegment of « civ- 
cle AIEB' which 
ſhall contein an 
angle \]B equal 
to a right-lined 
3 angle given TC. 
s Make the: 
apgle 


C. Which was to be done. 


P Roper. XXXIV. 

From @ circle given 
ABC to cut off a ſeg- 
ment ABC conteining 
an angle B equall to a 
rieht-lined angle given 
D 


C 
i E 


P Rk © Þ. 


EUCLIDE'S Elemints. 
angle BAD = C. Through the point A draw the 
| line AE perpendicular co HD. At ene end of the line 
| giren 4B make an angle ABF =BAF , one fide 
| whereof ler it cur the Jine AE in F; from the centre F 
| through the point A, deſcribe a circle which ſhall 

paſſe through B (becauſe the angles FBA 6== F *B, 

ande therefore FB—F-A,) ALB is the ſegment 
| ſought, For becatiſe HD is perpendicular to-the dia- 
| meter A Ezit therefore tonches the circle HD which 
AB cuts. And therefore the an 


gle AIB e =B4 Df—= 


s Draw a right line 


EF which ſhall touch 
thecircle givenin A. 


blet A Che drawn alſo making an a 


ngle FAC 


=D. This line ſhaſf cut of ABC conteining an ans 
gle Be =CAF4= D. which was to be Done. 


XXXV. 


Tf in 
a circle 
FBCA 
iw0 right 
lines AB, 
D Cc: 
each 0- 
ther, the 
retFangle 
compre» 
hended 
under the 
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b eonflr, 
CG. 1. 


d eor 16. 


© 32 3. 
f ecnfr. 


& 19. x. 


bxz.1 
C 34.3. 
d conftr 
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One, ſhall be equall to the yeftangle comprehended under 
the ſegments Cc,E.) of the other. 

I.Caſe, If rhe right lines cut one the other in the 
centre, the thing 1s evident. 
' 2.Caſe, Tfone line A B paſſe through the centre 
E,and biſeR the other line CD,then draw FD, Now 
the retangle AEB + FEq 4 = FBqz—=FDqe= 


" EDq + Eq9= C ED-bFEq. e Tacrefore the reQ. 


C c0y.3k. 8, 


d46. 
TIES 


6 AE3 — CED. Which was to be Dem. 
3.Caſe.If one of rhe lines AB be the diameter, and 
cut the other line CD unequally , biſett CD by FG 
2  pependiculdr from the centre. 
The re&taogle AEB + FEq. 
Theſe FBq (FDJ.) 
are'e- g FGq + GDq. 
quall. FGq + þ GBq + Reftang. CED, 
i - - FIT FEq-+ CED. 
| Therefore the reangle AEB = CED. 
4.Caſe: '1f neither af the. cighvlines AB,CD paſſe 
through the centre, then through the poiat'of inter- 
feftion E 4 draw the diameter G H. By that which 
bath been already demonſtrated, it appears that the 
——_ AEB=GEH=—CED. W.W. to be Dem. 
More ealily,and gene- 
rally,thus; Join AC and 
BD, Then becauſe the an- 
gles a CEA, DEB, and 
ballo ©, B (upon the 
{ame ach AD) are & 
quall , thence are the tri- 


N angles: -CEA,BED« equi» 
FL Angular, 4 Wherefore CE, 
" EA :: EB,ED.ande con: 


art CE x ED= ng x EB. Which was tobe 
Dems. - 
'The cications out of "YE 6. Book, both hows and 


in the following prop. have no dependance upon the 


lame; ſo that it Was free to uſc them. a 


PROP. 


Oz PUSEz 


EUCLIDE'S Elements, 7 
"PROP. XXXVI. 


, 


DN, « ba 


If any point D be taken without « circle EBC, and 
from that point two right lines DA , DB fall upon the 
circle , whereof one D A cut the circle , the other D B 
touches it , the reftangle comprohended undey the whole 
line DA that cuts the circle , and undey DC that payt 
which is taken from the point given Do the convexe of 
the periphery , ſhall be equall to the ſquare made of the 
tangent line. 
I.Caſe. If the ſecant AD paſſe through the centre, 
then join EB, this 4 will make a right angle wich the 3 '% 3; 
lize DB, wherefore DBq + 4EBq(ECq) b= EDq c@'z.' 
«e=AD x DC + ECq. Therefore AD x DC = © 3.4%» 
DBq..Which was to be Dem. 
2.Caſe, But if AD paſſe not through the centre 
then draw EC, EB, ED , and EF perpendicular to 
AD, « wherefore AC is biſeRed in F. acl 
Becauſe Bq + EBq 6 = DEq b—EFq = Þ = 
FDq«=EFq + ADC-+ FCq4= ADC—+CEq 4g... | 
(EBq.)* Therefore is BDq = ADC, Which was tobe « 3.x, 
Dem, | 


More 


.* 


rh# Ari Blok f 
(D ' Moreeaſily,and gene 
" - rafty;this;Draw AB and || v 
B C. Then becauſe the | A 
angles A,and DRC a are 
equall , and the angleD | i 
common to both, thence 
are the triangles BDC, || q 
y DB 6 equlangular, | th 
c Wherefore AD. DB: I th 
DB. CD. 2nddconſe. | Ai 
quently ADxDC = 
DBq. Which was t be || to 
._ - _ gi 
Coroll, 
1. Hence, If from any point 
A 'raken withont a circle , there 
be feverall lines AB, AC drawn 
which cut the circle, the reCtan- 
gles comprehended under the 
- Whole lines AB, AC , and the 
outward parts AE', AF aret 
quall between themfelves. 
 Bor if th> rangent AD hb» 
drawnzthey is CAF=ADqz 
BAE. | 


a 3. 3. 


Qua © 
I 
PS. 


2. Tt appears alſo from | » 
hebce , that if ewo nes AB, Þ| #4 
AC drawn from the ſame ! 
point'do touch a circle , thoſe ml 
twolides are equall one torhd I ci 

' other. | | 4= 

For if AE be drawn curtind Þ «th 

thecircle , then 1s ABq «= righ 
EAFb=—= ACq. 


EUCLIDE'S FEltmithts, 


Ty 
3+ It is alſo evident that from a point A taken 
without a circle, there can be drawn but two kaes 
AC that ſhall rouch the circte. _ 
For if a third line AD be ſaid to touch the cittle, 
thence is AD «= AB c = AC. «Which is abſurd. ; = 


4. Andon the contrary, it is plain, that if two e- 
quall right lines AB;AC fall from any point A upon 
the convexe periphery ofa circle , and that if one of 
thefe equall lives AB touch the circle;then the other 
AC touches the circle alſo. 

For if pofſible,let not AC , but another line AD, 
touch the circle ; therefore is AD e= AC f== AB. © ». cor 
gWhich is abſurd. kf 

PROP. XXXVIII. | 

Tf without a circle EBF a 
point D: be taken , and from 
that point two vight lines D A, 
DB fall on the circle z whereof 
one line D A cuts the circle » the 
other DB fallsupon it; and if al- 
ſo the rettangle comprehended 
under the whole line that cats 
the circle,a1ud under that part of 
it D C whichis taken betwixs 
the point D and the convexe pe- 
riphery,be equall to that ſquare 
which is made of the line DB falling on the circle, I ſay 
that that line DB ſo falling ſhall touch the circle given. 

From the point D «let a tangent DF bedrawn, a y ,,. 
z0d from the centre E draw ED, EB, EF. Now be- 
cauſe DBqs—= ADC c= DFq, therefore is DB b yp. 
{= VF: But EB = EFgand thefide ED common; © = po 
etherefore the angle EBD — EFD. _ but EFDis a fb. q.. 1. 
riehr angle, atd f therefore EBD is right alſo. and 8 8.1. 
2 thercfore DB touches the circle. W. W. to be Dem. g —_ —_ 

Coroll, 

From hence it follows that the þ ahgle EDB = b 8» 
IDF, 

The Ead of the third Book. 
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Definitions _ 


L# Y RD Right. lined figure is faid to be in+ 
AYE ſcribed in a right-lined figure, whea 

8 every one of the angles of the in. 

8 ſcribed figure touch eyery one of the 


fides of tte figure wherein it is in 


So the triangle DEF is inſcribed 
in the triangle ABC. | 


\ E II. In like manner a figure 
D \ is ſaid to bedeſcribed about a 6: 
& gure, when evefyone of the ſides 


B EF of the figure circumſcribed toycy } | 
every one of the angles-of the - 

gure about which 1 is circumſcribed. ': , 
$0 the triangle ABC is deſcribed about the triang 


CE YU F 


" TII.A right-lined figure is ſaid to be inſcribed io 
acircle , when all the angles of that figure which 1s 
inſcribed do touch the circumference of the circle. 
IV. A right-lined figure is ſaid to be deſcribed 
about a circle , when all the ſides of the __ 
W 


adeſcribe a | 
- draw AB.Then isSAB 4#<_AE«==D.W.Ww.t0 be Done. JT-2 
| 4 a 


EUCLIDE'S Elemints. 77 


Which is citcumſcribed touch the periphery of the 


drche. | 
. V. Aﬀeer the like manner a circle is ſaid to be ig» 
{cribed in a right-lined fipure, when the periphery of 
the circle touches all the {ides of the figure in whach 
it is inſcribed. 
VI. Acircle is ſaid to be deſcribed abour a figure \ 
when the periphery of the circle touches all the an- 
gles of the Gigure,which ir circumſcribes. 


VII. A right line is ſaid 
to be cqapred or applyed ina 
circle when the extremes tt ere- 


of fall upon the —_— i 
| / ference ; as the right line AB. 
NA : P'n Oo P, I, Probl. I, 
| Tn « tircle given 
BC to apply « right line 
AB equal! to « i 


live given D , w 


HZ any doth not exceed AC the 
Mn - of the civele. 
From the centre A 

by the ſpace AE=D 


circle aeeting with the circle given 10 B. « 3 pug, ood 


.PROF+>x, II. Probl.2. 

: | In «4 cirtle 
given ABC 
to deſcribe a 
triangle AB- 

ES equiangu- 
{ay to 4 irian- 


yle given D- 
EF 


Let the 
right 


b 179.3, 


C 13.6x, 
d 41.3. | 


e ſchol-31,1. 
" "G20. 8 

g eonflr, 
- nN 3 «x, 
_= If 


The fourth, Beokuof. 
| line GH « touchthe circle given in A; 6m; 


&Þ8 join BC; and the thing is done. 


: : yÞgr theangleBc = HAC = E, andthe angle 
!1Ce= GAB1= F; ewhence a the anple BAC 
inſcribed in the 


=D. Therefore the triangle B | 
: ide 15 equiangular to DEF, Which was 40 þe Jane. 


PRO e. IIT, 


AS 
—_— cc 


4 Ahont a circlegiven T ABC to deſcribe a triangie 


LNM equiangu/qr to,d triangle $7068 DAE D 
- (Produce F {ide EF on both hdey at the trel 
# make an angle AIB —= DEG , and an angje NIC 
==PFH. Then in thepoints A,B, C let three Ku 
m_ LN,LM, NM6:couch the circle , and che g 
15 dope. | 
For it's evident that the right lines J/N, LM; MN 
will meet and make a triapgle »-<- becauſe the angle: 
LAL; LBI are right ;fp. that the aietins AB pro- 
duced will make the angles 'AB,'EB A, Jefle then: 
right angles. | D _ 
© + Since > therefore the angle AIB + Le= 2 right 
angles f = DEG + DEF, and AIB g — DEG; 
therefore is the angle L = DEF. By the like way 
of argument the'angle M=DEF.t* therefore alſo the 
angle N= D. And therefore the triangle LNM de 
ſcribed about the circle is equiangulat ro EDF the 
triangle given. Which was tobe done, © 


hg 


the angle HAC=E, band the angle GAB=f. 


EUCLIPE'S Zlewents 7” 
PRO B. IV. ' 


In 4 triaugle given 

ABC zs f0 deſcribe @ 

circle EFG. 

s Biſc@ the angles « g. 1. 
" B and C with thj 

right lines BD , C 

meeting in the poiyt 

Db & draw the per» 
a endiculars DE, 

F,DG.A circle de- 

ſcribed from the cen- 

treD chrough E , will paſſe through G andF , and 
couch the three {ides of the triangle. 

For the angle DBE c=DBF ; and the angle c 
DEB4= DE; and the fide DB common. * there- © = 
fore DE = DF. By the like argument DG = DE. ' 

The circle therefore deſcribed from the ceutre D 
paſſes through.the 3 points E,F,G. and whereas the 
angles at E, F, G ate right , therefore it touches, all 
the ſides of the triangle. which was to'be dane. _ 
, #T Wb 
Hence , The ſides of triangle berg known , theiv Pex tyrig 
ents which are made by the touchmgs of the cirgle 

inſeribed ſhall be found, Thus ; | 

Let ABbe12,AC 18, BC 16. then s AB + BC 
= 28, Out of which ſubdyt 19 —= AC = AE 
FC, then remains 10 = BE —+ BF: Tterefore BE, 
orBF=5 ; and conſequently EC , or CG,== 21. 
Wherefore GA, or AE, = 7. 


A 
b 12.1, 


PROP. 


eto 1.1, Ia 


of =. 


13, 4x- 
d 4.1. 


T a0 


About « triengle given AB C to deſcribe a cirde 
Abc. g's ayer 6 
6 BiſeR any two ſides BA, CAwith perpendicu- 
rs DF, EF meeting in the point, F. Lay chis ſhall 
be the ce ntre of the circle. 5 | 
For, let theright lines FA, FB , FC be drayn. 
Now becauſe AD 6 — DB and the fide DF com- 
mon, and'he angles FDA's = FDB , therefore is 
FB «= FA. Aﬀeer the ſame. manner is FC = FA, 
Therefore a circle, deſcribed from the ceatre F ſhall 
Paſſe through the angles of the triangle given (viz,) 
B, A, C. Which westo be done. , © 
- Eoroll. | 

* Hence , if a trianyle be acute-angled,the centre 
ſhall fall within the triangle 3 if right-ang!cd, in the 
ſide oppoſite to the right angle , & if obtuſe-angled, 
without the triavgle, 

Schol. 

By the ſame method may a circle be deſcribed, 
that ſhall paſſe through 3 points given, not being in 
the ſame ſtrait line: 


PROP 


EUCLIDE'S xltents. 


Pagos' VI 
| g In a circle given 
A D EABCD to inſcribe 
4 -. ſquare ABCD. 
E 4 Draw the diame- a ne: 


ters AC , BD cutting 
each other at right 
angles in *the ceatre 


3 [ B | E. Join the extremes 
TW X 


Ec theſe diameters 
[hd with che right lines 
AB,BC,CD, DA. And the thing is done. 
' Now becauſe the 4 angles at E are- right , the 
b arches-and ec ſubrended lines A®,BC, CDz.DA are, ,, , 
equall ; therefore is the flpure ABCD equilateral, © 3g. 3. 
and all the angles in ſemjghrcles > and fo 4 right. PRO 
'/ eTherefore ABCD is a ſquare ifiſcribed Ih a cattle e ag 3,44 1, 
, given, Which was to be done., + ; 
5 | 1 
h PRO e. VII. | 
=—_ | About a circle given 
F @ FroeFBIG deſcnibe a 
qi aye . 
,, Draw the diameters 
D AC , BD cutting one 
the other at right an- 
gles ; through the ex- 
'T} | tremes of theſe diame- 
C JT ters ; draw taogents 
meetingin F, B,I, G 


B 


T 17.3, 


; then 1 ſay it's done. rs qadptr- | | 

For becauſe 6 the angles A and C are ripht,c there- 6 18 ;. 
foreis FG parallel to HI. After the ſame manner is © 2+ 
FH parallel to GI, and therefore FRIG is a Per. 
and alſo right-aogled. It is equilaterall becauſe FG 
| = HI4= DBe= CA4=FHd=GI.Where- 4 ,, ,, 
is a f ſquare deſcribed about the circle +5 def r, 


19. def. ,, 


given, Which tpas to be done. 
gh F Shoal, 


2 9.x, 


b byp. 


C 33.0. 


d ”7.ax, 
© 34-0, 


The fourth Back of 
Schol. 


A ſquare ABCD deſcribed a. 
bout a circle is double of the 


ſquare E F G H inſcribed inthe 
H F ſame circle. .-* Y \ 


» For the retangle HB =; 

C 6 Þ HER, and HD = : HG by 
the 41.'1. OY 

VIII. . _ 


A E B 


. 


P R OP. 


In 4 ſquare yi 
ABCD #0 inſ Dt P 
circle TEFGH. 

Biſe& the ſides of 


points H,E,F, G cut- 
riog one the otherin 
I. a crcle drawn from 
the centre I through 


H ſhall be inſcribed 1n 
the ſquare, 


For becauſe AH and BF are « equall and b paral- 
lel, c therefore is AB parallel ro HF parallel to DC. 
After the ſame manner is AD parallel to EG, paral- 
lel to BC ; therefore TA, ID, 1B, IC are parallelo- 
grams. Therefore AHd = ABe = HI =El—= FH 
== IG. The circle therefore deſcribed from the cqn- 
tre I through H ſhall uſe through H,E,F, G and 
touch the {des of the hw being the angles H, E: 


F,G are right., Which was to be done. 


pr d #14 —— 
Prt.0.Þe; 
8 , TX 3 


? 
. 


the ſquare in the 


EUCLIDE'S Elements. $4 
PROS. IX, | 

About 4 ſquare 

given ABCD ts 

deſcribe @ circls 

EABCD. 

Draw the dia- 
meters AC , BD 
cutting one the 
otherm E, From 
the centre E 
through A deſcri- 
be a circle, then I 
fay that circle is 


, deſcribed about the ſquare. £91k Wn 
For the angles ABD and BAC are « halt of right « 4.cor. 33.1 

#Z angles, þ therefore EA = EB. Aferthe ſame man-'* 5 4 

] 


deris EA = ED == EC. The circle therefore 'de- 
ſcribed from the centre E paſſes through A,B,C,D 
d angles of the ſquare given. Which was to be 


£73 W 4 | FA, 
To make an 
Tjoſceles trian- 
gle ABD » ha- 
ving each angle 
«at the baſe B 
and \ DB dou- 
ble wo the re: 
mai .anzle 
h $ -<#z 


\ Tike any 
righrline A By 
and divide it 
.-1 C,-ſothat,,, .. 
| AB « BC may 

Bb be equall to 
-From the ceyrre A through B,defcribe the cir- 
ie ABD; and in is circte b apply -BD == ACjand b:.4 
A. AD;1I ſay ABD is the trianple required. 

F Z 


For 


The fourth Book of 


* For, draw DC , and through the points C, D, 1, 

of 4 edraw a circle. Now becauſe AB x BC = ACqui 

37:3 its evident that ED touches the circle ACD which 

« zz.3, CD cutteth;e therefore is the angle BDC = A,aud 

fz..x therefore the avgle BDC + CDAf = A +CDi 

E5.. g = BCD.BurBDC + CDA = BDA#=EBb, 
+ 1.x. x therefore the angle BCD = CBD., and ther 

—— oY BC 1 = DB = AC, ® wherefor rethe ang! an ne 6th 

»5.) DA = BDC. therefore ADB = 2 AZ = ABD. 

Which was to be done. 

"This confiruction 1s Analytically found out thay 
Take the thing for done , and ler the right lineDC 
biſe& the angle BDA; © therefore DA , DB :: CA, 
b -onfll, CB, alſobecauſe the angle CDA b == 1 3 ADBe= 
c bp. ; A, c therefore CA = DC. and becauſe *the anple 
= = "a DCB»—  +,CDA —= 2A, —<B> d thence mill 
hong be DB — DC. from whence alſo DB —= CA. and] * 

ſs DA (BA.) CA: : CA,CB. g whence BA x CB= 
© __CAq.- 


Coroll. þ 

hb 32.1 < Whereas all the angles A,B,D * make up two right] 7, 
angles, it's evident that A 15 ; of two right a hi 
gles. 


P x05. XI. ba 


In 4 circle given ABCDEto deſcribes Pentagonef 

gure ABCDE equilateral and equiangular..  » 
10.4 « Deſcribe an Iſoſceles triangle FGH,having 6 
2, 4. 


angle at the baſe double to the other ; 6 inſcribe 
trianp 


EUCLIDE'S Elements. 
triangle CAD equiangular to the aid triangle FG- 
H.*Biſe& the angles at the baſe ACD & ADC with 


; Le 


the right lines D#-, CE meetin with the circumfe- NO 
rence in Band E. join the right lines CB, BA, AE, 
ED. Then I ſay it is done. | 

For it 15 evident by conſtrution' that the angles 
C4D,CDB,BDA,DCE,ECA are equall; bes di6 3 
the 4 arches and e ſubrendedlines DC,CB,BA,AE, « 29.3. 


DE are equall: Therefore the Pentagone 1s equilate- 
ral, and equiangular f becauſe the anyſes ofit BAE, fay.s3. 
AED,&c. ſtand on equall g arches BCDE, ABCD, $**- 
&c. | 
- A more eaſy praQtiſe of this problenie ſhall be de- 
lirer'd at 10. 13. 
| Coroll. 
Hence , Each abgle of an equilateral and equian- 
r Pentagone is equall to 3 of ewo right angles, 
or fol one right angle. 


Generally all figures of odd number of ſides are in- 
8 ſeribed in circles by the help of Tſoſceles triangles, whoſe Por. Herig, 
git angles at the baſe are multiplices of thoſe at be top: and + 
figures of even number of ſides are inſcribedin a circle 
by the help of Tſoſceles triangles , whoſe» angles at the 
baſe are multiplices ſeſquialter of thoſe at the top. _ 
As 1n the Iſoſceles triangle 
CG CAB if the angle A=3zC 
= B.thenwill AB be the {ide 
ofa Heptagone. If A = 4 C; 
then is AB the ſide of an En- 
neagone.But if A=' C then 
A "a is AB the fide of a* ſquare. 
| Andif A=z 1CAB will 
ſubtend the ſixt part of a circumference and like- 
wiſe f A= 3 2 then will AB be the ſide of an Ofta«s 
eff 20ne, ” 


\ 34 


F 3Z PRoP 


- Ibo ſaw:%; Book, of 


Pro? XIT.. 


About a circle given FABCDE, to deſcribe an equils 
teral and an equiangular pentayme HIKLG, 
4 Inſcribe a pentagone ABCDE in the cirde-g 
ven ; and from the centre draw'the right lines, 
FB, FC, FD, FE; and to thoſe lines draw ſo many 
perpendiculars GAH, HBI, ICK, KDL,LEG mew 
Ing in the points H, L,K,L, G, then I fay it is dos 
For becanfe GA;GE from the ſame point G 6roudh 
the circle, e therefore is GA = GE, and « therefore 
the angle GFA = GFE, therefore the angle AFE 
= 2 GFA.Aﬀer the ſame manner is the angle AFH 
= FHB , and conſequently the angle AFB =: 
AFH. e But the angle AFE=AFB, ftherefore the 
angle GFA — AFH. Burt alfo the "fs FAHgs= 


FAG andthe fide FA is common , þ therefore HA 
—= AG= GE = EL, &c. & Therffore HG ,GL, 


LK, K1; [Hthre ſides of the penta are equall,the 
anvtes alſo are,becauſe donble equall angle 
AGF, AHP. therefore, &c. wy 
| Coroll. - 
After the ſame manner , if any equilatera} andre: 


quiangled figure be deſcribed in a arde, and ata 
extreme points of the femi-diameters drawn from 
the centre at angles, be drawn perpendicular linesto 


the aid diameters , I ſay that theſe perpenene 


my 4, >, 4 of 2 9 DO he 


Dn. 


 -- | 
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- 
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ſhall make another feure of as many equal ſides 
and equall angles, deſcribeU about the cles, 


PROP. XILL. 


A In an equilateyal 
. and equiangulay penta- 
gone given ABCDE 
to inſcribe a circle 
"FGHK. 
. «Viſe& two angles *g.c. 


of the pentagone A 

and B the right 

H  _Aitics AB,BF wks 8 
ob in the pint F. From 

.  F draw the perpendi- 

culars FG, NAT, PK, NN cle deſcribed 
from the centte F cMrough G Will todch all the fides 


ofthe pentagond.” 

Draw EC, FD, FE... Beextiſe BA 6— BC and 6 hyp. 
the fide BF common,and the angle FBA © = FBC, < confer. 
Ithetefore is AF=FC and the angle FAR=FCB, . 5, 
but the angle FABe = © BAE =» BCÞ, There- 
fore the angle FCB —*"* B C D.*After che ſame 
manner are all the whole*augles C, D, E biſeted. 


Now Whereds the angle FGB/=—=FHB,and che ang, | 14 0 


FBH = FBG & the (ide FB is common ,.g there- 


foreis FG == FH. Iii Yike manner are all the righc 
ke FATAL LEG equal. Therefore 4 ci Ele tex 
ſcribed froty the centre F chiodgh G paſſes through 
thepoints H, I; K;, L and ® couches the fides of the b cor 46 3. 
pentagone becatife the 'angtes at thoſe potats are 
nght. Which was to be done. 

Coroll. 

Hence , If any two neareſt angles of an equilate- 
ral and equi ar figure , and from that poiat in 
which the lines meet that biſe& the angles be drawn 
right lines to the remaining angles of the fgure , all 
the apgles of the figure ſhall be biſeRed. 


F 4 | Schol. 


-+. The fourth Book, of 
Scho/. 


By the ſame method ſhall a circle be inſcribed ig 
ny equilateral and equiangular figure, 


PROP. XIV. 


About 4 pentagone given ABCDE equilateral on 

equiang viar to deſcribe « Wcle FABCDE, 

y 4 SLE. wo» | - 
Biſc& any.two angles of the pentagone with the 

right lines AF, BF meeting4n the point F; the cirde 

deſcribed from the centre F. through A ſhall  be,de 


ſcribed about the pentagone. 


For let-FC,FD, FE be drawn. « Then the angles 
C,D;E are biſeRted;h% therefore FA,FB,FC,FD,FE 
are equall ; therefore the circle deſcribed from the 
centre F paſſes through AB, C,'D, E all the angls 
of the pentagone. which was to be done, ' 


Syhot, | w%e 


bs 13.4. 


By the ſame art is a circle deſcribed about any b& 
gure which is equilateral and equiaogular. 


PROM 


ealily be deſcribed in a circle given. 


EUCLIDE'S Elements, 
Ppop XV: 


; \Ing circle given GA BC. 
/ DBF tv.inſcybe an Hexa- 


_Draw-the Jiameters CF, 
—EB;and join AB,BC,CD, 
DE,EF,FA. Then I ſayit's 
IT ' done. . gh : : 
For the angle CGD, =1of2 right's = "DGE « +. x. 
} = AGF-b = A GB. *c ThereforeB G C'= on_ 
5 of 2 right = FGE;therefore thed arches and e ſub- q Yr 4 
tenſes AB,BC, CD, DE, EF are equall;- Therefore © 39. 3» 
the Hexagone is equilateral; but it 15 equiangled al 
ſo, fbecauſe all the angles of it ſtand upon equiall f 37, ++ » 
arches. | ..> 0*4U? 


Tl 


Coroll, 


4- Hence, The fide of an Hexagone inſcribed ma -i-:b 
aicle is equall to the ſemidiameter. » , 

2, Hereby an equilateral triangle ACE may very 

| 'Schel., | : 

To make a tyue Hexagon upon a vight line given CD. An dr Tag, 
| « Make an equilateral triangle CGD, upon 'the * *- 
line given CD; from the centre G through C and D 
deſenbe a circle. That circle ſhall'contein the 
Hexagone made upon the given line CD. 


- 

' Ls 
ts T3 
40, 


P.R OP. 


1 259- y« 


, (orfie 
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The fourth Bock of, &c. 


PROP. XVL 


In 4 circle gi en AEBC #0 inſe aſevite « guindh 
| figure) equilateral and pantie 
« Io{cribe an equulateral pentagone © AEFGH id 


| a6d6 alfo-an tquilateral 
«6: : Sy 


For the Ke ank AB & i700, pact petiphery whereof 
AFis 2 or. . therefore the remaining part BF 5, 8 


of the phery; and therefore the quindecagone, , 
whoſe Prop 1s BF , is <quilateral ; bur it is equia og 
laralini#becauſe alt rhe avples infitt on equal a 
of a Circle , whereof every-vne of the whole cit 
cumfrrence; Fhetefore; bc. 


A circle is 48,163&c. by 6,4, and 9,1. 
metrically 326,12, &t. by 15,4, and 9,1. 
loto... 5, 10320, &c. by 11 ,4-and 9,1. 
rt 1. C15,30,60,&.by 16,4,and 9,1. 
n_ other way of A the circumference iafo 
nown ; wherefore in the 
ures z, we are farced to 
have mean: ng to wechidb artifices , conctrning 
which you may conſult the writers ofpraQtical Geo- 
metry. THE 
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Definizions. 


|. DESC Part, is a magnitude of amaghitude, 
5 £4 leffe ofa greater , when the lefſe 
Pd mecfurech the greater. 
ao) Tl. L. tiplex 1s a er magnt- 
SVXEZ tude in reſpe&tof alefler n when Hm 
lefler meaſureth the ES... cis 

I TI. Ratio (orrate) is the murtuall habitude or 
reſpe& of two magnitudes ofthe ſame kind each to 
other, according 0 quantity, *"\—\ 

In every ratio that quamity which is referred to du- 
othey quantity is called the antecedent of the ratio , and 
that to which the other is referrd is called the conſequent 
of the ratio, as in the ratio of 6 to 4, 6is the antecedent 
end 4 the conſequent. Pet 

Note. The quantity of any ratio is known by divi- 
ding the antecedent by the conſequent ; as theratiq of 12 
z0 5 is expreſſed by '53 or the quantity of the ratio of A 
wBis A Wherefore often for brevity ſake we denote 


B f 
the quantities of rations thus; A or = or "2 C 


B D 
that is;the ratio of A to BR is greater,equall,or leſſethen 
the vatioof C to D, And ho mathe Je ob= 
ſerved ia the underſtanding of the following Book. 

Concerning the diverſe ſpecies of ratio's , you may 
Pleaſe to conſult interpreters. 

I V, Propertion is a fimilitude of ratio's. 

That which is here termed proportionyis more right» 
J called proportionality or analogy ; for propor- 

; tion 


.. The fifth Book, of 
tion commonly denofts "more theh thi *ratlo betwixt 
two magnitudes. "We | 
V. Thoſe numbers are ſaid to have a ratio betwixt 
thenk which beivg multiplyed may exceed one the 
other. ; 
E,12, A, 4- B, 6.1624. Y VI. Magpitudes .are 
F,3z0.}C,10.D,15.]H,60. faid to be 1n the ſame 
+++.» ratio, the firſt A to the 
ſecond B, and the third C to the fourth D,when the - 
equimulciplices E.and F of the firſt A., and the third 
C compared with the equimultiplices (G:., H ofthe 
nd B and' the fourth D, according $o-aby multi- 
plication whatſoever, either both together E, F are 
Ile the GH both together , or'equall/ taken to- 
gether, or exceed one the other together, if thoſe be 
taken B,G ayd F, H, which anſwer 6be to the 0- 


e note hereof js :; as A.B:: C.D.' That ir,0r A 
i co By fois. C to D.whith ſignifyes that 'AtoB , and 


, ot 


Co D are in the ſame ratio. We ſometimes thus expreſſe 


it ASC. thats A.B :;C.D. 
LL 


A |} M 
'VIT. Magnitudes that have the fame ratio (A.B 
:2 C.D. are called proportianal. | 
E,30-[A, 6. B, 4./G, 28. _VITI.- When of & 
E,60.'C,12,D,9.'H,6.3: quimulciplices'', 'E the 
325 Hb top  ' multiplex of the firſt 
mittiitade Aexceeds the.G the mutriplex of rhe 6 
cond B, but F the multiplex of the third C exceeds 
not H the multiplex of the fourth D, then the firſt A 
tothe ſecondB has a greater ratio then the third C 
tore fourth D. OO MOIE 3. 
""FFAEEC, it is not neceſſary from this defenition 
that E ſhould alwayes exceed G, when F is lefſe thew'H; 
but it is granted that this may be. TT 

TX. Proportionality aſi in three termes at 

Jealt. Whereof the ſecond ſupplyes the place of two. 
' X. When 3 magnitudes A,B, C are proponionel 
oO Fs : 


Io —_— ww WF WWW VT av 


EUCLIDE'S$: Elements. 


the firſt A ſhall have a duplicate ratio tothe 3 C of 
that is hath to the ſecond B:But when four magui- 
tudes A, B, C, D are proportional, the firſt A ſhall 
have a triplicate ratio to the fyurth-D of what it had 
to the ſecond B; and ſo alwayes in order one more , 
as the ptoportion ſhall be extended. _ 


- Duplicate ratio is thus expreſſed. A = A twice, that 


is, the ratio of A to'C is double of the ratio of A te B. 
Triple ratio'ts thus expreſſed ; A = A thrice. That is, 


| 0.8 bs 2 
the ratio of A to D is triple of the ratio of A to B, 

= denotes. continued proportionals ; as A, B, C, D; 

of 2, 6, 18, 64, are 5; | 

'XI. Maguitudes of alike ratio, are 2n'«£den's 
to antecedeuts,, aud conſequents to conſequents; 4; 
ifA.B:: CD. A and C; and B and D — 
or magnitudes of alike ratio, _. PI 

X 1. Alternate proportion 1s the, comparing of 
antecedent 1 antecedehts ard onſequent toon!e- 
quent,, As:/ A. B :: C.D. therefore alternately,or by 
permutation, A.C :: B.l:!. bythe 16. of 5. 

In this definition, and the 5 following , names are gi- 
ven to the ſixe wayes of arguing which are often uſed 
by Xathematicians : the force of which inferences de- 
pends on the propoſitions of this book,which are named in 
their explications. * 2p 

XI11, Inverſe ratio is when the conſequent 1s 
taken as the antecedent,and ſo compared to the an- 
tecedent as the conſequent 3 a5 A.B:; CD. therefore 
generally B. A:: D.C. by cor,4. 5- 

X1 V.Compounded ratjo is when the antecedent 
and conſequent taken borh as one are con-pared to 
the conſequent it ſelf. 4s A. B :: C. D.- therefore by 
compoſition A +B.B :: C +D.Dby 18.5. 

XV. Divided ratio is when the exceſſe wherein 
the antecedent exceedeth the conſequent , is com- 
pared to the conſequent, -.45 A.B :; C.D.therefore by 


diviſrgn A-B.B +3 0 D.D. by I7. F+ 
XVI 


the fifth Book of «Y- 
XVI. Converſe ratio is when the antecedent is 
compared ro the excefſe wherein the antecedent ex- 
ceeds the conſequent. As A.B tt C.D. therefore by 
converſe ratio. A.A+-B::C. C-D. by the coroll. 
of the 19.of the 5, | 3 

XV LI. Proportion of equality is where there 
aretaken more magnitudes then two in one order, 
and alſo as many magnitudes in another order,com- 
paring two to two being in the ſame ratiozit cometh 
to pale that as jo the firſt order of magnirndes , the 
firſt is to the laſt , ſo in the ſecond order of magni- 
tudes is the firſt to the laſt. Or otherwiſe: it is a com- 
pariſon of the extremes together, the mean magmi- 
tudes being taken away. .: 

XVI it. Ordinate p rtionality is, when, as 
the antecedent is to the conſequent, fo is the antece- 
dent to the confequeart , and as the confequent is to 
any other,ſo is the conſequent to any orher..As A.B 
::D.E.ſoB C :: E.F. 3t hal! be true atfo A.C :: D. 
THEE $+ | 

IX. Inordinate proportion is ., when three 

nitudes being put, and others alſo,which are e- 
qual to theſe in multitude , as in the firſt maghi- 
tudes the antecedent js tothe conſequent , ſo in the 
ſecond magnitudes is the antecedent to the conſe- 
quent: and as in th. firſt magnitudes the conſequent 
is to any other, ſoin the ſecond magnitudes any 
other thing to the antecedent. As A.B :: F.O. alſo 
B.C :: E. F,it ſhell be true in inordinate proportion, 
A.C :: E.G. by the 23 .of the 5. 

X X. Any number of 6 prey being put ; the 
proportion of the firſt to rhe laſt is compounded 


out of the propertions of the firſt ro the ſecond,the 
fecond to the third, and the third to the fourth,aad 
ſo forwards till the proportion arife. 

Let there be any number of magnitudes A,B, Cz 


D. by this defiaitias A__A_.B C 
vS—>*7;0 


A x10mt« 
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EUCELIDE'S. Blements. 
AxI0me. 
Magpicudes equimultjplices to.the fame mulki- 
plex, are alſo equimultiplices betwixt themſelves. 


PReP. I. 


A GS HF, 


DE NE: 


.- 


FR alripex ony ma 
mig by Feet fp mulch ces aye all the 'ma endes 
AB-+CD tal the other magnitudes E<F. 

, A GH, HB the pu of the - zotity A AB, 


equall to and allo let CL, IK, K the parry of 
= For a wall to F. The pR_—_ of 
equi io Now whe | 


and G Bi bTE=E+F ogud Bio 2a 3.x. 


Sek, F, it is evident that AB + ED d$th ſo 
offen contain E+F as one AB conofiny Raps p- 

to bedone- | | 
5 WF 4X WS & A. 59 An ; 
If the firſk A Bi be equi 'f8 
the ſecond C , as the third DE i210 the 

faurth.F , and if the fob BG bee 
.C pms port 


H multiplex to the jec 
EH #s to the Ro F ;. thes ſbell the 


firſt compounded with the fifth (AG) 

be equimultiplex to the ſecond C, as the 

B third compounded with the ſixth (DH) 

E is tothe fourth F. 

The oumber of parts in AB equall 

| | each to C is put equall tothe num- 

bers ofparts in D E , whereof cach 

«C DF part is equall to F. Likewiſe the 

number of parts in BG is put equall to the number 

ofpattsin EH. Therefore the number of parts in 

AB-+BG is equall to the number of parts iv DE+ 
E 


96 


& 26X> 


-» The. fofth{ Bobk of 
EH. «That ;eithe whole line AG is as equimultipler 


of C,as ———_—— DH is of 'F." which was to 
Dem. 


phoriftt : A 


*— "IG... __ - —— % 


J | If ihe firſt A be equimatiipls 
T j +. - and the third f of 
F a the fourth D , «ns chife be hm be taken 
OS EI ,'FM equimulithlices 
df ay, | third, then Woo 0 wy 


HC] > "vgs itudes taken be alike e 
; ex of both , the one ELto the ſo 
| E ps B, the other FM to the fourth 


#::--: © D. 
| Let EG; GH, HI the parts of 

©. © the multiplex EI be equallto 4, 
alſo.let FR,KL, LM the parts of 
che multiplex FM be equall oF, 
a the number of theſe js e quallto 
the number of thoſe; Moreons 
A (that is) E GorGHorHlk 
put as equimultiplex of B,azC, 


3 F 
or FK. &ciof D. 5 Therefore EG + GH is equimul 
tiplex of the ſecond B, as FK.—+ KL is of the fourth 
D.: By the ſame way of argument js EI (EH—+H y 
as multiplex of By as FM (FL-+LN) is of D: m 
was to be done, Mn 


TF.12J5j &© 
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P 6b Op. IV. 


! T If the firſt A have the ſame ratio 
| to the ſecond, B , as the third C to 
| the fourth D; then alſo E end F the 
rw ry of the firſt A and the 
third C, ſhall have the ſame ratio to 
G and H the equimultiplices of the 
ſecand B and the fourth D, according 
to any multiplication » if ſo taken as 
they anſwer each to other (E.G ::; 
F.H. 


Take I and K the equimulti- 
plices of Eand F ; aud alſo L and 
M M the equtmultiplices of G & H. 
| « ThenisI as multiplex of A, as **5- 
Kot Cz #sand alfo L is as mulki- 
plex of B, as M of D. Therefore 
whereas it is A.Bb6::C.D ; ac- hs: 
cordiag tothe fixt definition , 1f L 
bet” ,=,"IL, then conſequently 
after the ſame manner is K C”, 
= 2M. Therefore when I and 
K are taken as multiplices of E 


i = ' and F,as L and M of G,& Hytben 
; x be by the 7 definition E.G :: F. H. Whichweas 
- | be Dem. j 

Coroll, 


_ From hence is wont to be demonſtrated the proofe of 
| | worſe ratio. 
_For becauſe A, B ;: C. Dztherefore if ET, 
2 Gathen is< likewiſe F C©=""I H.therefore it is c 2,4f.5, 
"Kent that it G ct Ss ”7) Ezthen 1s H _" — 
1 "I F; d therefore B. A :: D. C. Which was to be 46.df. 
| 


'C| PROP, 


a 3.4ar, 


"NF" - 
E-: 
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PROP. V. 


m—— If a magnitude AB. 

B be 4s multiplex of 

4 magnitude CD, «& 

« part taken from the one AE of 4 part taken from tht 

other CF; the reſidue of the one EB ſhall be as multiples 

of the reſidue of the ather FD as the whole AB is of the 
whole CD. 

Take aby other GA, which ſhall be as multiplex 
to FD the reſidue, as AB is of the whole CD,ars 
the part taken away AE is of the part taken away C. 
F. « Therefore the whole GA + AE 1s as multiplex 
of the whole CF ++ FD,as the one AE of theone 
C F, thatis as AB of C D. therefore G Eb = AB; 
andcſo A E that was common being takeu away, 
there remains GA = EB. , 


PROP. VL. 


DyY If two magnitudes AB , CD be equi 

DB | mu tiplices of two magnitudes E , F; and 

ſome magnitudes AG «nd CH equimul- 

tiplices of the ſame E, F, be taken away; 

G MF then the reſidues GB, HD are eithere 

quall to theſe magnitudes E , F , orelſe 
equimultiplices of them. ; 

| For becauſe the number of parts 10 

AB, whereof each is equall to E, is put 

equall to the number ofparts in CD, 

] - ran ar is equall to F, and alſo 

the number of parts in A G equall/to 

AE FC thetiumber of partsin CH ;olf from 
one you take AGzand from the other CH,s then tt 

mains the number of parts in the remainder GB& 

quall to the number of parts in HD. therefore if GB 

be once E, then is HD once C.if GB be many times 

E,then is HD fo of C. Which was to be Dem. 
Prot 


ut 


=> TT ESSE.” 
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EUCLIDE'S BFlements. 
PROP. VII; 


T "00 Po Equall mdagnt 
Ar—— D '* 4 tudes "A and B 


A. 


"have 10 the ſame 
* magmtude C the 
Jame 3 pr or ratio. And one and the ſame magni» 
- C hath the ſame ratio to equal! magnitades A and 


———_—y + 


"Take D andE equimultiplices of the equall ma- 


itudes A and B , andF any-wiſe multiptex of C; , | ,. 

nis Ds=E. Whereforeif D ©, =,"DF, b54f ii 
then alſo E will be ",=\,"7 F. þ therefore A. C ;; © #94 5+ 
B.C.&< by inverſion C. A :;: c C.B, .W. to be Dems. 

Schol.” 

If in ſtead of the multiplex F,two equimultiplices 
a ſhall be the ſame way proved that equall 
i have the ſame- ratio to other magni« 

des that are equall between themſelyes, * 


PROP. VIII, 


. AW 
F N Of unequall magititudes AB , AC, the 
greater A B hath 4 greater ratio to the 
Jr ſame third line D, then the leſſer AC ; and 
; the ſame third line D hath a greater ratio 
to the leſſer AC,then to the greater AB. 
Take EF, EG equimulriplices of the 
ſaid AB, AC, fo that FH being mulct- 
A D plex of D he greater then EG, bur lefler 
then EF. Cwhich will eaſily happen, if 
. both EG and GF be taken preater then . 
D.) lt is manifeſt from $ def. 5. that 
ABC"AC, and DAD Which was 
'y D 'D ay. ac” 
to be De, 


It HOI 
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PROP. IX. 


__—_—_— which to one and the ſame magni. 
z#ude have the ſameratio , are equall the one tg 
the other, And if a magmtude have the 


| | | | ſame ratio to other magnitudes , thoſe magnits- 


| des are equal one to the other. 
I. Hyp. IfA.C::: B.C;I fay that A=} 


A B C Forlet A be preater or lefſe then C. « then 
is AT” or IB Which is contrary tothe 
Fe C* ' : 
Hypotheſis. 


' 2. Hyp-If C.B :: C.A. I fay that A = BForlet 
Abe =” B,b then C CC. which 4 againſt the ty: 


B A 
potheſis. 
P'R@O P. LI. | 


Of magnitudes having ratio to the ſan 
'. | m4gwitude , that which has the greater '16 
i HO, is the greater magnitude: and that magni- 
| i tude to which the ſame carryes a greater t- 
's | i ti0z55 theleſſaggnagnitude. 
ABC 1. Hyp. Y; 
C 


C 
Forif it be ſaid that A=B, «then A. C::B.C. 
which # contrary to the Hyp. If ATOB,+chenis 
 ATAB whichisalſo againſt the Hyp. | 
Cc 


AC”B Ifay that ACB. 


C. 
2. Hyp. If C0 C. Ifay that B T2 A.forif you 
"W-2 
ſayB= A,it's againſt the Hypotheſis , for it wil 
c follow that C.B :: C.A. If you fay B ©” Az thei 


» Cc 5 . Which is alſo againſt the Ayp. 
A 


PROG 
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PROP. XL : 
" WENOET H I — 
I C—— 
K D F———— ' 
K——— L — IE 


Proportions which are one and the ſame to any 
third, are alſo the ſame one to anothey. 

Let A.B*:E.F, and C.D:: E. F. I fay that A. 
B:: C. D. Take G, HI, the equimulriplices of A, 
C,E; and K, L,M the equimultiplices of By D, F. 
Now « becauſe A.B :: E.F;zif G CT,—=,—59 K,bthen a hp. 
after the ſame manner I ©,=, "IM, And likewiſe 
«becauſe K, F :: C. DaifIl T,—=,"IOM., b then is b6dfs. 


Hlkewiſe,= "2 L.c Wherefore A.B ;; C.D, ©5.4f-5-; 


Which was to be Dem. 
Schol. 
Proportions that are one and the ſame to the 
fame proportiors , are the ſame betwixt them+ 


ſelves. 


Pkoe. XII. 
G- H— —— {meme nth 
A———- - C——-- E - 
| PTE D—— F 
Rm L = M abs 


If any number of magnitudes A;B;C,D; E and F be 
proportionall ; as one of the Antecedents A is to oneof 
the Conſequents B, ſo are all the antecedents A, C, E to 
al the conſequents B, D, F, 

Take the equin;ultiplices of the antecedents Gy 
BI, and of the conſequents K,L,M. Becauſe that as 
AF as one G is of one A ,4 {o multiplices are * * 5+ 
all GH, L,ofall A,C,E ;& likewiſe as mtlleiplex as 
oneK.is of one B, ſo multiplices are all K,LM,of all 
B, D,F. moreover becauſeA. Bþ::C.D6::E.F. gg, 
if Gbef”, =, or "IK , then wh H likewiſe be 
EE ——m_LlLoo dl ML  JNadpitG 
C,=,IK.in like manner will G +H-+ I be ©” 


="IK-+L—+M. c wherefore A.B:;zA + C ©5 of $ 


++E,B + D -+ F. Which was tobe Dem. 


4x7 


£ 8. dif's. 


B D F B 
ADACDEthenis AD E, 
E 
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From hence-, if like proportionals be added ta 
i proportionals , the wholes ſhall be proportig 
nall, , 


P Ra OP. XI1HL. 


G————— H I ———— 
A _— Carmm—_—_ FE- . 
—  _ 
K— Lc =M—- 


If the firſt A have the ſame ratio to the ſecond B that 
the third Chath to the fourth D 3; and if the third C 
bave a greater proportion to the fourth D , then theft 
E tothe ſixt F; then alſo ſhall the firſt A have a great 


proportios to the ſecond Bythen the fift E to the fixt 
F | | 


Take G, H, I equimultiplices of A, C, E, and 
K, Lo M, equimultiplices of B, D, F. Now becauſe 
that A. B:: C.D, if H©—L, « then is GK. but 


becauſe C TE, bic may be that H (—L,and 


D F 
yet I not C” M.e Therefore AT E which wat 


SI 
be Der. 


Schol. 
Butif Cy E>thenalſois A "A E_ Alfo,if 
Ws » 
ATMTCCE tai AE And i 
7 
bg F, | B 


a 1 


l ta 
10» 
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Pao oP:401V. 


| If the firſt A have the ſame ratio to the 

ſecond B,that the third C hath ts the fourth 

D; and if the firſt A be greater then the 

| third C 3 then ſhall the ſecond B be greatey 

| then the fourth D. But if the fir Abe e- 

, uall to the third C , then the ſecond B ſhall 

| þ equal to the fourth D. but if A beleſſer, 

then is B alſo leſſer. 
; | acc « they ATC bbut p35. 
B 


| B 
A BCDA=C.*chereforeC © C «© theteſore © 13.5. 
FI D BY 
BZ D. By the like way of argument, 1fA 7 C, 
\dthenis BTAD. Bur if A be put equall to C, then « 10, 5. 
C.B::eA.Bf::; C. D. g therefore B=D. which f bro. 
ww to be Dew. ' g it.5.09, 
Schel. $. 
. By an argument a fortiori, if AT] Cynnd A SS 
B D 
C, then is B © D, Likewiſe if A = B,then is C 
—a fAC",or "JB, then allo 8s Cor 
Dp. 


+ TT % WW Q 


[8 Parts C and F are in the ſame ratio, with 
{ | their like multiplices AB and D E)if taken 
correſpondemily. (AB.DE :: C.F.) 
Let AG, GB parts of the multiplex 
47 [HM ABbe equall ro C; andlet DH, HE 
parts of the multiplex D E be equall to F. 
4 The number of theſe parts is equall to s 4p. 
the number of thoſe. Therefore whereas ® 7 5- 


| bAG.C:DH.F, and GB. C:;: HE. : 
ACDEFF, therefore is «c AG +GB(AB) © 
DH+HE(DE) :; C.F. Which was to be Dem. 


G 4 PROP. 


, 


The fifth Book of 
PROP. AVI. 


Tf four magnitudes A. B,C, D be proportionall,they  ( 
clſo ſhall be alternately proportional! (A. C > B. D.) 
TakeE and F equimultiplices of AandB ; take 
alſo G and H equinwltzphces of C and D. Therefore 


e 154.0, 

b yp. E. Fa:: A. B6:: C. Da:;: G.H. Wherefore if E ©, 
ef =,\"I G,' «then likewiſe is F ©7% = >", 

g 


6 def's, « Therefore A. C :: B. D. Which was to be Dem. 
Schol. 
Alternate ratio has place onely then when the 
quantities are of the ſame kind. For heterogeneous | 
quantities are not compared together. | 


: PROP. XVIL 


'N If magnitudes componnded be pv 

{ portionall (AB.CB::DE.F E) 
. they ſhall be propertionall alſo when 
| O | divided. (AC.CB::DE. FL 
Take G H, H Bf I'K,K M, i” 


L | order the equimultiplices of A C, £ © 

vi CBaDE>EFE; and alſo LN, 

| _ % | MO,the equimultiplices of CB, 

ers. FE. The whole GL is «4's 

k "oP multiplex of the whole A B, & 

_-. HB { one G Hofone A C, 6thatiss 

41s. ;IKof D F, cor as the whole IN 

| K — of the whole DE. Alfo HN 
2,5 


E (HL +LN) &s as &4 mult 
: plex of CB , as K O(K M+ 
"= | MO) is of F E. Therefore, where- 
: as by Hyp. A B. BC:;:: DE. EF.' 
A D I if GLbec”, =, 1HN, then 
. likewiſe e will IM ©, = 


ku. bod 


- 

) 
1 
1 
- 
3 
l 
k 
as 
% 
pa) 
M 
N 
b 
+ 
ſe» 
F 
g 
0 
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K O. Take from theſe H L, K M that are equall 5 
and if the remainder GH be —,=,”"IL N, fthen eGaf's 
willl K ©, => "IMO. gwhence AC.CB :: f5 as. 
DE. F E. Which was to be Dem. g6.def.g, | 
| PROP. XVIII, 
F If magnitudes divided be propertionall 
C ov (AB.BC:: DE. EF.) the ſame alſo being 
_I G compounded ſhall be proportionall (AC.CB 
| «+ DF. FE.) 

mn 1 E Forititcan be, let AB. CB :+ DF. 
B..j} i FG "IFE. « Then by diviſion will a1y. 5. 
i 47. BC :: DG. GF. 5 that is, DG. GF 297: & 11. 

| *DE. EF. and being DG — DE 6 your 


c therefore is GE C— EF.d Which is 4b. 49. ««- 
A D fſard. Thelike abſurdity will follow if ic 
be ſaid AB. CB :: DE. GF (FE. 


ASM MAS 


C If the, whole AB be 
fn——---} to the eDE as the 


F E part tan awey AC 
D [--* is to the part taken a- 
way DF; then ſhall the 


wſidue EB be to the reſidue FE as the whole AB #«: to 


 thewbole DE. 


Becauſe AB, DE :: AC. DF, þ therefore by per- a”; 
mutation AB. AC :: DE. DF. e and thence by di- g 74.5, 


viſion AC. CB :: DF. FE. 6 wherefore again by © 7-5: 


permutation AC. DF :; CB.FE. 4 that is, AB. DE - hs 
:: CB, FE. IV. W. to be Dem. 

Coroll, 

. Hence , If like proportionals be ſubſtrafted from 


We proportionals the reſidues ſhall be proportio- - 


. 2, Hence is converſe patio demonſirated. 
Let AB.CB :; DE.FE. I ſay that AB. AC:: DE. 
DF. For by « permutation AB.DE :: CB.FE,b there- # 16.5. 
fore AB. DE :: AC.DF. whence again by permuta- * + 
uon AB, AC ;; DE, DF. w.W. tobe Dem. | 
| | PROP. 


as 
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PROP. XX, 
= If ahere be three magnitudes A,B,Q, 
and others D, E, F equrl to thoſe in 
number, which being tak n two & tug 
| imneach order are in the jame ratio, (A.B 
| : + D.E; and B.C :: E.F,) ard i of e- 
| 1 + qua'ity the frft A be greater then the 
| | third © ;then ſbal the fourth D be great 
then the ſixth F. But if n_ A bee. 
| | qual to the third C , then the fourthD 
ABC DE EF: ro the ſixth F; & if A beleſſe the 
C,ſo Dis leſſe then F. 8 
a by 1.Hyp.Let ACC. Becauſe « E.F :: B.C,by 6 in- 
Derg f. yerſion ſhall be F.E ::C.B. © But CA * therefore 
tas. B ', 
FA or Detherefore DCTF.W.W. te be Dem, 
eo. F. E B K, . 


2, Hyp. By the ſame way of argument, if ATRC, 


7 it will-appegr that DIE. 
g1.5.od 3-H3p. 5 C. Becauſe F. E::C.B::fAB; 
WIL D.E-£ ther is D==F. W.W. to be Dem. 
PROP. XXI. 

| If there be three magnitudes ABC, 
Z ani otbers alſoD, E, F equall to then 
V1 H in number » which taken two and ime 
| | are in the ſame ratio ; ant their prope- 


; Tiew inordinate (A. B:: E. F, and 
' B.C:: D,E.) & if of equality,the firſ 


fourth D greater ther the ſixth F: but 
if the firſt be equal to the third , then is 


TY is the other likewiſe. 


; I.Hyp, If ACCC; then becanſe-aD.E ::B.C, 
k8.sg. therefore inverſely E.D:; C.B. but C6 —Kcthere- 
<ſebel.13-5, fi pe . D B3 

0.7,” fore EA that is E 4 therefore D © F, 


D B, F, 


2.Hyp. 


| KE | | A be greater then the third C ;then is the - 
34 


A BC DEF, fourth equall to the ſixth;if leſſeſo 


os, 


. - EUELIDE'S Elements, 107 
; 2.Hyp. By the ke argument, if AI C,then is 
DPF. 
3.Hyp. 1f A= C; then becauſe E. D+: eC.B :: 
#AB::fEF, githerefore is D = F. w.w.to be Dem. f bs. 
/ . 89S ” 
FReP. XRIL 


| If there be any num- 

ber of magnitudes A,B, 
| C,and others equall to 
E 
K 


_— w2F "2 *,.4a Www a4 = » 


* them innumber D,E,P, 
| which taken two and two 
O et in the ſame ratio 
(A.B::D.E.andB.C. 
:: E.F.) they ſhall bein 
the ſame ratio alſs by e- 
> Ml. | quality,(A.C ::D.F.) 
Take G, H equimul- 
| | tiplices of A; D;&1, 
4 | K of B,E; and alſo L, 
| | M of E. F. . 
Becauſe « A.B :: D. WW 
| E, 6 therefore G. I :: + 
| H.K. andin like man- 
ner LL :: K.M. there- 
| | | ſorezif GE, =» - >L» 


o& 

T] 5 — 
2 

« »f . JRun 


—_—_— 


4-1 ethenis HCT,=,"J 

M, ; therefore A.C :: D.F. By the ſame way of de- d6 af $+ 

monſtration if further C.N :: F. O, then by equali» 
if AN :;; D.O. W.W.te be Dems. 


_ ON” }% =» V9 0 + 4s 


EP) 


4 64f s. 
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1 | \ 


fame ratio, - and their proportie. 
" nality inordinate(AB:; E,F, 


| A,B, C, «nd others D, E, F, e. 


E F 

L M in the ſame ratio alſo by equa- 

& = | | lity. 
| | Take G, H,I equimultipli- 

Ces of A,B .D 5 and alſo K, * 

1 M equimultiplices of C,EF, 


—_ 
———J 


| 
ag | | Then G.H::aA.B::6E,F 
| | = | *.. LM. Moreover becauſe}, 
| SS C:: D,E,thence 15 * H.K 1, 
8 23 L; therefore G, H, K, andI, 
© 4.5. | | | L,M are according to 21. 5, 


| Wherefore if G be 5,=;, 
| | "IK, theo is likewiſe I 7 
=,"1M. and ſo dconſequently A.C :: D.F, wth 
to be Dem. 
If there be more magnitudes the three ,this way of ds 
monſ*ration holds good in them alſe. 
Corolt. 

From hence * it follow*s that ratio's compounded 
of the ſame ratio's, are among themſelyes the ſame; 
as alſo that the ſame parts ofthe ſame ratio's , are # 
mong themſelves the ſame. 

PROP. XXIV. 
—| If the firſt magnitade A B 

B G. have the ſame ratio to the ſe- 
cond C which the third DE 
hath to the fourth F 3 if the 
fifth BG have the ſame ratio 
20 the Mend Cmbich the (xth E H hath tothe fourth F, 
then ſhall the firſt compounded with the fifth (AG) have 
the ſenie ratio to the ſecond C' , which the third cont 
pounded with the ſixth (D H) hath to the fourth F. 
For becauſe « A B. C:: DE. F, and by the Hye. 

a 


LS 21.0nd23, 
$:& 20, 


f , 
C 
D SE TOORRD INTE 


F Cmmmunmm_ E H 


If there be three magnitude 


qudll to them in number, which 
taken'two and two ave in the 


and B.C :: D. E.) they ſhallbe - 


> 8 


EUCLIDE'S Blements. LO9 
and inverfion C. BG:;:F. EH; therefore by 6 e- . 
quality AB. BG:: DE. EH. whence by eompound- 0 

& AG. BG ::: DH. EH. Alſo e BG. C::EH.F. cy. 
Therefore again by 6<quality AG.C::DH. F, 


W.W.to be Dem. 


PROP. XXV. 
If four magnitudes be proportional (AB. 
B CD:: E.F) the greateſt AB and theleaſt 
D Fhſhallbe greater then the reſt C Dani E. 
Make AG= E ,and CH == F. Be- 
cayſe AB, CD::4E. F:: 6 AG. CH, 
ce thence is AB.CD :: GB.HD.4but AB, byve 
C"CD.e therefore GBC—HD. Bur AG by: s. 
—+ F = E-+ CHztherefore AG + F-+ 4 Z, Fe 
GB © E+CH-+ HD, thatis , AB 6ſebel.14.5- 
ACEF —+ bY E -+ CD. W.W.to be Dem. 
| Theſe propofttions which follow are not © 
Eucljd's , but taken - ber Gore here ſub- 


ſaywed becanſe of their frequent uſe. 
© aOoO?r KXVI 
A- mn Cre Tf the firſt have « 


greater proporticn” to the 
B D— ſecond ; then the third to 


B—_ the fourth , then contrary- 


wiſe, by converſion, the ſe- 
cond ſhall have @ leſſe proporezos to the firſt , then the 


| =_ to the third. : : : 
tA CHI fay that D For conceive 
—_—_—” 7 
C_E « therefore A—_E b whence ATT E. c there- © '3. F- 
D B; © £ «#6. 
foreB.._B 4or D 1.W. to be Dem. 4 or, 4. 5. 
A "B) C 


Amoonnnne C If the firſt have a greater pro- 
woos Deoes portion to the ſecond , Then the 
 O— third to the fourth;then alternatly 
the firſt ſhall have a greater pro* 
dition 20 the thirdathen the ſecond to che Fourth. 


Let 


8 10.F, 


d X 
eb 
d 17,5. 


e Therefore A 


The fifth Book of | © 
Let —C then I ſay A_B For conceire 


A 
k 
a 


D- C”_'D- | 
E__C «therefore AE, baud therefore A_E 
S*D...-1 CT 
corB W.W. to be Dem. 
D- 
PRoP. XXVIIL. oj 


If the firſt have « gvedter proportion to the ſecond 
then the third to the f von thes the firſt i 
with the yuun ſhall have 4 greater proportion to the 


ſecond, then the third compounded with the fourth tothe | 


okrth. 
Let AB_.DE I ſay that AC —DE For col 
BC” EF. | BCG” EF. 
celve GB__DE s therefore is AB C— GB. addeBC 
BC_EF. 
to each part, then © will AC + GC. «therefore 
AC—.GC «4 that 1s DF w.w.o be Dem. 


BC + BC. FE. 
PROT STtikh 


'G 
KSES—+% 


If the firſt compounded with the mm have a greatel 


proportion to the ſecond, then the third compounded wh 


the fonrth hath to the fourth ; then by diviſgon the 
bull have a greater proportion-to the ſecond , then 
third to the fourth. 


Let AC._.DF theh I ſay AB___DE For cots 

BC EF. BC” EF. | 

caive GC__DE atherefore ACTCGC, Take away 
BC EE, 


BC , that 'is commoa; then 65 remains AR-—GB. 
3B 4 or DE W.w. to be Dem. 


=” ag BE PROP. 


ae 
ny #. 
"7 
by 
> . 
, = 
. 
. 
. 


Fa »Þ \=2=z4y 


EUCLIDES Elements. > = 
P = 2 && +» + ' If the firſt com- 


B - 
a6 SATA. ounded with the ſe- 
A n 41 1 — pou have a greater 


E proportion to the ſe- 
1 cond, then the third compounded with the fourth bath to 
the fourthzthen by converſe ratio ſpe! the firſt compounded 
with the ſecond have a leſſer ratio to the firſt » then the 
third compoutided with the fourth ſhall have to the third, 
. Let AC DF Then I fay that AC DF For 
SC. .3Y. AB "DE. 


a byp. 
becauſe that ACs,_.. DF b therefore by diviſion Þ 29. 5- 
-— wg ap Cc 26.5. 
F BC LF. a1 5. 
| | 4B —DE by converſion e therefore BC__ EF and 
" 3C EF. : A B "DE. 
t | *therefore by compoſition AC—DF yp, pp, tobe 
Dem, AB DE. 
" PROP. XXXNI. 
"HE D = If there be three ma- 
— E -- gnitudes A,ByC ,o 0« 
C—— F——— thers alſo D;E,Frequal!l 
+ | 6G———— 10 them in number;evif 
Z & = there be a greater pro. 


Portion of the firſt of the former to the ſecond, then there 
% of the firſt of the laſt to their ſecond ( = ) and 


and there be alſo « greater proportion of the ſecond of 

the firſt magnitudes to the third , then there is of the ſe- 

cond of the laſt magnitudes to their third {B ES) 
F. 


C 


y Then by equality alſo ſhall the ratio of the firſt of 

”Y the former magnitudes to the third be greater then 

F the ratio of the firſt of the lattey magnitudes to the third 
(32) 

| C 4 G__E 

WF . Conceive & © F athereforeis BCG, & þ there- * 2 4 

| RATA Agizia conceive H__D ; therefore c ok 

ay *'< F "Wh # d 28 $. 
2a therefore auch more H__A #4 wherefore A c ws 

B. G . TG A . 


TH, & conſequently A__HforD 


hy 23 6 PROP, 


TEE 7 * 
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| A mn JD nn Tf there be three magni, 
ay . trades A,B, C, andothey 
B_——_ E—- D,E, F, equal to themiy 


| Oo FF number ; and there beg 


Choe | greater proportion of the 
| firſt of the former m 
H _ tudes to oe ond , 4»: 


there is of the ſecond of the latter to the third (4&3 | 


, end alſo the ratio of the ſecond of the former to the vhird 


be greater then the ratio of the firſt of the latter tathe 
ſecond ( 2-2) then by equality alſo ſhall the ps 
Cc” E 


portion of the firſt of the former to the third , be yyeate 
then that of the firſt of the latter to the thigd 


(2=7) 


The demonſtration of this propoſition is alte 
gether like that of the precedent. 


ePRod BIXLIXxIIL 


E If the propoytion of the whole AB 
A--------]----B to the whole C D be greater thenthe 
Cononl-.-D proportion of the part taken ave 

| F AE to the part taken away CF; 

then ſhall alſs the ratio of the vt 

maindey E B to the remainder F D be greater then thit 
of the whole A B to the whole CD. 

Becauſe that AB —AE btherefore by perm 


; CD Ef, F 
tation AB__CD © therefore by converſe rat 
AE” CP, 
ABCD. and by permutation again AP—»F 
EB FD, ED FF 


wW,W-t0 be Dem, 


PxOPM 


QAO TT TESLTI T T Tac 25 


Www I X WW 


The fifth Book, of , &c, 
ES 6 F. XTTLV. 


fo enmrmem nmr DD mmmnmmoncce Tf there be any 
Pr — E -- number of magni- 
C = F = tudes,and others als 
G H-- n fo equal to them in 


gwmber ; and the proportion of the firſt of the former to 
the firſt of the latter be greater then that of the ſecond to 
the ſecond , and that greater then the proportion of the 
third to the third , and ſo forward: all the former magni- 
tades together ſhall have a greater ratio to all the lattey 
together , then all the former , leaving out the firſt, ſhall 
have to all the latter leaving out the firſt ; butleſſe then 
that of the firſt of the formier to the firſt of the latter ; 
and laſtly greater then that of the laſt of the former 29 
the laſt of the latter. TIE 

You may pleaſe to conſult Interpreters for the 

demonſtration hereof, we having for brevities ſake 

omitted it , and becauſe *uis of no uſe 1n theſe Ele» 

ments. 


The End of the fifth Book. 
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EUCLIDES ELEMENTS, 


— 


— 


Definitions. 


I, R2c3R Ike ag _—_ figuzes (ABC ,DC8) 

are {\uch whoſe ſeverall angles aree. 
quall one to the other , and alÞ 
their ſides about the equall angly, 
ED proportional. 

The angle B=DCE,*and AB. BC :: DC.CE 
Alſo the angle A = D,and BA.AC: : CD.DE Loft 
ly the angle ACB =E, and BC. CA:: CE. ED, 


IL. Reciprogal figures ar 

D H (BD, BF) when io either |, 
ure are the terms antece- 

dents and conſequents of rw 


E tio's (that is , AB. BG: * 

EB. BC.) 

md 3 
Alon —Pp I II. A rightlme ; 
: AB is ſaid to hs 


according to meal 
and extreme proportion , when as the whole AB i 
to the greater ſegment AC, ſo is the greater ſegmett 
AC tothe lefle CB(AB,AC :; AC. , CB,) iy 


'S, 


—_ 


The fixth Book of , &c. 


A I V. The altitude of any fi- 
gure ABC, is a perpendicular line 
AD drawn from thetop A to the 
baſe BC. 


D C 


V. A ratio is ſaid to be compounded of two ra- 
tio's, when the quantities of the ratio's being mul- 
tiplyed the one into the other, do produce any ra- 
tio. As the ratio of A #0 C #s compounded of vhe ratio's 
of Aro B and BroC. For A_ Ba __ Ab___ AB 

TT © Soo 


SRHOMm}k EL 


Triangles ABC 
E A F ACD, and paraltelo- 


grams BCAE, CDFA, 
which have the ſame 
height are in proportion 
one to the othey,as theiy 
FL baſes, BC, CD are. 
o Take as many as you pleaſe BG 2 GH, equall 
toBC, and alſo DI = CD. andjoin AG, AH,AI. 
b The triangles ACB, ABG, AGH are equall, and 
balſo the triangle ACD = ADL Therefore the 
triangle ACH isas multiplex of the triangle ACB, 
as the baſe HC is of the baſe BC 3 and the triangle 
ACI as multiplex of. the triangle ACD , as the 
biſe Clis of CD. But if BC © 5=» "ICI, 
ethen is likewiſe the!tiangle AHC CT,—"JACT; 
and y therefore BC. CD :: the triangle ABC. ACD 
te Por, CE. CF. W. js. to be Dem. 


H 2 PROF: 


115 


a1e deft, 
b 15. 4 


b 38. t- 


chb48 l, 
6 def 4 

DA 6 «nd 
15. $. 


. Go. ® J = 
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Scholtum. 


DB L C IKE MF 
Hence, Triangles ABC , DEF.and Pgrs. AGBC, 
DEFH, whoſe baſes BC, EF are equat,are in ſuch pro- 
portion as theiy altitudes, AI, DK are. 
r, s Take IL = CB,and KM = EF ; and join LA, 
{#- LG,MD, MH. then is it evident that the triang, 
.1.«.a + ABC. DEF::b ALL DKM::c AL. DK :; d ppr, 
__—y AGBC. DEFH. W.W.to be Dem. 


& E T Yb 


be If to one ſide BC of 4 triangle 
ABC be drawn a parallel right lint 
DE , the ſame ſhall cut the ſides of 
the triangle proportionally (AD. BD 
:: AE. EC.) fad if the ſides of the 
_ triangle — cut (AD. 
- BD:: AE ) then a right line 
[al i, DE joined at the ſeftions D,& , ſhall 
* beparallel to the remaining ſide of 

the triansle BC. Draw CD and BE. | 
I. Hyp. Becauſe tne Triangi: DEB- a = DEC, 
# 37-% > therefore ſhall be the triangle * DE! DBE :: ADE. 
C 3. 6. E CD. But the fria:19. D 8 DB&t 3:c AD.9B, and 


. 91.s. the trianele ADE. DEC: : AE. EC, therefore AD 


DB :: AE. EC. 

. 2.Hyp.Zecauſe AD DB :: AE.EC.e that 1s the tri: 
's, angle ADE. DBE :: ,, DE. ECD; f therefore is the 
9.1 triangle DBE= ECD; atdg therefore DE,BC are 

parallels. w. W. to be Dem. 
Scholinm , 
If there be drawne many parallelles to one ſide 
of any triangle, then all the ſegments of the _ 
ſhal 


bo 


al 


EUCLIDE'S Elements, 


ſhall be proportionall ; as 1s eatily deducible from 
\ the precedent. 
Theok T3 
If an angle BAC of a 
triangle BAC bebiſefted , 
and the r1ght line AD that 
| biſetts the anole , cut the 
| baſ: alſo: then hall the ſe- 
4 1 gments of the baſe have the 
B D | ſame ratio that the other 
(ades of the triang{ e haves 
(BD. DC :: AB. AC.) And if the ſexments of the 
baſe have the ſame ratin,that the other ſides of the trian- 
gle have (BD. DC :: - B. AC) then a right line AD 
drawn from the top A-to the ſeftion D, ſhall biſeF that 
angle BAC of the triangle. | 
1 BA , and make AE=AC, and join 
CE. p 
.Hyp. B-cauſe AE = AC;therefore is the angle 
ACEs:—= E6=" BAC.c = DAC; \, therefore 
DA, CE are*parallets.e Wherefore BA. AE 
(AC):: BD. DC. 
2.Hyp. Becauſe BA.AC (AF) :: BD.DCyFf there. 
fore are DA, CE parallels; and g therefore is the an- 
gle BAD= E; and the angle DAC g — ACE *=— 
E. , therefore the angle BAD = DAC. Wherefore 
the angle BAC is biſefted. 1.17. to be Dem. 


4 F * Ws +. 


Of equiangular triangles ABC, 

DCE , the ſides are proportionalt 

which are about the equall angles, 

B, DCE, (AB. BC :: DC. CE, 

&c.) 4nd the ſides AB.DC,e C 

which are ſubtended under the 

B GC EC equall angles ACB, E, &c. are 
Fomologous, or of like ratio, | 

Set the ſide BC in a dire& line to the fide CE 

and produce BA and ED till they 4 meet. 


H 3 Be- 


17 


a 3, 


u 
=.  T 
—”= Wa : 


f Therefore the angle D = G= Azand the ang 
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Becauſe the angle F 6 ECD , © therefore Bp, 
CD are parallel : Alſo becauſe the angle BCA ;— 
CED, * therefore are CA , EF parallel. Therefor 
the figure CAFD is a Þgr. 4 therefore AF = Ch, 
and AC = 4 FD, Whence it is evident that AB.AF 
(CD) :: e BC. CE.Ffby permutation therefore AB, 
BC :: CD. CE.alſo BC.CE :: FD (AC.) DE.#and 
thence by permutation BC. AC :: CE. DE, 
g Wherefore alſo by equali:y AB. AC :: CD. DE, 


Therefore, &c. þ 
Coroll: 

Hence AB. DC +; BC. CE :; AC. DE. | 
Schol. 


Heace, Ifin a triavgle FBE there be drawn AC BY th 
a parallel to one {ide FE, the triangle ABC ſhallbe Þ T 


like to the whole FBE. th 
6! 

-- Wa 
PROP ſe 


If two trianelt 
D ABC , DEF hee 
their ſides proportie 
nall (AB.BC::DE, 
EF = and AC. BC: 
DF.EF, &> alſo AB. 
| AC :: DE.DF)tlvſe 
G triangles are equits 
gular,aud thoſe angles equal under which are ſubtende 
the homologous ſides, | 
 Arthe fide EF a make the angle FEG==B , and 
the angle EFG = C; 6 whence the angle G=A 
Therefore GE, EF c:: AB. BC ::4 DE. EF. eand 
therefore GE —= DE. Likewiſe GF.FEc :: AC. CB:: 
4 DF. FE. 'e therefore GF — DF. Therefore the 
triangles DEF , GEF are mutually equilateral 


FEDf= FEG= B, and g conſequently the ang! 
DFE =C. Therefore, &c. | 


PROP. 


Js 


| — 
fore 
'D, 


AF 
\B, 
and 
E. 
JE, 


of the remaining angles C,F either leſſe or not leſſe then 
« right -angle ; thes [hall the triangles ABC, DEF be 
qatingulers and kave thoſe angles equall about which 


make the angle ABG = E. Taerefore, whereas the 
agle As <= D, 6 thence is the angle AGB =F. a'wyp. 
Therefore AB. BG c: 
foreBG = BC. f therefore the angle BGC==BC - == 
iTherefore BGC or C is lefſe then a right m—_—_ 
iconſequently AGB or F is you then a r cor. 17.0, 
Therefore the angles C and F ; nb 

ipecies or kind, which is agatoſt the Hypotheſis. 

H 4 


at page — 


s R O P. 
(AB BC -: DE.EF) 


| then thoſe triangles 


ABC, DEF are +00 » and have thoſe angles e- 
a , under which are ſubtended the homologons 


"a two triangles A- 
BC,DEF have one an» 
ps” B equall to one an- 
Fe DEF, and the ſides 
about the equal angles 
B,DEF proportional! 


A the fide EF make the angle FEG=B , and ,,,, , 
the angle EFG=C ; «then will the angle G = A. bg 6. 
Therefore GE. EF :: b AB. BC::cDE. EF, dand _— 
therefors DE = GE. But the ar gle DEF » —Bf= = 


GEF;therefore the angle D g = G = A and con- * on 
ET the —_ EFD = C. WW. to be Dem. 4.4 
F062 C2% 
If two tflangles ABC 


DEF have one angle A e- 
quall to one angle D , and 
the ſides abort the other 
angles ABC, E, pro- 
portional (AB. BC :: + DE. 
E FF) and if they have both 


proportionall (rdes are. 
For, ifit can be, let the angle ABCC_E , and 


+ DE.EF ::4 AB. BC. ethere- vow . 
& | 
are not of the cor, 13. bs 


PROP. 


The fixth Book of 
PRoP. VIII. 


If in a right-angled twin, 
A gle ABC , from the right 
angle BAC there be draw 
AUD a fperpendiculay ith, 
baſe BC;then the triangle; 
| \ about the perpendiculy 
RB D - (AUB',' ADC) are like 
both to the whole triangl 
ABC, and alſo one to the other. j 
2 hyp. * For becauſe BAC,ADB ares right angles,b and fo 
bx equall, and B common; the triangles BAC, App 
d21-6.* | ©arelike. By the ſame argum. BAC, ADC are like 
c wheuce alſo ADB, ADC will be like.W.1.to beDem. 
| Coroll. 

$ 1-def 6, Hence, 1.BD. DA*:: DA. DC. | 
2. BC. AC:;; AC. DC. and CB. BA:: By, 
BD. A | 


PROP. I'X, 


From @ right lint 

F EC given AB to cutof 

| | any part required; 
| 2 (AG.) 

From the point 
draw an infinite 
line AC anywiſe, 
in which a take ary 

þ>1 three equall pert 

E AD,DE> EF. join 

bye. x. B , towhich from D b draw the parallel DG; and 
the thing is done. | | | 

© 2.6. | For GB. AG :: c FD. AD; whence by # compoſe 

v 28, 5. tion AB AG :; 4F. AD. thercſore, whereas AD= 
5 of AE, therefore 1s AG um zof AB.W.W.to be Dow. 


PROP 


EUCLIDE'S Elements. LE 


PhOPR 4 


To divide a right line given 


54\ AB not divided (in F and G) 
as another line given AC was 
D A AN a (in DandE.) 
3 A S \ Fear a right line BC join 
Somo—_—_—— the extremities of the line 

% AR. divided , and of the line not 
divided;and to that line from the points E,D adraw a 31.1. 
the parallels E G, D F meeting with the right line 


that is to be cut, in G & Fz Then the thing is Doge. 
For jet DH be , dravrn parallel to AB. Then AB. 


DE :b AE. EG. and DE. EC6:: DI. IH ;;<FG. Þ 1.6 
GB. W- W. to be Done. "y L. 


Scho!. 


Hence is leaynt 10 cut « right line given AB into as 
many equall payts as you pleaſe (ſuppoſe 53) which 
will be more eaſily performed thus, 

Draw an infinite line ADzand anotherBH paral- 
lel to it and infivite alſo. Of thoſe take equall parts; 
AR,RS,SV,VNz; and B Z ZX,XT,TL; 


10 


k 2.6. 


The fixth Book of 
Io each line lefſe parts by one , then are required in 
AB; then Jet the right lines LR, TS, XV , Z Nbe 
drawn ; theſe lines fo drawn ſhall cut the right line 
given AB into five parts. 

For RL, ST, VX, NZ are « parallels ; therefore, 
whereas AR, RS, SV » VN areb equall ; «© thence 
AM,MO,OP,PQ are equall alſo. Likewiſe, becauſe 
tharBZ — ZX, therefore is BQ = PQ. and there- 
fore AB is cut into fire parts. W. W.to be Done. 


FASO XL 


Two might liner 
being given, AB 
= AD> to find nts 
| third in proportion 1 
A- C them (DE.) 


Join BD >, and 
from AB being proficed take BC=AD. Through 
Cdraw C E paral 


'$- B D; with which let A D 
produced meetin E.,” then is DE the proportionall 
required. 

or AB.BC(AD)s::AD. DE. w.w.tobe 


Pone. 
| Or thus : make the angle ABC 


: _M 
| right, and alſo the angle ACD right. 
b eor.9. then 6 AB. BC :; BC. BD. 
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PROP. XII, 


D = F 


Three right lines being given DE, EF, DG , to find 
out a fourth proportionall GH. : 
Join EG , and thorough F dray FH parallel to 
EG; with which let DG produced fo H meet. Then * * ws 
itis evident that DE. EF«:; DG, GH. 1, W.to be 
Dowe, 


PROP. XIIL. 


Two right lines being 
given AE, EB, to find out 
4 mean proportional! E- 


F 


_— ; Upon the whole line 
A EB AB as a diameter de- 
(cribe a ſemicircle AFB,& from EereR a perpendicu- 


lar EF meeting with the periphery in F.then AE.EF 
» EE. EB. For let AE & FB be drawn ; «then from ® 3. 3- 


the right angle of the right-angled triangle AFB 
is in a right line FE a, to the baſe. b cor.8.6 
Therefore AE,FE :: FE-EB, W.W. #0 be Done. 


C0- 


_ 


kn,&g ;. Pm. 


The ſixth Book: of 


Covol. 


Hence , A right line drawn in a circle from any 
point of the diameter perpendicularly.and extended 
to the circumference , is a mean proportion all he. 
twixt the two ſegmentsfof the diameter. 


PRoP. XIV. 
| 
Equall Parallelograms 


GC 
D ——Hh having one angle ABC 
+ / / equall to one EBG , have 
A aq 


B/ the fides BD , BY which 
are about the equall angles 

E | reiprocall (AB. BG: 
EF EP. BC ;) and thoſe Þ4. 


rallelograms B D, BF: 

which have one angle ABC equal! to on? EBG , and 
the ſides which re about the equal! angles recipre- 
catt , are equall, 

For let the ſides AB, BG about the equal! angles 
make one right line ; « wherefore EB , BC ſhall doe 

the ſame. Let FG, DC be produced till they 
meet. 

1.4yp. AB.BG 6 :: BD. BH :: © BE. BH :: 4BE, 
BC. e therefore, &c, 

2.Hyp. BD: BH ::f AB. BG ::8 BE. BC ::4BF. 
BH. * Therefore the Pgr. BD= BF. Which was tobe 


EUCLIDE S Flements. i2e 


Pao?. XV. 
A Equall tviangles having 
| vue angle ABC equal! tn 
gt one DBE, their ſides which 
are about the equall angles 
| bag” \ are veciprocall (AB. BE :2 
FE | © DB.BC.).And thoſe trian- 
gles that have one angle 
ABC equall to one DBE , and have alſ» the ſides that 
are about the equall angles reciprocall (AB.BE :: DB. 
BC.) are equall. 
Let the des CB, BC, which are about the equall 


angles be ſet 1na ſtraitline ; 4 therefare ABE 1s a aſfcbol. ug, n, 


rightl1n?.Let CE be drawn. 
1.Hyp. AB. BE :: bthetriangle ABC.CBEe :: the , 
triavgle DBE.CBE :; d DB.BC. e therefore, &c. £00. 
2. Hyp.. The triangle ABC, CBE ::f AB. BE :: 91.6. 
gDB.BC+:; the triangle DBC. CBE. & Therefore f ny 4 
; 


bn 


F 


. 6. 
the triangle ABC = DBE. 1.1.to be Dem. yy. 
| n,&9- 4. 
TROGA EIVh 


| | == 
Arec* ES 


If four right lines be proportionall (AB. FG :: EF. 
CB) the rettangle AC comprehended under the ex- 
tremes AD, CB, is equ.:ll to the vettangle | G compre- 
hended undey the means EG, EF. Aud if the reftangle 
AC comprehended under the extremes \B.CB be equall 
to the reflangle E G comprehended under the means 
FG, EF , then are the four right lines proportional. 
(AB.FG ;:'EF,CB ) 

Digs I Hyp, 
£ 


.N -, 


e 12.6. 


bids 
© 29,doF.1, 
+ 


The ſoxth Book of 


I.Hyp. The angles B and F are right, and « conſe. 
quently equall,& by hypotheſis AB, EG :: EF. C8, 
b therefore the retangle AC —= EG. 

2. Dp.The reftangle AC c = EGzand the angle 
B=EF; © therefore AB. FG :: EF. CB. W.w. tobe 
Dem. 


Coroll. 
Hence » it is eaſy to apply a reQangle given EG 
fe - a a given AB ; (vix.) by making AB. EF 


PROP. XVII. 


—} 


A 
E 
- _ 
C " F 


—— 


H C& 


Tf three right lines be proportionall ( AB. EF:: 
EF.CB. ) the reffangle AC made under the extreame: 
AB, CB js equall to the ſquare EG made of the mildlt 
EF. Andif the reftangle AC comprehended under the 
extremes AB,CB be equal t0 the ſquare EG made of 
the middle E F , then the three lines are proportional 
(AB: EF:: EF. CB). 

Take FG=EF. 

I.Hyp. AB. EF:;4 EF (FG. ) CB.thereſore tht 
reftangle AC 4, —EG = EFq. 

2 Hp. The reangle AC = to the ſquare b 
G=EFq.e therefore AB. EF ;: FG (EF. ) BC.## 
'0 be Dem. | 


Coyoll. 
Let AxB = C9. therefore A.C ;; C,B. 
: | PRO 


—_ as im 94a ﬀ£@aAo_- _ -©-a ma... 


0! 
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PrROer. XVIIL 


2 E \ 
A B C ” 

From right line given AB to deſcribe a right-lined 
figure AGHB ltke and «like ſituate is a right lined fe- 
gure given CEFD. 

Reſolve the right-lined figure given into trian 
4 Make the angle ABH==D, « & the angle BAH — 
DCF,aand the angle AHG=CEFE, « aud'the 
HAG=—FCE. then AGHB (hall be the right-lined 
figure ſought. 

For the augle B& =D , and the angle BAH þ — bronfe. 
DCE, < wherefore the angle AHB = CFD. $ al- I 
ſo the angle HAG=FCE,and the angle AHG 5s —= 
CFE. © wherefore the angle G=E , and the whole 
angle GAB 4= ECD, and the whole avgle GHB 4.x. 
4=EFD. The polygones therefore are mutually 
equiangular. Moreover becauſe the triangles are e- 
quiangular;therefore AB.BH e:: CD.DF; and AG. 

GHe+; CE. EF. Likewiſe AG.AH :: e CE.CF. and © © 
AH. AB :: CF. CD. fFrom whence by equality f «az. g. 
AG. AB:;:; CF. CD. After the ſame manner GH. 86.445- 
HB :: EF. FD. Therefore the Polygones ABHG, 

CDFE are like and alike ſituate. W.1.to be Done. 


PRrk@eP. XIX. 


a 23,% } 


L'k- tri es 

D At. DEF ot, 

duplicate ratio of 

their homologgias 
ſides, FC, EF. 

\ 4 Let there be 

B & CE made BC. EF:: 


KF, BG, and let AG be drawn. Becauſe that = 


a 11.6. 


” 


The ſixth Book of 


: DE 6:: BC. EFc:: EF. BG, and the angle B=E., 
d therefore is the triangle ABG—= DEF. Bur the 
triangle ABC, ABG::eB C. BG , and fBC__ BC 


B G EF 
twiceztherefore ABC that is ABC g__ BC twice, 
ABG DEF _ EF 


W.W. to be Dem. 
Coroll. 


Hence,If three right lines (BC,EF, BG) bepro- 
portionall , then as the firſt 15 to the third, ſo is4 
triangle made upon the firſt BC,to a triangle like 
and alike deſcribed upon the ſecond EF : or fois 4 
triangle deſcribed upon the ſecond EF to a triapyle 
like and alike deſcribed upon the third. 


P ROP. X X; 


C 


Likepolygones ABCDE, FGHIK are divided in- 
20 equall triangles AB C, FGH, and ACD, FHI, and 
ADE, FIK ; both equall in number and homologous t6 
the wholes (ABC. FGH :: AB CDE. FGHIK : 
ACD. FHI :: ADE, FIK.) 4nd the polygones AB- 
CDE, FGHIK have 4 double ratio one to the otherof 
what one homologous ſide BC hath to the other homole- 
gous ſide GH. 
I. For the angleB «= G,and AB. B C 4:: FO 
G H. 6 therefore rhe triangles ABC , F GH 
aſe 


AS - La ©; 


Doom os > ves 


4 EUCLIDE'S Flewents, -- 12g 
are equiangular, Afrer the ſame manner are the trians 

AED, FKI like. Whereas therefore the angle 
X CA 5— GHF,and the angle ADE&= FIR, and d 6-6, 
: the whole angles BCD, GHI, and the whole angles 
CDE, HIK are « equall , there remains the angle « 57. 
ACD 4= FHI , and the angle ADC = FIH; £3*% 
efrom whence afo the angle CAD = HEFI. there- 
hnghe ianghes ACD,FHI are like. Thereſore,&c, 

2: Becauſe that the triangles BCA,GHEF are like, 

therefore is BCA__BC twice. For the ſame reafon * *5-& 


"- 


| "GHF an | 
is CAD...CD tices laſtly DEA__DE twice. 
Nei HI IS! | ons 


K 
now whereas that BC,GHg :: CD. Hlg:; DE IK. 6 
z therefore is the triangle BCA. GHF :: CAD. HFI 2” 
:: DEA.IKF 4 :: the polygene ABCDE.FORUK x; Te 23.9. 
BC twice. 
GH 


Covell, 


x. Hence, If there be three right lines praportio« 
pall;then as the firſt is to the third,ſo is a mm 
made upon the firſt to a polygone made on the ſe- 
tondlike arid alike deſctibed ; of ſois a polyg#ke 
deſcribed upon the ſecond to a polygone made on 
the thirdTike and alike deſcribed. | 
By whith is found out 4 method of inlarging or di- 
Ping av) right-lined figate it « ratio giuts : As if 
would make 2 pentagone quiatuple of that 
Gde » then ixt 6 iff. 8; 


mini 
you 
peatagane whereof CD'is 
' & ABand$ AB find out a metn pfoportiogal,” upon 
: this raiſe a cogone like to that given, and it ſhall 


quintuple of tagone given = 

f Oats alſo, Ff he ol ow ſidts of like fi 
gures be known , chen will the proportion of the fi- 
= be evident, viz. by Eading out a third propot- 


J PROD 


i130 


"The fixth "Hook of 
PROP. XXI. 


 - —> HaD c 


4 Lalcf 6, 


Right-lined figures AZC., DIE which ave like to the 
Jameright-lined figure HFGzare alſo like one to the orher, 
For the angle As = He== D; and the angle C 


'4 = Ga = HK; and the angle Ba—= Fo. =1. Alf 


4 \ RAG: AE.HG ©: DLDE, & 5 AC.CB :: HG, 


G:::DE. EL. And A3:BC:;: HE. FG ::; DE IE 
Tacrefore s ABC, DIE are like. W. W. to be Dem. 
PROP. XXII. [i 


I LM. © 


NL 

A BC_DE FG ui 
If four right lines be proportionall (AR, CD :; EF. 
GH). the right-lined figures alſo deſcribed upon them 


being like antin like ſort ſitnate , ſpall be proportional 
(ABLCDK::; EM. GO.) And if the rieb dined f 


"IX prey upon the liner,like and alike ſituate , be 


a 19. 6. 


b hyp. 
c 30.6. CD 
d eor.z3-g. Therefore AB. CD:; EF. GH, W.W. to be Dew. 


roportional! (ABI. COK :: EM. GO) then theri 
lines alſo ſhall be proportionall (AB. CD ;; EF. GH.) 
1.Hyp. ABL a __ABtwice , = EF twice « =—EM 


5. CD: -.. . nl . 60. 
6 thezetare ABI.CDK :: EM, GO | ; 
.2.Hyp, 6B twices = A316 _ BM__cEF twice. 


—. GH 


cbR "Ed 
x o N 7 b Schol. 


} 


E U£QLIDE'S. Flements, 
mar - 
Hence is deduced the manner and. reaſon of multi- 
þlying ſurd quantities, Ex.g. Lety/ 5 be to be malti- 
: ived tato 4/3. I ſay that the produt will be / 15. 
. For by the dehnitioa of multiplication it ought ws 
| be, as 1. 4/ 3,::4/ 5+ tothe produt: Th by 
this q-1.q.vy/ 3 :: q- 4 5:4- of the produft. That is 
 I.3-:; 5. to the ſquare of the produRt. therefore the 
ſquare of the produt is i5. Wherefore y/ Is is the 
, produt of y/ 3 into vy 5. W..co brBem. * 


THEOREME.- 


13t 
[4 


# 
"P 
”» 


B 


If a right line AB be cut any-wiſe in D,the reengle p,,. unig, 
comprebended under the parts AD , DB is. 4 mean pro= - *! 
portionall betwixt their ſquarer ggtewije the reflangle 
- Comprehended under th: whole A% and one part AD , or 

DB, is « meen proportionall betwixt the ſquare of the 

whole AB and the ſquare of the ſaid part AD,or DB. 4 
- Tpon the diameter AB deſcribe a ſemicircle ; from 

D ere a perpendicular DE meeting with the pert+ 

phery in E. join AE, BE. 

| I's evident that AD.DE «:: DE.ÞB.6 therefore |. 
ADq. DEq:; DEq. DB4.« that is, ADq. ADB :: bas 
ADB. DBq. W.1.to be Dem. | ec 17.6 

' Moreover BA, AE ::4 AE.AD. « therefore BAq , .,. 
AEq:: AEq. ADq. f that is BAq» BAD :: BAD. ez. 6. 
ADq. 4frer the ſame. manner ABq. ABD :; ABD» f 7.6.» - 
BDq. w.w.to be Dem. 

Or thus; ſuppoſe Z=A—+E. It is manifeſt that 
_—_ «A.E:: 8AE.Eq.alſoZqZA::+#ZAt,,g 

A. Aq.and Zq ZE + ZE *0 Z.K. Eq. 

I 3 


PREePF: 


"'Yhe /ixth Book, of 
Phot. XXI1T. 


Jo /X EASE 


bd fo the other p Mer ihe 
my 


jr (=D 
® ' Leer the fides about the 
a ſib.op, les C bes fetin a dire line, and let the 
- equal ng compleated. hen is the ratio of 
VEE® ACs * AC CHe__ BC DC 
Þ +40 EF ER CF —EG "EE. 


W.nW.to be Dem, 


Coroll, 
Lntr, Tug — Hence,eand from 34. 1. it appears 1. That triangles 
vs. F. which have one «ngle ual (at C) have a ratio com» 
pounded of the rats:'s * the right lines, (AC to CBzand 


LC zoCEF,) conteinirg, the equell anyle. 
L Ro =, all a 
, s,þ-* went 
| Pielograarhen their 
I fe 'to "the 'Wilfer 
: phe ratios 
Sf Bee to by e , witd ulth- 
tulle to altitude. Aﬀer 
'the like manner You 
imy argue it triavyles. 
3. *Froms hence 5 4 
f avert how to give 
Wee of = gies dd ddrallelvgrams. Let 'thete 
ob the; Bod "3+ hol ak maT tt 
C Fic 
Tank RED Zi AG. @. ” 


? 35.2. 


, 


PROF 


EUCLIDES Flyers 
PROF. L206 
am ABCL 


my M7 G, HF - 
ghput t AC areli 
nijevia Ds 


exch oſthemrn 008 E common with the whole ; 
«therefore they are<quiangular to the whole, & alſo « y. i, 

one to the other. Alſo both the triangles ABC,AET, 

IKCe and the triangles ADCAGIIFC are equian- 


oe anne on AT, EI :: AB. BC, and 
E.Al::A3. AC, and 6 AI. AG:: AC. AD bs Y 
it's 


c Therefore by equali tyA AG :: : AB; T 23, 
fore theP x #0 arelike.Aftert __ 
ae HE,6D like alfo. T $a bog 


oma ADE ne 2448 


VS 


= 


N. Q 


3g 


+ ber rick lined re 
the reQaogle AL = 1 pr ems. 6 alſo up- 
i make the retangle BMI; Berwixe AB'and 
« find out a mean proportionall NO ; Upon 
No. 4 make the polygone Bliketo the righe-lined fi- 
4% n ABEDC. P fay the polygone Þ ſo made 
equall to F hat aa given, © I2 Fer 


er 20.6, For ABEDC (AL,) P::* A 
1.6 ThanlpenP £55 BM b= Fl 37.26 be Done, 


R_ , CAICK? .XxvT, 


»$ {94 *w9 « 


# Parallelogram A 
B 1 es taken away _ un, 
rallelogram AGFE, like anto the 
$nyje reed like ſort ſet , having + 
an ang le common with it 
AGy the; is that t parallelogram 
© qhoxt the - Janes gonall AQ? 


I > 
ith the 
Wn Ie wht, AC tobe the common diagonal 
S ite "ABC be it, cutting EF in H, and let Hl be 
| parallel to” AE. Then are Pgrs EI, DB. like, 
£246. þtherefore AE.EM tr AD:DC'::"© AB.EF. & 4con- 
cby.  fequently EHZEF. f Which is Abſurd. 


fg.e, P R © P. X-X VTE- | 2 J 
| < Of all — 
—\ DÞ N .EAD, AG do, 


L H | D, | ſame right line AB , «nd 


- manting in i ik 
x peralle lograms CE |} 
like and alike ſet to the 
Pgr. AD which is deſeri 
api BITS S taken my bed upoq the 
eateft is whith-1 ein 
, pag to the defet K1, s 
TA Forbecadſethat GE +=='GC, and KI addedia 
bi; ex + Common.$ thence is KE=CIs=AM: adde CGip 
F %  commong#/then is AG =:to'the Gnomon MBL-But 
5 — _—_—_ MBL -2 CB (4D.) Therefore AG 
> ER W.W.to be Dew. | | 


\ BH ::f AL. BM, 


am. St. a. RR 2. a 


—  - © 


EUCL IDE'S Elements. 


P,.xOP. XXVIIIL 


4 right line given AB, to apply a paralle "_ 
; Nik: to.4 right-lined fyure given &, teſt oor 
4 porallelogram ZR which is like 10 ».Ce oſs yard 4 
] given D. * Now it is requiſite that the right-lined « 9.6. * - 
fem gonC eee the Pgr.to be applyed AP muſt * 
reater then the Pgr. AF which is ap« - 
+ line the defetss being like 5 namely 
.the grlepens the P Ter AF, which is applyed to the half 
line, and the defett of the Per. D t0 be applyed whoſe 
defels is to be like to the Pgr given. - 
}/ _ AB in E;zupon if; make the Pgr. EG like a 12.6. © 
r.;D.; and6let EG = C-+I. ;£ Make the dakf.s 
Ihr NED L, andliketqthe Per. given D, or EG; * F 
Draw the diameter FB ; Make FO = KN,aud FQ. 
=KT; thorough O and Q. draw the parallels SR, 
QZ. Then is the ok that which was ſought. 
For the Pers D, E G, OQ, NT, ZR are all « like 4enfe. & 
'one tothe, other, and the Pgr. EG = eNT + C = "IN ? 
:0Q + oh f wherefore Gi =="to the Gnonion F 3.«x. 
08BQ 65A0 49 62304 0+ EPASAt. Fo. 
ys to he La ERS Þ 


tut: 


—_y 


Try 


GL of 


buy.C 
k U 


Z 7 


The fixth Book of 
P x 0 P. XXIX. 


'. 1'-: Q CO 
| wright live pf ; AB ro « 294 per. AN& 
fee Hg hee 4 
#7 Ob, # pan D 
T Biſelt AB 1 io aac vis x. ee 
yp 7 dad iven. dt 
AA; Lhe _ of EG. bs 4 tho. 
a” G orou .M draw 
ds MN 2þd RN. } apd A} Fr op 
Eg ARP, GRO. Draw the _ FBN. Then, 


AN 
org ne Ty XG are 4{iſee therefor 
PLA 100 erp LM, orD. AlfoIM 


Fences | Therefore Cx= to the 
Ty II, $—LB == Bl *chew- 
N. 979. jobe Dope. wy 


'Pxox b32Y T 


- 


l;ne given AB 4 

ing to 

wean Yano CAB. 

AG :AG.GB) 
« Cut AB in G 


" AB x BG=A 


Then BA. AG, + AG. GB. Which we us 
Mane, - 


Prok 


Tocyt'a « len 


in fuch wiſe that ' 


TR a. = 


«a * z« ” 


- - 


TP, ST RIOTS 
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PrOP, XKXL 


lesB AC; » ay ere-BF de- 

Fwy, kg hag fubtending - the vight-augie 
773 z is 2 equal! 20 the figures BG , apo 
the fides BA, AC, containing the ri le liks and 4» 
like ſunate tothe former BF.” | 
From the right angle BAC let down a perpendi- 


cular AD. Becauſe that DC.CA :: 4 CA.CB,bthere- 2223.6. 


fore AL. BF ;; DC. CB. Alſo, becauſe. DB. BA :: 
FA-BC,6 therefore BG. BF :: UB.BE.: t 
BG. BF :: DO<+DB (BC,) BC.4 Th 
RG = BE: PO. 
' Ov thus: RG-BF :; e BAq. BCq. Aud eAL. BF :: ; $666, 
- ound G—+- L,BF i: BAgaACq. 
refore whereas ig Mal com + 6Eq. pts 


re £24 C 
d /ebol. 1498 


(thee is BG + AL= RP. W.. 


Coroll. 


ram thop you may Jearn how to add 
ERS, xt 


The ſixth Book of - 
Px or: XXXIE 


Tf two triangles AR 
A DCE bes Mr. 
© proportional to two ( 
AC::DC. DE.) be þ 
compounded or ſet the 
Tk \ gethey at one angle CN 
C that, their homelrogy 
ſides be «lſb parallel (ABto DCand AC ho DE,)they 
the remaining ſides of thoſe trianglez(BC, CE) ſhall hy 
found placed in one ſtroit line. | | 
bhp.” Forthe angle A«= ACD+4= D. and AB. AQ 
H 6 b.: DC.DE, c therefore the angle B=DCE. Thers 
Ge” Forethe argleB+A d=ACE. Bot the avg'eB+ 


fas, . A+ACBe=2 right. F therefore the avgle ACE 
eg . wEERES 2 right, g thezefore BCE 15 ar 1oht ling. 
(\ 'W.W.to PW" S\ »- | þ.6 , 


OP Kor XXIXI1N.. 


TW «quell circles DBCA, HFGP , the angler BDC. 
FHG have the ſame ratio with their peripheries UG 
FG on which they infiſt ; whether the angles be ſet® 
the cenzers (as BDC , FHG) or at the cihenmferem® 
"AE: +41d in like ſort are the Seftors BDC,FHG, be 
cauſe deſcribed upon the centers. = 


.. .EUCLIDE'S Flements, 139: 
Draw the right lines BC,FG. Make CI=CB, & 
GL=FG=LP.and jojo DI,HL, HP.” | 

The arch BC «= CL alſo the arcchF G,GL,LP are'n 38 g, 
equall; b therefore the angle BDC=CDL andthe? 75: 
aogle FGH==GHL=—LHP.. Therefore the arch BI 
is as multiplex of zhe arch BC , as the angle BDI is 
oftheangle BDC.And iatike manner is the arch FP 
2s multiplex ofthe arch FG , as the apgle FHP is of 
the ang. F HG. utif che arch | | (-"_ 3 IF P,cthen pH L 
likewiſe is the angle BDIC",=,"2 FHP. Therefore $5,%5 
isthe arch BC, FG :: «the aogle BDC. FHGe ;; f 20.3. 
BDC. FHGF:: A.E. W.W. to be Dem. 


-. 
- 


2 2 , 
Moreover the apgle BMC g =CNI; z and there- $27-3- 
fore the ſegment BCM = CIN, * Allo thetriangle k47. 
"WCDCD1I;/ whereſors the Sefor BDU MEE ED-! 2.45 
IN. Afterthe ſame manncr.are' the. Jeftors FER, 
GHL,LHP. <quall one to the other. Therefore ſince 
accordingly as the arch BI ©” , =, "> FGP, ſo is 6.4af 
likewiſe the ſeftor BDICT,=,"IFHP; ,, thence ; 
ſhall be the ſettor BDC. FHG ;: the arch BC. FG. 


TU TT IS 4e WT I T3. 


}W.W.te be Dew. , 6-A By 6 . vi I uL 
Coroll. 
h Hence 4s ſeftor is to ſefor , ſois angle to an- n. 6. 


2 The«ngle BDC in the center is to four right an- 
gles, as the arch BC, on which it inſiſts , tothe whole 
trcumference. 

For as the angle BDC is to a right avglesſo is the 
arch 5C to a quadrant, Therefore BDC 1s ſo to ſour 
right _ as the arch BC js to four quadrants,that 
whe whole circumference. Alſozthe angle A.z right 

Bf 5; the yech BC. periphery. 

| 3- Hence , The arches IL , BC of unequall circles 
= Phich ſabtend equall angles, whether at the cemters, as 
'Y JAL and BAC, of at the periphery, are like, 


For 


ES 


2 oe fame AB, AC ent of pr 
concentricall periphencs | 


BLAC frew co 


Bhs Bud of the axth Book of Euclide's Bhweus; 
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4 bs. 4 


— 


| —— 


Deftntidn. 


Nity 3 that , by *Mich Frety thi 
? . 46 is A Boe he 
11. Nurtthet i a multitude cons 
> poſed of ubitits. 

VANS  IIN. One number is a Part of 
 ſibother » the Jeffer of the giratet , when the leffer 

Weeaſuceth che greater. | 

ff Bit parts Zevominared from that fumbir , by 
phich it meaſures the number whe#eof it is a pait; at 4 
Vealled the third part of 12, Becauſe it meaſures 12 


3. | | | 

tv. BFatthe leffer number is termed Parts, when 
t neaſureth not the greatet: 

' Mlparts whatſoever are Ttndinivated from Hoſe rwo 
wmbers,by which WT common meaſure of the iwo 


Withers Meaſures each of thtm;z as 10 # ſaid tobe 
if che whmber 1 5 ; becauſe the preateſt common medſurs, 
"WMch i 5 , tntaſpres bo Loli; by3. _ 
'V. A humbet is altiplex (or Manifold) a 
Mitt in compariſon of a leffer 5 when the leder 
jEſyrech rhe preater. 
V 1. At Eyeb number is that Which may be div 
Inro'two'equall parts. 58 
\ VHI. But an Ode number is that which cams 
not be tiyideditiro two equall parts ; or,that which 
| Efereth from an even huber #n unite. 
VITT. A number Evenly. Kven is that which 
aÞYen bviniber i&aſurerh by ab even fumber. 
IX. But 2 number E yenly. Odde is that which 
20 Yeh wir Iibaurech bY ab CO p: 


bai 
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X. A dumber Oddly Odd is that: Whit and 
number meaſureth by an odd number. . 

X I. A Frime (or firſt) namber is that » whigj 
meaſured oply by an unirie. — 
 XTI. Numbers Prime the one to theothet:/ 
ſuch as onely an unitie doth meaſure, being t 


common meaſure, 
X 111. A Compoſed number is that which 
certain number meaſureth. 
XI V. Numbers Compoſed the oneto they 
are they,which ſome aumber,beiog a common me: 
ſyre to them both, doth meaſure. +» 
In this,and the preceding definition » \ynitit is mt 
number. "L3RE . » {£8 
* XV.One number is ſaid to Multiply anothergyhe 
the number multiplied is ſo ofced added toit (e 
there are unites in the number multiplying,aada 
other number is produced. | 
*'* Hence in every multiplication a unitie js tothe ml 
siplier,as the multiplied is tothe produft. | 
Ob. That many times , when any numbers att} 
wultiplied (as A into B) the conjunition' of the lttte 
denotes. the Prody#; So AB=AxB,and CDE =Cil 
'x E. SET 
"XVI. When two numbers multiplying thens 
ſelves produce another, the aka + 2: 
Ted a Plane number; and the numbers which aulti 
lied one another, are called the Sides of that nun 
ber:So 2 (CY x 3 (D)=6=CD i; a plane nawbr. 
XVII. Bur when three numbers mwlyplying 
another yr aby number, the number product 
is termed a Solid number ;. and the numbers mul 
plying one another;are the ſides. thereof: $0 2(C) 
)s 5 (E) = yo = CDE is « ſolid number. .. 
XVIII A Square pumber is that which isequl 
£quall'; or, which is conteined yader imo equ 
numbers.Let A bethe ſide of a 5quare; the 5quare it bi 
woted,AA,or Aq. | 9" 17> 
XIX. A Cube is that number which is equally 


= CHEESE,  H-=2=2=. 


cw! 2» 8 _  * . iy = 3 


—— 


þ 


EUCLIDE'S Elements. 
qual) equally; or, which is conteined under three e- 
aumbers. Let A be the ſide of a Cube; the Cube is 
thus noted, AAA, or AC, 
Hoary definition, «nd the three foregoing , unitie is a 
ry, 

XX. Numbers are proportionall,when the firſt is as. 
mulciplex of the ſecond as the third is of the fourth; 
atzthe ſame part; or, whea apart of the firſt number 
meaſures the ſecond , and the fame part of the third 
meaſures the fourth, equally : and on the contrary. 
$A.B;:C. Dhatis,z.9 :: 5-15. 

XXI. Like Plane }, and folid numbers are they , 
which have their fides proportionall : Nemely, not «ll 
the ſides, but ſame. | 

XXIL.A Perfeft number is that which is equall to 
its owa parts. 


 #A56.69 28, But a number that is leſſe then it's parts 


is ceRed an Abounding number; and « greater « Dimi- 
mtive: ſo 12 is an abounding, 15 « dioningtive number. 
_—_—— number is ſaid to meaſure another, by 
number, which, when it multiplies, or 1s mult 
plied by it, it produceth. | | 
J* Diviſſen,a unitieis tothe quotient as the dwvsſor is 
ts the dividend. Norte , that a number pluced under an- 
aber with a line between them , ſignifies diviſron : So 
AZA divided by B,z& CA = C x A divided by B. 
TERED s 
Two numbers are called Termes or Roots of Pro- 
portian , leſſer chea which cannot be found 1a the 


ſame proportion. 


Poſtulates, or Petitions. 


1.T Hat aumbers equall or manifold to any num- 

* ber may be taken at pleaſure. 

2. That a greater number may be taken then avy 
number wharſoever. | : 

3- That Addition, SubſtraQtion, Mykigitation: 
x7 *""Bb- 


The ſeventh Book, of 
Diviſion ». and the ExtraRtions of roots or ſides of 
ſquate and cube numbers,be alſo granted as poflible, 


Hawes. 


1:\X7 Hatſ6erer 2prees with one of mavby quill 

W be, agrecs likewiſe with the 4 1 

». Thoſe perts that are the ſame to the ſame pay 
6r parts; ate che ſame amongſt themſelves. 

3. Numbers. that are the ſame parts of equall 
—_— of the ſame number, are equall amvuzt 


| «} 
$/ Thoſe nimbers,ofwhom the ſame aumbe,ve 


* th 3 
uall numbers » are the ſame parts are » 
nddgt themſelves. — 

5- Vaitie meaſures eyery number _ unities 
ehat are in ie3\ chat i3,by rhe ſame number, 

6, Every aumber meaſures it felf by a unitie. 

9. Tfone aumber,mulriplying another , preduce 
a thitd , the multiplier ſhall meaſure the a 
the multiplied; and the multiplied ſhall meaſure 
fame by the mulciplier. . | 

-Werer, No prime munbey is eicher « plant » ſolid, 

oof tnbe wnember. ; 

$.: If one namber meaſure another, that wumber 
by which it meaſureth ſhall meaſare the ſame by the 
uniries that are in the number meaſuring , thatiy 
dy rhe narmber it ſelf that meaſures. 

9. Ifa number meaſuring another, multiply that 
by which it meaſureth, or be multiplied by itit pro 
duceth the number which it meaſureth. 

10. How mauy numbers ſo ever any number me 
ſureth, it likewiſe meaſures the number compoſed 
of them. : 

Tt. -Tf a outhber meaſere any amber , it al 
\meaſureth every number which the ſaid aumbc! 
meaſute:h. GY 

I2. A aumyber that meaſures the whole & ap* 
taken away, Qoth alſo meaſure the refidue. 926 


>” 8 


Rn 24. -. ® 


SV % BO & & 


"SS  88eT F=y 


- 


v 5 iammDi= oE& = 


ST E.G.B 85 3 If ewouncquall num- 
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PROPOSITION L. 


CF. D 5 3 2 bers AB,CD, being 
H--- T 7 T7, given, the leſſer CD be 
| . continually taken 

the greater AB (and the refidue EB from CD,&c.) by 
an alternate ſubſtraFion , and the number remaining do 
never "_ the precedent,till the unitie GB be taken; 
then are the numbers which were given AB,CD, prime 
the one to the other. #5 

If you deny it,let AB, CD have a common mea- 
ſure, namely the number H. Therefore H meaſuring 
CD, doth alſo meaſure AE ; and conſequently the a 11. «x 9. 
remainder EB; « therefore it likewiſe meaſures CF, 
and ſo the remainder FD ; a wherefore it alſo mea- 
ſures EG. Butit meaſured the whole EB,and 6 there- 
fore it muſt meaſure that which remaineth GBza u- 
nitie, it ſelf being a number.c Which #5 Abſurd. c9,9x,1, 


b 13.ex f. 


PROP. IT, 
bY 6 Two numbers AB, 
AN... Ec... I5 9.6 CD being grven,not 
'6 3 prime the one 10 the 
GG ibeoee Boe D 2 £ 2 othey , to find out 
Ge. -- * * ther greateſt com- 


mon meaſure FD. 
Take the leſſer number CD from the- greater AB 
as often as you can. If nathing remains, 9 1t is mani- 
felt that CD is the greateſt co:nmon meaſure. Bur if 
there remains ſomething (25 EB) then take ir our 
of CD, and the reſidue FD out of EB , and ſo for- 
ward till fome number (FD) meaſure the ſaid EB 


a 6-ax.5.1 


(for this will be,before you come to a unitie.) FD b «.y, 


[hall be the greateſt common meaſure, ' 

For FD c meaſures EB , and therefore alſo CF ; 5 19/r 
ande conſequeatly the whole CD ; 4 therefore like- « 13.9x.7, 
wiſe AE; and ſo meaſures the whole AB.Wherefore 

K 


it 


a eonfly. 
bi 1,4X%Y. 


C eor. 4e7. 


d ſuppo. 
e 9,4x, 1+ 


The ſeventh Book. of 
it is evident that FD 1s a common meaſure. If you 
deny it to be the greateſt, Iet there be a greater (G;) 
then whereas G meaſureth CD , it *muſt likewiſe 
meaſure AE, e & the re{lidue EB,d as alſo CF, eand 
by conſequence the relidue FD, g the greater the 
lee. > Whichis abſurd, 
Coro. 

Hence , A number that meaſures two numbers, 

does alſo meaſure their greateſt common meaſure. 


PRroOeP. III. 
" MERELY I3 Three numbers being given , A,B, 
B coco 8 C, not prime toone another , to find 


D....4 out their greateſt common meaſure 

c UIITD 6 E. 
S..2 Find out D the preateft com- 
Foo mon meaſure of the rwo numbers 
A,B.If D meaſures C the third, 
it is clear'that D is the greateſt common meaſure of 
all the three numbers. If D does not meaſure C , at 
leaſt D and C will be compoſed the one to the 0: 
therzby the Coroll.of the Prop. preceding. There- 
fore let E be the preateſt common meaſure of the 
ſaid numbers D and C , and it appears te bethe 

number required. 

For E « meaſures C and D , and D meaſures A 
and B ; therefore b E meaſures each of the numbers 
A,B,C:neither ſhall any greater (F) meaſure them; 
for if you affirm that , « then F meaſuring A and B, 
does likewiſe, meaſure D their greateſt common 
meaſure; and in like mauner,F meaſuring D andC, 


does alſo meaſure Ec their greateſt common mea- 


ſare, « the greater the lefle. e Which is abſurd. 
Coroll. 
Hence , A number that meaſures three numbers, 
does alſo meaſure their greateſt common mea» 
ſure; x 


PROP, 
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I, 

) PROP. IV. 

e | 

LH Af... Every leſſe number A is of every 

e B .......7 greater B either a part or parts. 
MW olahonbet +-a-6e IS IfA andB beprime toone 
B.....-.. 9 another , 4 A ſhall be as many * 44f/* 

, ' parts of the number B, as there 


are unities in A (as 6 =® 7.) But if A meaſures B, 

it is 6plain that A is a'part of B (as 6= * 18.) 6, ay. 

Laſtly,if A and B be otherwife compoſed to* one 

another, c the greatelt common meaſure ſhall de- <4 47+ 
termine how many parts A does contain of B z as 6 


"— PIER D co4 
. 4 4 
B $**58+*4 GC C I'2, E #* #5 H TT. F 8. 


If a number A be « part of a number BC and another 
number |) the ſame pare of another number EF ; then 
both the numbers together (A —+ D) ſhall bethe ſame 
part of both the numbers together (BC+EF ,) which one 
namber A isof one number BC. 

For if BC be reſolyed into it's parts BG , GC e- 
quall to A;and EF alſo into its parts EH,HF equall 
to D ; «the number of parts in BC ſhall be equall * 97 
to the number of parts in E F. Therefore f1nce A+D 
b=BG—+ tH= GC HF,thence A + D ſhall Þ conf. «nd 
be.as often in BC ++ EF,as A is in BC,Which was ro © © 
be Demonſtrated. 

Or thus. Leta=x,audb—=y. then za=x,,,,,, 

2 2 
and 2 b = y.wherefore 2 a + 2 b = x =+ y. there- 
fore a + b=x=—+ y. W.W. tobe Dem. 
A 


K 2 


146 


'N 
”. 


Tow 
KAK- 3 


C3,0x,9, 
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PROP. VL. 
L242 " If « number 
A..G..B6 D....H...E38 ABbeparts of « 
C ...c006.0 9 F.........--.1:. wumberC, and 


another member DE the ſame parts of another number 
F;thes bothnumbers together AB+DE ſpall be of both 
wambers together C+ the ſeme parts,that one numbg 
AB is of #nenumberC. - 

Divide AB into its parts AG, GB ; and DE into 
its parts DH, HE. The multitude of parts its both 
AB, DE is equall by ſuppoſition 3 Wherefore hace 
AG «is the fs part ofthe number C , that DH is 
of the gumber F ; therefore AG+DH 6 ſhall be the 
ſame part ofthe compounded number C-+F , that 
one number AG is of one number C.b In like man- 
ner GB++HE is the ſfame-part of the ſaid C+F;that 
one number GB is of one number C. ' c Therefore 
AB—+DEis the.ſame parts of C+F , that AB is of 
C. W.W.to be Dem. | 

Or thus, Let a=2 x, andb== *y , and x+y=g, 
then,becauſe z a="2 x , and ;b'= 2Y,1s3a+3 
b ==2x—+2 y= 2 g. therefore a + þ =2 8=e: 
X=Þy, , | 


PRoO FP. VIL 
5 3 If a number ABbe 
" TO Ko 32 the _ part of « 
6 10 6 number CD , that « 
G cw Colcrccs F......D16 part taken away AE 


; is of a part taken «- 
way CF ; then ſhall the reſidue EB be the ſame pert of 
the reſidue FD that the whole AB is of the whole CD. 
s Let EB be the ſame part of the number GC that 
AB is of CD, or AE of CF. b therefore AE-+EB is 
the ſame part of CF+ GC that AE is of CF,or AB 
of CD. , therefore GE=CD. Take away CF com- 
mon to both,& «there remains GC=EFD. «e Where 
fore EB is the ſame part of the refidue FD (GC) that 
the whole AB is of the whole CB. which was tobe 


Pem. 
PROMP, 


on wy ww es  ” , 0 


due FD , that the whole AB is 
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Or thus. Let a—+b=x; and c++d=y ; and x=3 
y,it like manner as a==3 c;I fay b=3.d, For 3 c-+ 


=; y=x g=—= f 1.2, 
z df=; y—=x g =a-+b, take away from both 3 b z 


©g=azand b there remains 3 d=b. W.W.cobe Dem. 


PROP. VIII. 
_—s 4: 4,” If a number AB 
Au Ha G.E.L.B 16 be the ſameparts of 
12 6 a number CD , 
Ma erecs B orc0es BIB that « pert taken 
away A Eis of a 


part taken away CF ; the reſidue alſo EB ſball be of the 
reſidue FD the ſame parts, that the whole AB. is of the 
whole CD. 

Divide AB into AG, GB, parts of the number 
CD ; alſo AE into AH, HE , parts of the number 
CE; and take GL=AH=HE. o wherefore HG= 


149 


a 3.4x.1, 


EL.And becauſe 6b AG=GB.,c therefore HG==LB. b confer. 
Now whereas the whole AG is the ſame part of the ©3 ** * 
whole CD chat the part taken away AH is of the 4, 


| mr taken away CF , « the reſidue HG or EL ſhall 


the ſame part allo of the reſidue FD that AG 1s 
of CD.” Inlike manner, becauſe G B is the ſame 
part of the whole CD, that HE or GL are of CF, 
( therefore the reſidue LB ſhall bs the. ſame part of 
the reſidue FO that GB is ofthe w hole CD. There- 
fore EL + LB (EB) is the ſame parts ofthe re(i- 
the whole CD. 
W.1.8) be Dem. 


$ Therefore 3 c-+3 d== 2 a + 2b. take away from 


byp 


eachz c$—=2Aa, andithere remains 3 d= 3b. fr 


! therefore d = — b, Which was to be Dems. 


K 3 PROF. 
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PROP. IX. 
A oo s If 4 number A be 4 port 
4 4 of 4 number BC , and an- 
Ba Go.ApCB8 other number D the ſame part of 
+ D woof another number EF ; then altey. 
5 5 nately what part or parts the 
E....H....Fio firſt Aiof the third D,ythe ſame' 


tat part or parts ſhall the ſecond RC 
be of the fourth EF. 

A is ſuppoſed "I D. therefore let BG; GC, and 
EH,HF,parts of the numbers BC, EF be equall;BG 
and GC to Az and EH, HF to D. The multitude of 
parts is put equall 1a both. But it 1s clear that BGis 

@ 1,0x.9, the ſame part or parts of EH, thatG C is of HF; 
aadg7, b wherefore BC (BG+GC) is the ſame part or 
j,0*%% parts of EF CEH + HF) that *G alone(A) is of 
EH alone (D.) which was to be Dem, 
Or thus, Leta=b, andc=d; or za=b, 


['; 0 ey. ; 
"35. and ge==6d. cheats c*== 3c== 0 
A a 3a b. 
PROP. NX. 
A..G..B4 If a number AB be parts of « 
RT + number C , and another number 
5 DE the ſame parts . of another 


5 
D.....H....E 10 number F; then alternately, what 
F «.....44200u044 IF parts or pert the firſt AB is of the 
- third DE, the ſame parts or pet 
fall the ſecond C be of the fourth F. 
ABis taken 2 DEzand COA F. Let AG,Gh, 
and LH, HE be parts of the numbers C and F, viz 
- as many in AB,as in DE. Itis manifeſt that AG | 
9. 7. 'the ſame part of C, that DH is of F, « whence alter 
J.end97. nately AG is of DH, and likewiſe GB of HE, &6ſo 
conjointly AB of DE the ſame part,or parts,that C 
is of F. Which was to be Dem. 
Or thus, Let a=—2b,& 6—=2d; or 3 a=2 b,&3c 
3 3 
=2 d. Then isc:=3c=2d=d 
a 3a - 3þ Þ. P Rot: 


4 
'm 
f 
fo 
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PROP. XI. 


4 


If a part takes awey 
AE. be to a part taken 4- 
way CF , asthewhole AB is 


8 6 # to the whole CD, the reſedue 


0065 og 1 
whole CD. 


Firſtzlet ABbe”I CD « then AB is either apart a 4 7. 
or parts of the number C D;and likewiſe AE is 6 the © *9: 4f 7. 
ſame part or parts of CF ; c therefore the rehdue EB <7, 8. 7. 


alſo EB ſhall be to the reſidke 
FD,as the whole AB is to the 


is the ſame part or parts of the reſidue FD that the 
whole AB is of the whole CD. 6 & fo AB,CD ;: EB, 


ED. Butif AB be ©— 


CD, then according to what 


is already ſhewn , will CD. AB :: FD. EB. there- 
fore by inverſion AB. CD :: EB.FD, 


 & % 3 at 4357 


A, 4. nity, va Þ 3. 


If there be divers numbers D 


B,8. D,4. F,6. how many ſoever , proportional! 

(A.B::C.D:: E.F; ) then as 

one of the antecedents A is to one of the conſequents B, 

ſo ſhall all the antecedents (A + C-+E) be to all the 
conſequents (B+D—F.) 

Firitler A,C,E,be ”IB,D,F;cthen(becauſe of the 


ſame proportions) « ſhall A be the ſame part or parts *20 «7. 
of B that C is of D; 6 and likewiſe conjointly A+C d5,0 6.7. 


ſhall be the ſame part or parts of B+D that A alone 
is of B alone. In rhe like manner A+C<E is the 


ſame part or parts of B 


eTherefore A+C+E. B+D—+F :: A. B. Bur if c£0.4f 7 


— D—+F char A 1s of B. 


A.C,E,be put greater then B,D, F, the ſame may be 


ſhewn by inverſ{1on. | 


K 4 PROP. 


...The ſeventh Book. of 
i PROD. XIIL. 


Az3. C,4. If there be four numbers proportiondl 
B,;.D,i2z. (A. B:: C.D.) then alternately 
ſhall alſo be proportionall,(A. C ::B,b.) * 
Firſt Jet A and C be ©2 2 B gp D,and A C.By 
226.f.y. reaſon of theſame proportioIFs ſhall A be the __ 
2 $.e"d10. part or parts of B, that C 1s of D.b Therefore alter: 
nately A is the ſame part or parts of C that Bu 
D.andſoA.C::B.D But if AbeT_C, andk 
and C ſuppoſed "BR andD, the matter will betke 
ſame by Ipyertivg the proportions. | 


PROP. XIV. 


Az 9. D, 6. If there be numbers,how many ſorvey, 
B,6. Ez4. A,B, C,and «& many more equality 
'C,3. F,2. them immultitude , which may becom- 

pared two and two in the ſame | 

tion (A.B::D.E.and B.C:: : B-E;) ebay Ball Oh | 

. equality,be in the ſame proportion (A.C:;D.E.) | 

Far becauſe A.B ::; D.E.s therefore Sat | 
A.D::B.E ::4C. F.oand ſo again by changing 

A.C ;: D.F. .1:.to be Dem, 


S 13.7. 


PROP. XV. ; | 


8. Do If awnite meaſure avy num- 
B ... 3. E ooo: 6. berB, and enother number Dds 


equally meaſure ſome other num- 
ber E; alternately «lſo ſhall a unite meaſure the third 
wimwber D, a5 often as the ſecond B doth the fourth E. 
For ſceing I is the ſame part of B, that D is of E; 
_—_.. therefore alcernatelyſhall i be the ſame pare ofN, 
#"  thatBisofE. W,.tobe Dem, 


= ac = Ho TO” 


a oo. 


” 
) 
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P Ro?.:-KVL 


B, 4 A3- If two numbers A, B, multi- 
A,3- B4 plying themſelves the one into 
AB, 12. BA, 12, the other , produce any numbers 

AB, BA; the numbers produced 


AB and BA ſball be equall the one to the other. 
For becauſe AB=AxgB, © therefore ſhall 1 « $5... 
be as often in}Azas Bin AB , 5and by conſequence ® 15: 7- 
alternately 1 ſhall be as often inB as Ain AB. But 
for that BA= B x Aye therefore ſhall r be as often 
in Byas A in BA. therefore as often as Lis in AB,ſo 
often is 1 in BA-ande ſo AB BA.Ww.W.to be Dem, c 4.x.9. 


PROP. XVII. 

wh Dogs" If « number A multiplying 
B,2. T 4. * two nuwbers B,C produce other 
AB,6. AC,1i2. wumbers AB, AC; the mumbers 

| produc'd of them ſhall be in 

the ſame proportion that the numbers multiplyed ere. 
(AB.AC::B.C.) 

For being ABA x B , «therefore ſhall r be as 215.«fy. 

often in A,as B in AB.s Likewiſe becauſe AC = A 

x C;therefore ſhall x be as ofren in Azaz Cin AC. 

and ſo alſo B as often in AB as Cin AC.b wherefore g,,wfy. 
B.AB:: C.AC. c and therefore alſo alternately B. c 13. 7. 
C:;AB.AC. w.W.to be Dem. 


P xo Fe. XVIIL 


—_: G5. If two numbers A ,Bimutti- 
A,3.' B,g. plying any nambey C,produce 
KC, I5. To 45. other numbers AC, BC ; the 

n«mbers produced of them ſhal 


be in the ſame propertion that the numbers multipl 
&e(A.B::AC.BC.) h dhe 
ERS ==Clonal BC. = CB ; {fo thefame AA 
iplying A and B produceth A C and BC. 7 
b therefore AB © AC.BC, W.W.t0 be Dem, " m 
Sch08. 


- The ſeventh Book of 


Schol. 


Hence 1s deduced the vulgar manner ofredygi 
fractions (+7 to the ſame denomination, Forgil 


tiply 9 both by 3 and 5, and they produce =j 


. becauſe by this, 3. 5 :; 27. 45. Likewiſe multiply 5 
by 7 aud 9; there ariſes 35=7becauſe 7-932 $5445. 


PxoP. XIX. "2 , 
[1 
} 


A.4. B,x6s. C,8.D,1iz. Tf there be four nam 
AD, 48. BC, 48. bers in proportion (A,B : 

; = D) the number 16 
duced of the firſt «nd fourth (AD)is equall to the num. © 
ber which 3s produced of the ſecond and third (BC.) , 
And if the number which is produced of the firſt aud | 
fourth (AD)be equa/l to that produced of the ſecond þ | 
_ xo four numbers ſhalt be in proportion (A, 

2:C. D. 


p77  T.Hyp.ForAC.ADa::C.Db::A.B*%:: ACK ff | 
eis.9, &dtherefore ADSBC. W.W.to be Dem. 

d35-' - 2.Hyp.Becauſee AD = BC , therefore AC. AD 

fy.s. F:: AC. BC. But AC. ADg :: C. D. and AC. BC 
£4 b:: A;B.i therefore C.D :: AB. W.W.tobe Dem. 
k ut. 8. 


PROP, XX. "x 98 | 


A. «©. If there be three numbers is 

4. 6. 9. / proportion (A.B::B. C.) th 
AC, 36. BB, 36. number contained under the ex: 
; D,6. zremes (AC) is equall to tht 

| ſquare made of the middle (BB.) 

And if the number contained under the extremes bee- 
quall to that (Bqz) produced of the middle, thoſe three 


numbers ſhall be in proportion 6 B 
2:6 


01.027, 1,Hyp. For take D=B. # therefore A B :: D (B.) 
19-7-"  C.c wherefore AC = BD>* or BB; Which was tbe 


Dem, 
2.H)p, 


- xz 


_ »” wer 07_ TY” ww 
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2.Hyp.Becauſe AC©== BD,v therefore A. B:: D 40, 
(B.) C. W..to be Dem. 


PROP. XXI. 


A. G..B $. WM. enon ro, Numbers A B, 
C-. H.D3. Hoo: 6. CbÞ, being the leaſt 
of all that have the 

ſame proportion with them (E, F) doe equally meaſure 
the numbers E,F zbaving the ſame proportion with them; 
the greater AB the greater E , and the leſſer CD the 
leſſer F. 

oh AB.CD #:: E.F. 6 therefore alternately AB. a 5yp. 
E:: CD.F.c therefore AB is the ſame part or parts po try 
of E that CDisofF. Not parts ; for if ſo, then let at 
AGJGB be parts of the number E; and CH, HD, 

parts of the number . F.e therefore AG. E :: CH. F, 

and by inverſion AG. CH4::E. Fe :;: AB. CD. 413% 
therefore AB, CD are not the leaſt in their propor- * 
tion ; which is contrary to the hypothehis. © There» 
fore,&c. 


PROP. XXIL. 


A,4q D, 1z. If there be three numbers A, 
B,;3- _E,8$. B,C; and other numbers equall 
C,2- FP, 6 to them in multitude, D,E,Fz 


which may be compared two & 
two in the ſame proportion : and if alſo the proportion of 
them be perturbed (A.B :: E. F. and B.C:: D.E.)then 
of foi they ſhall be in the ſame proportion (A.C:: 
D, F. 


For becauſe A.B «;; E.F,therefore ſhall AE=BE; ahyp. 
and becauſe B. C:: 4D. E, þ therefore BE = CD. +. - 


eand conſequently AF = CD. 4 Wherefore A. C :: 419. y. 
D.F. W.W. tobe Dem. 


PROP. 


156 


2 31, 7. 


bz def. y. 
C15. 9. 


The ſeventh Book of 
PROP. XXIIL. 


A,9g. B,4. Numbers prime the one to the 4 
C----D--- ther, A,B,are theleaſt of all uum- 
E« » bers that have the ſame proportiy 

with them. | 


If it be poſſible , let Cand D be lefle then A and 
B, andin the ſame proportion ; , therefore C mex 
ſures A equally as D meaſures B , namely by the 
ſame number F ; and fo C ſhall be as often in Ax 
1 is th Eg elikewiſealternately, E as often in A 51 
in C. By the like inference as many times as 1 is in 


_ * D, ſo many times ſhall Þ be in B. Therefore E mes 
.. , ſures both A and B ; which conſequently are” not 


ag. .ax.y. * 
b 17.7. 


a 11,ex,5 


prime the one to the otherzcontrary to the Hypeth, 


| © nk ©'d IEIP, 
A,9. B, 4. Numbers A, B, berng the leaftef 
C---- ' db that have the ſame proportin 
D---'E-- with them, are prime the one tothe 
others, 


If it be poſlible,let A-and Bhave a commou mes 
ſure C; and let the ſame meaſure Aby D, and Bby 
E; a therefore CD = A,b and CE==B.b Wherefore 
A.B ::D.E. ButD and E are lefſer then A and Bs 
being but parts of them. Therefore A and Bare not 
the leaſt in their proportion, againſt the Hypoth. 


- PReer. XXV, 


A,9. B, 4. If two numbers A, B, be primetht 
C,3. D-- onerotheothey , the number C mt«- 
; ſuring oneof them A,ſhall be primet0 

the other numbey B. | 
Forif you affirme any other D to meaſurethe 
numbers B and C, « then D meaſuring C does alſo 
meaſure A; and conſequently A and B are not prim? 
the one to the other : Which is againſt the Zypotheſs. 
P R OP 


— = 
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PROP. XXVI, 


hs 0,8 Ifewannmbers, A, B, be 
B 3+ prime to any number C , the 
AB, i5. E-- mumber alſo produced of them 
Wo. AB ſhall be prime to the 
ſame C. 
Ifit be poſſible , let the number E be a common 
meaſure ro AB,and C;and let AB be == F;s thence, ,,, 


E 

AB== EF; wherefore alſo E.A :: B.F.' ut becauſe , a 
Aisprimeto C, which E meaſures,* therefore E andic 5. 7. 
A are prime ro one another, 4 and fo leaſt in their 4 C 
own proportion,® and conſequently they mult mea- 

ſureB and F; namely F ſhall meaſure By and A ſhall 

meaſure F. Therefore ſecing E meaſures both B 

and C,they ſhall aot be prime to one another : con- 


Mary to the Hypoth. 
PROP. AXVIIL. 


A,4 B, 5. If two numbers A, B, be prime to 

Aq, 16. one another , that alſo which is pro 

D, 4. duc'd of one of them ( Aq) ſhall be 
prime tothe other B. 


Take D = A; « therefore each of D , aud A are a1 wy. 
prime to B. 6 wherefore A D or Aq 1s prime to B. _—_ 
V..to be Dem. 


PRoP. XXVIIL 


Ay. C,4. If two numbers A, B be prime te 
Bz. D,2. two numbers C, D each to either of 
AB,15. CD, 8. both , the numbers alſo produced ef 

; them AB, CD ſhall be prime to one 
at 


Fordeing A and B are prime to C, « therefore ſhall * 16.7. 
ABalſo be prime to the ſame, And by the ſane rea- 
ſoa 


158 
b 26. 7. 


a 3F. F. 


baT.y. 


2 13.6x7, 


d 10.0X,7, 


The ſeventh Book of 


fon ſhall AB be prime to D.b Therefore AB is priny 
to CD. W.W.to be Dem. 


PkoP. XXILX. 
Az3- B, 2. | If two numbers A, B, be priny 
Aq»9. Bq4. to one aaother , and each mult 


plying himſelf produce anathy 
number ( Aq, and Bq;) then th 
numbers produced of them ( Aq, Bq) ſhall be prime ty 
one another. And if the numbers given at firſt, A,B,mul. 
tiplying the ſaid pang numbers (AqzBq) produces 
#hers (Ac,Bc) thoſe numbers alſo ſhall be prime tom 
another: and this ſhall ever happen about the extreme, 

For becauſe A is prime toB , « therefore Aq hal 
beprime to B.and Aq being primeto B, « therefor 
Aq ſhall alſo be prime to Bq. Again,becauſe Aisz 
well prime to Band Bq, as Aqis to the ſaidBand 
Bq, b therefore ſhall A x Aq, that is, Ac, be primeto 
B x Bq, that iszto Bc: And ſo forth of the reſt. 


Ac,z27. Bc,8. 


PROP. XXX. 
"<0 *-Y Tf two numbers AB, 
A.....uB...CH.D ---- BCbe primetheomes 
the other; then bath ad 


ded togethey (AC) ſhall be prime to either of them M, 
BC. And if both added together AC be prime to any ont 
of them AB , thenuimbers alſp given in the beginning 
AB, BC, ſhall be prime to one another. 

I.Hyp. For if you would have AC,AB to becon- 
poſed , let D be the common meaſure : «this ſhal 
meaſure the reli1due BC: and therefore AB, BC at 
not prime to one another 3 which is againſt 
bypoth. 

2.Hyp. AC, AB being taken for prime to one a> 
other , let D be the common meaſure of AB, IC. 
b But ſeeing that meaſures the whole AC, therefore 
AC,ABzare not prime to one another; contre!) i 
hypoth. | | 


(4 


tw 
th 
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Coroll. 


Hence » A number, which being compounded of 
twozis prime to one of them , is alſo prime to the 0+ 


ther. 
PROT. XXXI. 


7 

- As, B38. FPvery prime number A is prime to e- 
" very number B, which i8 meaſureth not. 
nf Forif any common meaſure doth meaſure both, ,,, ,... 
| A,B,< then A will net be a prime oumber ; contrary 
+ | totbe Hp. 

; PROP. XXXI1. 

ll A,4 D>3- If two numbers A, B, multiplyin 
Y p,6. ES. one another produce another ABa 

4 8,25. ſome prime number D meaſure the 
« number produced of them AB ; then 


ſpall it alſo meaſure one of thoſe numbers, A or B,which 
were given «t the beginning. 

Suppoſe the number D not to meaſure the num- , _ _, 
ber A,andlet AB be = E.* then AB=DE ;#whence bis ” , 

'D Chyp. an 

on M DA::B.E.e But D is primeto A;4 therefore D and So 
od I Are the leaſt in their proportion;e and conſequent- * 31-7- 
3, 1 D meaſures B as often as A meaſures E.Which was 
one tobe Dem, 


TY prhor XXX. 


A, 12. Every compoſed number A is meaſured 
B, 2, by ſome prime number B. 

Let one or more numbers ® meaſure A , of which 313.4f7. 
let the leaſt be B; that ſhall be a prime number : for 
fitbe ſaidto be compoſed , then ſome © lefler num- 
berſhall meaſure it , b which ſhall alſo conſequently 
"Fneaſure A, Wherefore B is not the leaſt of them 
Wick meaſure A, contrary to the Hyp. 


b a1,0x.9. 


PROP. 


@ $3. Jo 


Az 9. 
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PROP. XXXLV. 


Every number A is either 4 prime , \or wes 
ſured by ſome prime number. © q 

For A'is necef{arily either a prume or a compoſed Þ | 
number. If it be a prime, *cis that we affirm. If con. 


poſed .,.* then ſome prime number meaſurethis, | x 

W.W.to be Dew. | 

PRoP. X X 2 0 

4 

A, 6. B 4+ C, 8. b 

D, 2. A -— & woos 'r 

E, 3. F,2. Gy 4. ns F 

. A 

How many numbers ſoever A,B,C,being given,toful Þ 1 
the leaft xumbers E,F,G, that have the ſame propertia 

with them. : 


IfA, B, C,beprime to one another, « they ſal 
be the leaſt in their proportion. If they be compoſed, 
b ler their greateſt common meaſure be D , which 
let meaſure them by E, F, G.Theſe are then leatin 
the proportion A,B,C. 'U 

For D x E, F, G, © produceth ABC , « therefore 
they are all in the fame proportion. But allow other 
numbers M, I, K to be the leaſt in the ſame proper 
tion; « which ſhall therefore equally meaſure AB.C, 
namely by the number Lf therefore L x HyIK,ſhl 
produce A,zB,C, g and conſequently ED=A=RL 
b from whence E.H :; L. D.But E * © K;1 therefore 
L © D,and ſo D is not the greateſt common me# 
ſure of A,B,C.Which is againſt the Hypoth. 


* Coroll. , x 
Hence > The greateſt common meaſure of ho# 


- 
many numbers ſoeyer do's meaſure them by Rf 
yg which are leaſt of all chat have the ("fl a 
proportion with them. Whereby appears the rug" , 


method of reduciog fractions to the leaſt __ 


nA Þ* 
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PROP. XXXVLI. 


Two uumbers being given A, B to find out theledſt 
wmber which they meaſure. 


As. By 4+ I. Caſe. If A and Bbe prime the 
AB, 20. . onetothe other , AB is the num- 
Do--- == ber required. For it is manifeſt that 


Boon Foun A and B meaſure *B.[fit be poſ- 

ible, let A and B meaſure fome 
other number D "I AB, if you pleaſe by 'E, and F. 
«therefore AE=D=BF,bandſo A.B :; F.E. But , gay tnd 
becauſe A and B , are prime the one to the other, & 1x1. 
ſoleaſt in their proportions ſhall *equally meaſure ? "_ 
Fas Bdoes E,ButB.Ef:::B. AE(D) g Therefore 4 z1. 7. 


AB ſhall alſo meaſure D , which us lefle then tt (elf, F — 4 


Which is Abſurd. | gio def.7. 
A,6, B,q. F---- 2, Caſe. But if A and 
C,z. D,z. G---H--- Bbe compoſed oneto 

AD, 12. another , $jet tbere be Þ 3s 7. 


found C and D the 

leat in the ſame proportion. * therefore AD=BC; & 19. 7. 
-and AD or BC all be the number ſought for. 

For it is | plain that B and D doe meafure AD or 1 7.x 7. 
Rf. Conceive A and B to meaſure F "I AP , na- 
mely A by G, and B by H. «therefore AG = F = 99.7: 
BH, ® whence A.B;:H. Go:: C. D. 7 and conſe- © confer. 
quently C equally meaſures H as D does G. But D. 40 4 
64::4D. AGCE.) therefore AD” meaſures F, the r 20. def 7. 
greater che lefle. Which is Abſurd. 


Coro'l. 


Hence , Ifewo numbers multiply the feaſt that 
-ifthe fame proportion, the greater tho leſſe, and 
thelefſe the greater , the leaſt nutmber Which they 


— 


meaſure ſhall be produced. 


L PRqAEp 


236.7. 


d 37. 7. 
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PROP. XXXVII. 


A, 2. B,3, If two numbers A, B, meaſure any 


NO 6 number CD, the leaſt number which 
C----F---D they meaſure E ſhall alſo meaſun 
the ſame CD. | 


If you deny it , take E from CD as ofren as you 
can, and leave FD © E. therefore ſeeing A and} 
« meaſure E, 6 and E meaſures CF, c likewiſe A and 
B will meaſure CF. But « they meaſure the whole 
CD; 4 therefore alſo they meaſure the reſidue FD; 
and conſequently E 1s not the leaſt which A and 
meaſure ; Contrary t6 the Hypoth. 


PrxOP. XXXVIIL 


A, 3». B; 4. C,6. Three numbers being given 
D, 12, A,B, C, to find out the leaſt which 
they meaſure. 

s Find D to be the lealt that two of them A and 
B do meaſure; which if the third C do alſo meaſure, 
it is manifeſt that D is the number ſought for. But 
if C do not meaſure Dlet E be the leaf that C and 

D do meaſure. E ſhall bethe number required. 
Azz. B,z. C,4. Forit appears by the 11. ar.q. 
D,6. E,12. that A,B,C meaſure Ezand itis 
F --- eaſily ſhewn that they meaſure 
no other leſſe F. For if you af 
firm they do,b then D meaſures F, b and conſequent- 
ly E meaſures the ſame F, the greater the lefle. Which 

is Abſurd. 


Coroll. 
Hence it appears that , If three numbers meaſure 
any number;the leaſt alſo,which they meaſure, ſhall 
meaſkce the ſame. | | 


PROP. 


A © & Hz 


S778 a2 


—I 


EUCLIDE'S Elements. 16 3 
PRoePr. XXXIX. 
A; 12. If any number B meaſure 4 number 


B,4. C, 3. A, the number meaſured A , ſhall have 4 
| part C denominated of the number mea- 


, ſuring B. F 
For becauſe A «= C,6 ſhall A=BC. « therefore A 8 2% , 
B C £7.04.7, 


=B. W.W. to be Dem. 


Aly. If a number A have any part whatſoever 
B,3. C5. By the number C, from which the part B 
is denominated,ſhall meaſure the ſame. 
For being BC «= Ab thence A = B. W..to be 32%s,, 
Dem. C b 7.98.7, 


PROF. XXXXL 


G,12:. Tofindouta number G » which being 


H--< the leaſt , containeth the parts given 
SS -Y 


7? F? To 


«Let G be found the leaſt which the denomina- a g8. 
tors 2, 344, meaſure ;b it is evident that G ha's the ® 39. 


parts -,*,z- It it be poſſible let H2 G have the 
ſame parts; © therefore 2,3,4,meaſure H; and ſo Gis e 40,7, 


not the leaſt which 2,3,4 mcaſuce: againſt the conſtr. 


$} = wh » ws 


=> 


The End of the ſeventh Book. 
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TRoP 1 


A,8. B, 12. C, 18. D, 27: 
E-F..G---H---- 


F there bt divers numbers how many 
ſoever in: continnall propartion, ABC, 
D, «nd ther extremes A, D, frimets 


F,G, A, lefle then A, By C, Dyand in the ſame vic 
portion with them. ' « Therelore of equality A.D :; 
E. H.-aad conſequently A & D are prime numbers, 
b and ſo the lealt 1a rheir proportion, , equaily meas 
ſurivg E and H, which are leaſe theu thenielvres, 
which is Abſurd. 


PRrROoe IT. 


T. 
Ao 3. Þv% 
Aq, 4. AB, 6. Bq, 9. 
Ac, $. AyB,12. AB}. 18. Bc, 27. 


* To find out the leaſt numbers continually proportio- 
nal;, as many as ſhall be required , in the proportion gi- 
ven of A to Þ,, ; | 

Lc A aud 33 be the leaf 11 the proportion givenj 


Then Aq,AB,'3qſhall be t'e three lealt ia the ſame 
continuall proportion that A is to B. 


For 


— 


EUCLIDE'S Plements. 165 


For AA. AB«::A. 'a:: AB. BB. Likewiſe be. 3 7 7. 
cauſe A and B are bprime to one another , cſhall c:9 7. 
Aq, By, be alſo prime to one another, 4 and ſo Aq, 48 


AB, Bq, are = the leaſt 1n the proportion of A to - 


B, 
Moreover, I fay Ac, AqB, AB; , Bc, are the four 

+ | leaſtinthe proportion of A to B. For AqA. *qB,,, ,. 
to ABS ADA (AqF.) ABB. « and A.B:: ABq. 
BBq (Bc.) Theretore f1nce Ac, and Bc, arefprime f 29:7: 
toone another , likewiſe g ſhall Acz AqB , ABq, Bc * © 
berhe four leaſt = 1n the proportion of A to B. 
In the ſame manner may you fiadout as many pro- 
portionall numbers as you pleaſe. W. W. to be Done. 

Coroll. 

1, Hence, If three numbers , being the leaſt , are 
proportionall , their extremes ſhall be ſquares z if 
faur, cubes. 

t 2. How many extremes proportionall ſoever there 

be, being by this propoſ. found to be the teat in 
þ the given proportion , they are prime to one an- 
other. 

3. Two numbers , betag the leaſt in the given pro- 
portion , doe meaſure all tne mean numbers what- 
ſoever of the leaſt 1o the ſame proportion 5 becauſe 
they ariſe from the multiplication of them into cer- 
tain other numbers. | 

4. Hence al(o it appears by the conſtrution', that 
the ſeries of numbers 1, A, AqzAC ; 1, B, Pq, Bc; 
Ac; AB, ABq, BC, conhifts of an equall-multieude 
of numbers; and conſequently,the extreme numbers 
of how many ſoever the leait continually propor- 
tionals are the 13ſt of as many other continually pro- 
portionalls from a unite. as the extremes Ac, "c, of 
the continually proportionals Ac, AqB . ABq, Bc, 
ae the laſt of as many proportionals from a unite. 
bo hA.Aq, Ac; and 1,By"qBe, 
|  5-L,AzAq,Ac; and By BA, B 4q; and BqyA3q, are 
9 | 7 itheproportion of r to A. Alſo B, By, Bciand -, 
* | *ÞABy; and A3,AqB are # in the proportion of 1 


28 


The eighth Book of * 
PR oO Þ. IIT. 


A, 8. B,12. C18. D,28. If there be numbers 
continually Proportice 
nall,how many ſerver, A,B,C, D, being alſo the leaſtof 
all that have the ſame proportion with them ; their ex. 
tremes A ,D,are prime to one angther. 

For if there be « found as many numbers the lea} 
in tke proportion of A to B , they ſhall be no other 
then A,B,C, D; therefore , by the ſecond Corol. of 
the precedent prop. the extremes A and D are prime 
to one another. W.W.ta be Dem. 


PROP. IV, 


A,6. B,s. C4. D.3. Proportions how me: 
H;4. F,24. E,20, G15. ny ſoever being given 
I--K--L--- is dhe leaf nant 
teB, and CtoD)n 
find out the leaft numbers continually proportionallin 
the proportions given. | 
«Find out E the leaſt number which B and C do | 
meaſure ; and let B meaſure E 6 as often as A de 
an other F, viz. by the ſame number H. 6b Alſoleff 
C meaſure the ſaid E as often as D meaſures an or: 
ther G, then F, EG, ſhall be the leaſt in the propor- 
tions given.For AH «= F, and BC c = E;«dthere- 'F - 
fore A.B :: AH. BHe::F, E.InlikemannerC.,D I F. 
:: E.G; therefore F, E, G, are continually propor 
tionall in the proportions given. And they are mo» } pe 
reoyer theleaſt in the ſaid proportions : for cor 


Bmw =. = — ww 


ceive other numbers I,K,L,to be the leaſt; fthen A 
and B muſt equally meaſure I and K,fand C andD k 
likewiſe K and L; and fo B and C meaſure the ſame 
K. g Wherefore alſo E meaſures the ſame number 
K,which is lefle then it ſelf. Which is Abſurd, 


Ak 


\e | firſt part. 


EUCLIDE'S Elements. 


A, 6. B, L C, 4+ Dz 3. E, F. F» 7. 
H, 24. G,20. I, 15. K,21. 


But three proportions being given,A to By C to 
D,andEtoF ; find out as before three numbers H, 
of 6,1, the leaſt continually in the proportions of A 

to B,and C to D. Then if E meaſures I , ® take an- 

& other oumber K which may be equally meaſur'd by 

+ ; and thoſe four numbers HG, I, K, ſhall be con- 
tinually the leaſt in the given proportions;which we 
of || &:dgo no other way to prove then we did in the 


A, 6. B, $, C, 4. D, 3. E, 2, F, 7. 
H, 24. G, 29. I, 2s. 
M, 48. L, 40. K,3o. N, 10s. 


8 IfE doe not meaſureI , let K be theleafſt which 
je FE and I doe meaſure; and as often as I meaſures K, 
*» | lt Gas often meaſure Lzand H alſo M. ſo likewiſe 
> Þ ltF meaſure N as often as E meaſures K. The four 
numbers M,L, K, N ſhall beleaſt continually in the 
ren proportions ; which we may demonſtrate as 


re, 
PROD. 
E, 3. 
6. F,16. ED, 18, 


_ 4 ww << wed 


D,24,EF, 48. 


4 


s So. 4. * 5 


EF _ED EF 
portion CD ___ C 
Et ETF 
PROP. 


F,4. G,6. H,9. 


V. 

Plane numbers CD , 
EF, are in that propor- 
tion to one a#o0ther which 
2 is compoſed of theix ſides, 
.* For becauſe CD.ED «:; C,E;« and ED.EF :: D. 
F&CDg _CD_. ED « then ſhall be the pro- 


VI. 


A,16,B,24.C, 36. D,54. E,8r. 


L 4 


D W,Ww.to be Dem. 


If there be num- 
bers continual- 
ly proportional 
how many ſoever, A,B, C,D,E, and the firſt A doe not 
meaſure the ſecond Byneithey ſhall any of the other mea- 
ſore any one of the reſt, 


Be. 
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h 3. pof. 7. 


Fs 
2 210. def.7. 


b 35. 7. 


e Cas 5, 


dz 3 
e 14 7. 


267. 
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Becauſe A does not meaſure By neither ſhall 2p 
one meaſure that which next followes 3; being A. 
*:B.C 3; C.D,&c.b Take three numbers, F,G.H the 
leaſt in the proportion of A to B. therefore lince 
does not meaſureB , «© neither ſhall F meaſure 6. 
c therefore F is not a unite. But F and H are pring 
to one another; and ſo? being of equality A.C:;; F, 
H.and F does not meaſure H, 4 neither ſhall Annes 
ſure C; and conſequently neither ſhall B meaſure 
D,nor C meaſure E, &c. becauſe A.Ce::B. De» 
C.E,&c,In like manver four or five numbers bei 
taken theleaſt in the proportion of A to B,it will ap. 
pear that A does not meaſure Dand E ; nor doe B 
meaſure E and F, &c. Wherefore none of them ſhall 
meaſure any other. W. W. t6 be Dem. 

TR WS. TE ©; 
A,3. B,s. C,1:. D,:4. E, 48. 

If there be numbers continually propoytionall how ma 
ny ſoever A,B,C,D.E, and the firſt A meaſure theldf 

Jt ſhall alſo meaſure the ſecond B. 

If you deny that A meaſure« B. « then neitherſhall 
it meaſure E; Which is contrary to the Hypoth. 
T n'ovr VIIL 
A,24. C,36. D,54. B,8i. If between twonms 
G,8, H,tz. 1,18. K,27. bers A, B, there'fal 
E,32. L,q48-M,72. F,i108. mean. propertimd 
numbers in continu 
Proportion C, D; as many meen continually propertis 
nall numbers as fall between them , ſo many «ſo ma 
continually proportionall numbers ſhall fall betwet 
two other numbers EF, which have the ſame propertin 
with them. (L,M.) 

s Take G.H,I, K, the leaſt 5 in the proportion 
of AtoC:b of equality ſhall G, K:: A. BcrtÞB Þ 
But G,aud K 4 are prime to one another.e Wherefore 
G meaſures E as often as K does F. Let H meaſut 
L, and Likewiſe M by the fame oumber.f therefore 
E,L,M,F are in ſuch proportiou as G, H,IK, that! 
as A,B,C,D. w.m.tobe Dem, 

P R OP. 


-— 


E UC LIDE'S Elements. 


PR oe. LX. 
I If two numbers A, B be 
E,2. F,3. prime 20 one another , and 
'G,4. His. 19. meannumbers in continual 


A;$. C12. D,18. B,[7. proportion C, Dfall be- 

| tween them;as many mean 

numbers in cominuall proportion as fall between them, ſo 

wary means atjo(E,G;and F,1) ball fall in continuall 

ortion between either of them and a umitie. 

It is evident,that 1,E,G,A, and r,F,l.,B, are =, 

and as many as A,C,D,B. namely by the 4. Coroll. 
2.8. W.W. tobe Dem. 


ET » Wo = 


A,$. 1,12. K,18. B,z7. If between two numbers 
E346 DF,6. G49. A,B,nd a ante, nembers 


D,z. Fs continually 
I, (Lan F,G, do fell, 
numbers 


ow many mean 
is continuell proportion fall between either of them and 
« uniteyſo many means alſo ſhall fall in continuall pro» 
portion between them, 1,K. 
Nam E, DF, G, and A, DqF (1) DG (K) Bare 


 Sby 2.8; therefore, &c, 


PROD Ak 


\ Azz. B,z. Between two ſquare numbers 

Aq4. AB,6. Bqyg. Aqz Bq) there is one wean pro 

| portionall number A B : and 

the ſquare Aq to the ſquare Bq is in double proportion 
of that of the ſxde A to the ſide B, 


« Itis manifeſt that Aq, A B,Bquare 36 and can 8 17.7, 
ſequently alſs Aq__A doubly. W..to be Dem. 
iq B 


Bq 


ProOM 


b 16, def F. 


P:ROfR Ih 


Ac27. AqB, 36. ABq, 48. Bc, 64. Between twy : 
A, Zo. B, 4+ cube numbers, 
Aqzg. AB, 12. Bqa16. Ac , Bc , there F 


are 190 meay | 
proportionall numbers AqB , ABq: 4nd the cabe\Aciry , 
the cube Bc in treble proportion of that in which the fide 
A is to the ſide B, 

223.8. *For AcAqB,ABq,Bc,are = in the proportion 

bio.of 5." of to Bzban - wes Ac__A trebly, W. W. tobe [ 


Dem. , Be B 
PROP. XIIT. 
A, 2. B, 4: C,8. 


Aq:4. AB, 8. Bq, I6. BC,32; Cq,64. 
Ac,8. AqB,is. ABq,i2. Bc,64. BqC,128. BCq,z 56 Cc,xr2, 


If there be numbers in continual proportion how mayy 
ſoever A,B,C;and every of them multeplying it ſelf pro 
duce certain numbers;the numbers produced of them Aq, 

- Bq,Cq, ſhell be proportionall ; And if the numbers firft | 
given A, B, C, multiplying their produfts A bats | 
produce other numbers , Ac , Bc, Cc they alſo ſhall 
proportionall;and this ſhallever happen to the extremes. 

as 9. For AqqAB,BqBC,Cq « are =; 6 therefore of &« 

d14.7. quality Aq.Bq :: Bq.Cq. W.w.to be Dem. 

+ Alſo AczAqB, ABq,Bc, BqC, BCq, Cc, are =; 

b therefore likewiſe of equality Ac. Bc :; Bc. Cc. 


W.W. to be Dem. 

Prxoe. XIV. 
Aq4. AB,12., Pqzyz6. If a ſquaye number Aq 
A, 2. B, 6. meaſure a ſquare number 


Bq, the ſide alſo of the one 
(A)þall meaſure the ſide of the other (B:) & if the ſide 
4 one ſquare A meaſure the ſide of anothey Bythe ſquare 


q ſhall likewiſe meaſure the ſquare Bq. 
1.Hyp- 


”»” SS = +» - 


EUCLIDE'S Flements. 1 


1. Hyp.For Aq.AB 4:: AB.Bq.therefore ſeeing by #3. & «4. & 

the bypothelis Aq m $ ws b it ſhall meaſure *7- 

alſo AB. But Aq. AB:! A.B.e therefore alſo A mea- « 10.4fy 

ſures B. W.W.to be Dem. 
:.Hyp.A meaſures B. «therefore Aq ſhall as well 

meaſure A Bye as Al meaſures Bqz? and conſequent» 9 14% 7 

ly Aq meaſures Bq. W.W.ro be Dex. 


PR oP. XV. 
A, 2. B,6, If a cube number 
Ac,8.AqB,24.ABq,72.Bc,216. Ac meeſure « cube 
number Bc » then 


the ſide of the one ( A) ſhall meaſure the (ide of the other 
(B:) And if the ſide A of one cube Ac meaſure the ſide 
p__ BC, alſo the cube Ac ſhall meaſure the 
cube Bc. 
1.Hyp. For Ac, AqB, ABq, Bc are =, therefore %S iz & 

Ac,b meaſuring the extreme Bc, ſhall alſo c meaſure «© ,'4. 
the ſecond AqB. But Ac. AqB :: A. B. « therefore A 4 20.6ef 7. 
ſhall alſo meaſure B, 

2.Hyp.A meaſures B;4 therefore Ac meaſures AqB, 
which alſo meaſures ABq , and that Bc; e therefore , |, 
Ac ſhall meaſure Bc, w.w, to be Dem. "= 


TFROP. XVHh 


A,4. B, 9. If a ſquare number Aq doe not 
Aq16. Bq81. meaſure a ſquare number Bq , nei- 
they ſhall the ſide of the one A mee- 

Jure the ſide of the other B: And if A the ſide of the one 
ſquare Aq doe not meaſure B the ſide of the other Bq , 

neher ſhall the ſquare Aq meaſure the ſquare Byq. 

I.Hyp. For if you affirm that A meaſures B,«then « 14. 8. 

Aq alſo ſhall meaſure Bq. againſt the Hyp. 

2. Hyp. If you maintain Aq to meaſure Bq;® then 
likewiſe A ſhall meaſure B, contrary to the Hypoth. 


PROF. 


-The eighth Book of 
Pzo8. XVII 
, 


A,:. B, 3. If d cube wumber Ac doe wn 

Ac,$. Br, 279. meaſure 4 cube number Bc, ne. 

ther ſhall the ſide of one A , m6. 

ſare the ſide of the other B: "Aud if A the ſide of one cube 

Ac do not meaſure B the ſide of the other Bc , neithe 
ſhall the cube Ac meaſure thecube BC. 


x a 15.8. I.Hyp. Let A meaſureB ; «then Ac ſhall meaſure c 
Bc, «gainſt the Hyp. of 
2.Hyp.Let Ac meaſure Bc ; then A ſhall meaſure wn 
B; which is alſo againſt the Hyp. ' 
Pkoe XVIII. : 
C,6. D,:. Between two like planenum. - 
CD. 1:. bers CDandEFihereiat ff 1, 
By9. F, 3. DE,18. mean proportional number DE: Þf 1 
EF, 27. And the plane CD is tothe of 
. planeEF in double proportion p 
of thet which the fide C hath to the homologous ſide (11 
of like proportion) E. 
*21.4f p. Being * by the Hypoth.C.D :: EF. therefore by : 
0” inverſionC.E:: D.F. Bur C.E «:; CD. DE;aaud ff b 
ero.ofg, D-F:: DE. EF. beherefore CD. DE:: DE. EF. If & 
| © Wherefore the proportion of CD to EF is double 
to that of CD to DE , that is , to the proportion of 
CtoE,orDtoF. . 
Corol/, D 


Hence ic is apparent, That between two like plane t 
gumbers there falls ove mean proportionall inthe 
proportion of the homologous {ides. 


= = na 7, 


EUCLIDES Elements. 


 £* Y E WS 4 + = 


CDE,30, DEF, 60. FGE, 120, FGH, 240, 
CD, 6. DF, l 2, FG, 24. 
C,:. D,z. E,5. F,4. G,6. H, 10. 


Jerween twolike ſolid numbers CDE , F GH, there 
mewemean properitonall numbers DFE, FGE. And 
the ſolid CDE #5 20 zhe ſolid FGH, in treble ion 
of that which the bomologous ſide C ha's to the bumaeio- 


gas fide F, - 
Whereas by the * byp.C.D ::F.G,& D.E :: G.H. , 3 0 
therefore « by 1nver{10n ſhall C.F ;: D. G 4: *E. H, dy. 7. 
But CD.DFs :: C.F,& DF.FGb :: D.G;e wherefore > wg 
CD.DF :; DF.FG :: E. H. 4 and accordingly CDE. © 
DFE :: DFE.FGE :: E. H :: FGE. FGH. Therefore 

between CDE , FGH , fall wo mean proportionals 

DFE, FGE.e And (o it is plain that the proportion * 19.4f 5. 
of CODE to FGH ts treble to that of CDE to DFE, 


« CtoF. F.w.to be Dem. 
| Coroll. 


Hereby it is manifeſt , That between two like ſo- 
bd numbers there fall two mean proportiouals in 
the proportion of the homologous fides. 


PROT. XX. 


A, 12, C, 18. B, 27. If between two numbers 
D,1. E,3. F,6. Gg. A,B, there full one mean 
propoizenal! number C; 

thoſe numbers A, B, are like plane numbers. 

«Take D ard E the leatt in the proportion of A 35.9. 
toC, orG to B, then D meaſures A equally as E 
does C,viz. by che ſame number F;+ alſo D equally ,,, , 
meaſures C,as E does B viz. by the ſame number G. 
c(Tharrfote DF —= A, acl EG = B. 4 and conſe- eg.ex.7. 
quently A and B are plane numbers. But becauſe * — 


Ec=Cc=DG,rthall D.E : F. G. and alter- * ** 


nately 


$21. def. 7. 


& 19.7. 


Þ 1; ax "7. 
C$04x.7. 


dig.def 7. 


@ lawn. proce 


. fore A and B are like ſolid numbers. ..to be Dem, 


The eighth Book of + 
nately D.F :: E. G. f Therefore the plane number 
A andB are alſo like. W.v. to be Dem. 


PrRoFy. XXI. 
Az16. C, 24» D, 36. B, 54+ If between t4 


E, 4. F,6. G9. numbers A , B the: 
H,2. P,2, M,4. K,3.L,3-+ N,6. fall iwo mean proper. 
tionall number C, 


D; thoſe numbers 'A, B are like ſolid numbers. | 

: « Take E, F, G, the leaſt Sin the proportions 
A to C.bthea E and Gare like plane numbers:let the 
fides ofthis be H & P, & of that K and L. « therefore 


' H.K;: P.L :: E.F. But wedgtanr whde ape. © 


ſure A,C, D. viz, by the ſame number M. andlike 
wiſe the ſaid numbers E, F, G, doe equally meaſure 
the numbers C, Dy'B, viz. by the ſame number N, 


f Therefore A= EM —= HPM ,Ffand B = GN= 
J, KLN;gandſogAandB areſolid numbers. Butfor 


that C f== FM,and D f—FN, therefore ſhall M.N 
b;: FM.FN*::C.D!;: E.F :: HK :; Þ.L.« where 


Lemma 


AE, BF, CG, DH, If proportionall numbert h, 
A, B, C, DÞ, B, C, D meaſure proportiondl 
6, F, G; H. numbers AE,BF,CG,DH by | | 
the numbers E, F, G, H, theſe 
numbers (E,F,G.H) ſhall be proportionall. 
For being AEDH «= BFCG, s and AD==BC; 
þ thence wi AEDH= B FCG e that is, EH=F6. 
AD 2g 
« Therefore E.F :: G,H. W.W.to be Dem. 
Coroll. 
Hence Bq—B ,B«For1.B:: B.Bqdand 1. A:: 


Aq - & --*o 
A.Aq.e therefore 1. B:: B.Bqs therefore Bq_B ,Þ 
A AAgq. AqA 4k 
In like manner B x B — Bc and ſo of thereſt. 


- 


PROP. 


Ac as AQ 


1 


OFTS 


Ta ET zTIESFTES SS 


i --] 


EUGLIDE'S Elements, 


* = WB +» 4+) 5 


Aq» B, C. Tf three numbers Aq, B, C be conti- 
4, 8, 16, nuallyproportionall,and the firſt Aq a 
ſquare , the third C ſhall alſo be « 

Kare. 


be nan bC= — 220 7 
For becauſe Aq Co=—=Bqzb thence 15 C = Bqe= pro 3. 


C coy. of the 


A 
QB Bar it is plain that B is a number, Ae. Bq lon: gon. 


A. A AG 14. 
or C is a number. Therefore if three, &c. 


PRoeFr. XXIIT. 


Ac, B, C, D. if four numbers A, B, Cs D be 
8, 12, 18, 27, continually proportionall ; and the 
firſt of them Ac « cube, the fourth 


dſoD ſhall be « cube. 
For becauſe Ac D 4 = BC, b therefore D= BC , 19. 7. 
Ac by.ex.t. 
+ - - x C; thatis (becauſe AcC —=# Bq , and preom. 
30.7. 
Fthence C=Bq)D—=BxBqc=Bce=C: B 
"= . Ac . —_ AC Acc A. 
But it isfevident* thatB 15 a number,becauſe Bc or D | ig.8 
Acc 4p 


: Ac 
b ſuppoſed a number. Therefore if four numbers,&c. 
6 F 5 +45 * 


At. 24. Byz6. If twonumbers A, B, bein the 
C4. 6, D,g. ſame proportien one t0 another » 
| "5m that a ir number C is - 

nuenber D , and thefirſt A be a ſquare number, 
teſecond alſo B ſhall be a ſquare whe, 

Between C and D being ſquare numbers, fand  _ . 
ſo between A and B having the ſame proportion, | . 
*falls 0ye mean proportional]. Therefore b beipg A 6 yp. 

is 


176 The eighth Book, of *_ 
ca3-T. 1; a ſquarenumber,: B allo ſhall be a ſquare nun» 
ber. W.W.to be Dem. - 


Coroll. 


1. Hence, If there be two like numbers AB, CH 

(A-B :: C.D) andthe firit AB be a ſquare , theſe 
* 12,018, cond alſo CD ſhall be a ſquare. | 
8,  *For AB.CD :: Aq.Cq. 

24 From henceit appears, That the proportion of 
apy ſquare number to avy other not ſquare cannot 
poſſibly be declared in two ſquare numbers. Whence 
it cannot beQ. Q :: I. 2. aor 1.5 :: Q.Q, &c. 

PROF. XXV, 
C,,64.96. 144. D216. If two number; A,B, be 
A,8, 12. 18, B, 27. in the ſame proportion one 
to enother,that a cubenun- 


ber Cis to@ cube number D, the prſ of them A be 


a cube number ; the ſecond B ſhall likewiſe bea e 
number. 
an2.s. - © Between the cube numbers CandD, bandfo 
d3.'%.. between A andB having theſame proportion, fall 


3:8. 4womean proportionals ; therefore < becauſe Aizz 
| cube, 4ſhall B be a cube alſo. W,w. to be Den: 


\ 


Coyoll. 


I. Hence , If there be two numbers ABC, DEF 
(A.B::D.E,andB.C:: E. F;) and the firit ABC 
* 13, & 19. be 2 cube, the ſecond DEF ſhall be a cube alſo. 
v. * For ABC.DEF +: Ac.Dc, 
2. It is pecſpicuous from hence, That the propot- 
tion of any cube number to any other number not 
acube canvzot be found in two cube numbers. 


| 
4 
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A230. C30. B45. Like plane numbers A, B, 
D,4. E,6. Fzg. arein the ſame proportion one 

to another ,that a ſquare num- 
ber is in t0 a ſquare numbey. 

Between A and B «falls one mean proportionall , ,g g. 
number C ; 6 take three numbers D, E, F the leaſt Þ 3. & 
=in the proportion of A to C. the extremes D, 
F, 6 ſhall be qquare numbers, But of equality A. B 
e;: D.F.therefore A.B;; Q. Q. W.W.to be Dem. 


TPRhoek EVIL 


A,r6. C524. D,36. Bz5 4. Like ſolid numbers 
£8. F,12, G18. Hzz7. A,B, are in the ſame 

propertion one to an- 
dthey, that a cube numbey is in ts a cube number. 

«Between A and B fall two mean proportionall a 1g. 8. 
numbers, namely C and D : 6 take four numbers E, ® *# 
F, G, H theleaſt Sin the proportion of A to C; 
$ the extremes E,Hzare cube numbers. But A.B «:; < '*7- 
EH:: C.C. W.W.to be Dem, 

Schol. 

1.From hence is inferred,that no numbers in pro» g,, 0, 
portion ſuperparticular, ſuperbipartieat , or double, 
orany other manifold proportion not denominated 
from a ſquare number, are like plane numbers. 

2, Likewiſe,that neither any two prime numbers, 
nor any two numbers prime one to another , not 
being ſquares, can be like plane numbers. 


© 14.7. 


The End of the eighth Book. 
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PROPOSITION FL. 


A,6. B, 54. 
Ag, 36. 108. AB,32 4. 


SZ F two like plane numbers A, B multiplying 
- one another , produce g number AB, the 
uumber produced A.B ſhall be a ſquare 
| 6 wamber. | 
For A.B4:; Aq. AB; wherefore ſince one mean 
proporyuonall Þ fal $ between A and B, «likewiſe one 
mean propprtienall number ſhall fall between A 
and AB : therefore being the firſt Aq is a ſquare 
number, 4 the third AB ſhall be a ſquare number 
too. W.W.to be Dem. 

Or thus. Let ab, c d , be ike plane numbers; nz 
mely, a. b-:: c.d. x therefore a d = b c. aad folike 
wiſe ab c d;oradbcy= adad = Q: ad. 


PROP IL 


If two numbers A, Bymult- 
plying one another , produce 6 
ſquare number AB,thoſe num- 
bers A,B are like plane numbers. . 

For A. B a:: Aq.AB;wherefore being between Aq, 
AB, b there falls one mean proportionall number, 
c likewiſe one mean ſhall fall between A aud B. 
" therefore A and B are like planes. 1,1,o be Dem. 


A, 6. B, $4. 
Aq, 36. AB, 324. 


PROP 


”Y >-e 
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nos, 11 


A,2. Ac, 3: Acc, 64. If a cube number Ac m:l- 

tiplying it ſelf product. « 
mmber Acc, the number produced Acc ſhall be a cube 
number, 

For 1.A«:: A.Aqs :: Aq.Ac. therefore between , ,, ifs 
and Ac fall two mean proportfonalls. But, Ac b 1.9, * 
8:: Ac.Acc.c therefore between Ac and Acc,fall alſo © ®. 6. 
two mean proportionalls : and ſo by conſequence 
ſeeing Ac is a cube, 4 Acc ſhall be a cube alſo.Which di; 8 
was tobe Dem. 

Or thus; aaa (Ac) multiplyed into it ſelf makes 
2a2aaa (Acc)this is a cube, whoſe {ide is aa, 6 


4 ET > WW 5 


Ac,8, Bc,27, If 4 cabe number Ac mul- 
hee, 64. Ac,Bezz16. tiplying a cube Aumber Bc 
produce a number AcBc, 
the produced number AcBc ſhall be a cube, 
or Ac.Bce;; Acc. AcBc. Butbetween Ac and = 17.5. 
kc two mean proportiouall numbers falt ; « there- ? 28 
fore there fall as many between Acc avd AcBc. SO 
that whereas Acc is a cube number, 4 AcBc ſhall be 
lach alſo. W.W.to be Dem. 
Or thus. AcBc = aaabbb (ababab) = C: ab. 


23 8. 


PROP. V. 
fc,s, _ B, 27. If a cube number Ac 
Acc, 64, AcB, 216. mulriplying a num- 


ber B produce @ cle 
nmbey AcB , the number multiplyed 1 ſhall alſo be a 
cube, 

For Acc. 'AcB#:: Ac, B, Bur between Acc ard , yy. 
AB & fall two mean proportionalls; © therefore alſo Þ T 
% many ſhall fall between Ac and B. whence Ac Foy & 

oy cube number , 4B ſhall be a cube namber 
00. H"17.to be Dem. 

M 2 PROP, 


» byp, 
b 19*def. 9. 
Eg. 95, 


a 13.def.7. 
b 9.ex.9. 
E 17. dof.7, 


oO os 
»- 
> 6T 
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FAD CH 
A,8. Aqu64. Ac, 512. If 4 number A multi. 
. plying it ſelf produce « 
cube Aq,that number A it ſelf is a cube. 
For becauſe Aq a is a cube, and AqA ( _ b alſo 
a cube; therefore c ſhall A be a cube.W.W.to be Dem, 


PROP. VII. 


A,6. B,i1. AB, 66. If 4 compoſed number A 
D,2. E, 3. multiplying any number 3, 
produce a namber AB , the 

number produced AB ſhall be a ſolid number. 

Being A is a compoſed number , « ſome other 
number D meaſures it, conceive by E. b therefore A 
— DE; ec whence DEB— AB is a ſolid number, 
W.W.to be Dem, 

PROP. VIIL. 


I. 23 3-42, 9. a3, 27. a4, $1.Aa9, 243.2 6. 729. 


Tf from a unite there be numbers continually propor: 
tionall how many ſoever (1 zAz3A 222 3za 4,&c.) the third 
number from a unite 2 15 a ſquare number ; and ſore 
all forward, leaving one between (a4, a 6,a 3,&c.) But 
the fourth a3 is a cube number ; and ſo are all forward, 
leaving two between (a 6,2 9, &c.) The ſeventh alſoa® 
is both a cube number and a ſquare ; and ſo aye all for- 
wardsleaving five between (a '®,a "8, &c.) 

For 1.a*= Q.a.and a4= aaaa == Q. aa. and 
a 6== aaaaaa== Q. aaa, &c. 

2.43 =aaa== C.a, and a®= aaaaaa = C4d. 
and aaaaaaaaa = C.aaa,&c, 

3-a5= aaaaaa = C.aa= Q.aaa.thereſore,&c, 

Or according to Euclide; Becauſe 1.2 # :: 4. 23, 
b ſhall a * =Q:a. therefore ſeeing a 3za 3,a 4yare 5, 
© the third a4 ſhall be a ſquare number; and ſo like- 
wiſe a 6a8,&c. Alſo becauſe 1.2 :: a3.a 3. therefore 
ſhalla, b= az x a= C: a.d therefore the fourth 
from a z-namely a6,ſhall be likewiſe a cube,&c.and 
conſequently a 6is both a cube and a ſquare num 
ber, &c+ P xop- 


_— —_ —— Mu. Ml 


EUCLIDE'S Elements. 
-PRODY. IL. 


1.2, 4. 4®, 16,2 z2 64. a4 256, &c. If from « 
I. 2,8. a®, 64. a 3, 512. a4, 4096, unite there be 
numbers how 
many ſoever continually ae > (13aza 3, a 3,&c.) 
and rhe number following the unite (a) be a ſquare;then 
al the reſt, a*,a 3a wes rw be ſquares too. But if the 
number next the unite (a) be a cube , then all the follow- 
ing numbers a *,2 4,2 4,&c. ſhall be cube numbers. 
r.Hyp. For a,2 4,a6, &c. are ſquare numbers by 
the prec. prop. alſo being ais taken to be a ſquare, 


«therefore the third a 3 ſhall be a ſquare , and like. *** 3. 


wiſe a $,4 5, &c, and ſo all. 


2.Hyp.a is taken ro be a cube , þ therefore a4,a7, g,,s. 
a !0 are cubes : but by the prec.a3,a6, a 9, &c. are Ca0.Y. 
cubes : laſtly becauſe 1.a :: a. aa.c therefore ſhall az 3 F 


= Q; a. but a cube multiplyed into it ſelf d pro» 
duces a cube ; therefore a® is a cube , * and conſe- 
quently the fourth fromitaf, and in like manner 
as, a"1,&c.are cubes, therefore all. W. W.to be Dem. 

Peradveature more clearly thus. Let b be the {ide 
of the ſquare number a, and ſo the ſeries a a ?,a 3, 
a $,6c.will be otherwiſe expreſſed, thus, bb, b 4b > 
b', &., ltis evident that all theſe numbers are 
{quares,and may be thus exprefſed,Q: b, Q: bb:Q. 

b, Q: bbbb, &c, 

Inlike manner, ifb be the fide of the cube a the 
ſeries may be expreſſed thus,b 3, b 6$,b 9, b **,&c. or 
C: b,C: ba,C:b3, C: b4,&c. 


TFT ROK @ 


I,a2za%,a3,a4,a%,a6. If fromaunite there be 
I, 2, 4, $, 16, 32,64. numbers how many ſoever 
continually proportionell( 12a *,a 3,&c.) and the num- 
bey next the unite (a) be not 4 ſquare number ; then is 
none of the reſt following 4 ſquare number , ex- 
cepting a» the third from the unite , and ſo all for- 
werd , leaving one between (24, a6 , a8, &c.) 

M 3 But 


The ninth Book of 
Buz if that(a)which is next after the wnite,be not a cube 
number neither is any other of the following numbers ; 
enbe , ſaving a 3 the fourth from the unite , andſoal 


' forward.leaving two between,96,29,a'®, &c. 


1.Hyp.For ic it be poſſible, let a , be a ſquare num- 
ber; therefore becauſe a. a*s :: a 4.a5 and by inyer. 


b [append fian a$.44:: a*%.a ; and alſo as and a4 b ſquare num. 


9. 
E 1.4» 8, 
d 24.7 


e 25.8. 


a {.ax. 9, 
20 defy. 
b 14.7. 


i 


bers, and the firſt a2 @ ſquare , # therefore a ſhall be 

likewife a ſquare; contrary to the Hyp. 
2.Hyp. If it may be, let a4 be a cube ; being dof 

equality a4. a6 :: a, az, and 1nverſely a6, a4:: a).a; 


 andalſo being a6 and a4 are cubes , and the firſt az a 


cube , e therefore a ſhall be a cube alſo ; 4g«inſt the 
HYp. l 
PRkoOvpB. XI. 


I. 2, 4%, a%,a4 a5, as. If theve be numben 

153292 27> BI, 243,729. how many ſoevey in con 

tinuall proportion from 

4 unite (1,22 22 3,&c.) the leſſe meaſureth the greater 

by ſome one of them that are amengſ} the proportional 
numbers, 

Becauſe 1. a :: a- aa. # therefore aa = a =am 

a mY 

Alſo becauſe r.aa 6 :: 2.2a4.4therefore 244 = aa= 


a 
a, — a5,&c.Latly becauſe 1.2 36:: a. a 4.therefors 


aa as 
a4 =a3I=a6,&c. 
a3 


Covoll. 


Hence,If a number that meaſures any one of pro: 
pertional numbers,be not ope of the ſaid numbers, 
neither ſhall the pumber by which it meaſures the 
{aid preportionall nymbers,be one of them, 


PROD 


EUCLIDE'S Elements. 


PROP XIil 


t,29,4%z a3,a4, 

1,6, 36, 216, 1296. ſoevey in cominuall proportion 

B, 3. from @ unite (1,2za%a 3, a4.) 

| whatſoever prime numbers B 

medſure the laſt a 4 , the ſame (B) ſhall alſo meaſure 
the number (a) which follows next after the unite. 


If you ſay B does not meaſure a;« then B is prin$* 


to az #andalſo Bisprime to az; c and ſo conſe- c 


quently to a 4,which it is ſuppoſed to meaſure. Which 


is Abſurd. 
Coroll. 


1. Therefore every prime number that meaſures 
the lalt, does.alſo meaſue all thoſe other numbers 
that precede the laſt. 

2, If any number tot meaſuring that next to the 
uuite , does yet meaſure the laſt , it is a compoſed 
number. 

3. If the number next to the unite be a prime, no 
other prime fhumber ſhall meaſure the laſt. 


PROP. ELIL 


If from a unite be num- 
beys mm continudll profoye 
tion how many ſetver (2 
a2,za3, &c.) and that 
after the unite (2) a prime ; then ſhall'no other meaſure 
the greateſt number, but thoſe which are amongſt the ſaid 
proportionall numbers. 

Ifit be poſſible, let ſome other E mezſure a4, viz. 
by F.< then F ſhalt be forne other beſide 2,a 3,4 3.But 


1, 2, a®, a5, a4 
Iz 5, 25, Its. 625. 
H--G--F--E-- 


fore E ſhall be a compoſed number , © and forme 


prime number meaſure tt, 4 which does confequent- 
ly meaſure a 4. e and fo is no other then 4. therefore , ,,,, __ 
a meaſures E. So alfo ajay F be ſhewn to be a com» 

M 4 


poſed 


If there be nambers how many ' 


133 


hi. ”, 


a eor. 11.9. 
1 b 1, cor kB. 
becauſe E meaſuring a 4,does not meaſure a, 6 there- g. 

© 33. 7. 
"6.9 
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poſed number,meaſuring a 4,and ſotthat a meaſures 
_ F. Therefore ſeeivg EFf= 2a4= ax a3, g ſhall a, 
44-8 E :: F. as. ras cond whereas a meaſures E, 
b likewiſe F ſhall equally meaſure a3, viz. by the 
ſame number G.k Nor ſhall G be a,or a ,. therefore, 
as before, G is a compoſed number, and a meaſures 
it. Wherefore being that FGf= a3= a3 x a gſhall 
a-F:: G. a*.and fo becauſe A meaſures F, h G ſhall 
equally meaſure a*, viz. by the ſame aumber H, 

' - Whichis nota. Therefore being GH = a2 — ax, 
I 23.dof 9 ! thence H. a:: a.G.& becauſe a meaſures G (as be- 
10 97: fore)® H alſo ſhall meaſure a,which is a prime num. 
ber. which is impoſsible. 


& or, 11, 9 


FUDRA TIY. 


Ay30- If certain prime numbers B, C, 
B,:. C,;. Ds. D,domeafure the leaft number h, 
E--F--- nootheyprime number E ſhell mes 
ſure the ſame , beſides thoſe tht 
me«ſured it atfirſt. 
29.0x 7, If it is poſſible,let A be = F. « then A = EF. 


b 32.9, bGthereſore every of the prime numbers B,C,D mez- 

| ſures one of thoſe E,F. not E,which is taken to bea 
prime; therefore F, which is lefle then it ſelf A j cov- 
trary #0 the Hyp. 


Fa k TV. 


A,9. B, 12, C; 16. If three numbers continual 

D, 3. E24. ly proportionall A,B, C,be 

the leaſt of «ll that have the 

. ſame proportion with them ; any two of them added tt 
gether ſhall be prime to the third. 


90-9 «Take D and E the leaſt in the proportion of A 
®3, 8. fo LF then A = Dq, & 6b C==Eq, bandB= _ 
ut 


a tw mw = 
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c 24 .9* 


| patbecauſe D «© is prime to E, 4 therefore ſhall D+ g 2,7. 

| | 5 beprime to both D and E. Fherefore Dx D+ | 

| ,—= Dq+ DE(fA—+B) isprimeto E,aud foto , _ 

\ | Cor Eq. w.W.to be Dem. f before. | 
; In like manner DE —+ Eq (B+ C) is prime to 

D, and conſequently ro A = Dq. W.W. to be Dem. |, 
Laſtly  becquſe B dis prime to D —+ E, it ſhall h26 7. 

iſo be prime to the ſquare of it & Dq + 2 DE + $#* 

Eq(A—+2 B—+ C; )! wherefore the ſaid B ſhall be L2n% 

prime to A + B+ C, and ſolikewiſe to A +C. © 

which was to be Dem. 


:. _ _ —_ — TOR Tt Vw wr 


Eo LTHL 


Az3. Big. C--- If two numbers A, By be 
prime to one another, the ſe- 
cod B ſhell not be to any other C,as the firſt A is tothe 
| ſecond B. 
" 8 If you affirmA.B:: B. C. then whereas A and B 
' I -aretheleaſt in their proportion, 5 ſhall meaſure B 
25 many times as B does C; but A « meaſuyes it ſelf 113% 
alſo; therefore A and B are not prime to one an- e6&ex7. 


other. «againſt the Hyp. 
| PROP. XVII, 


If there be 
A,8. B,i2. C,18, Dyzp. E--- numbers how 
many ſoever in 
contmual! proportion A, B, C, D, and the extremes of 
them A, D be prime one to another, the laſt D ſhall not 
- ny other number E , as the firſt A ist0 the ſe- 
( . 
; Suppoſe A. B :: D. E. then alternately A. D :: 
P, E, therefore ſeeing A and B are® the leaſt in $4 
their proportion, A 6 ſhall meaſure B e and Blike- Q 14/74, 
1 wiſe C, and C the following number D. 4 and ſo A 4u1;0x.7. 
, ſhall meaſure the ſaid number D. Wherefore A = 


nqQexy. 
dia 7. 


© 9.4x.7, 


a9.0x.97, 
b ex, 19-7- 


a 39. y, 
Þ 33-7. 
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D are hot prime to one another , contrary 49 th 


Hypoth. 
EE Wk £5 7 


A, 4. B, 6. C,9- Two numbers being given A, 
B34 B , to conſider if there may beg 
third. number found propurtit 

wall to them C, 

If A meaſure Bq.by any number C , « they 
AC = Bq. from whence þ it is manifeſt that A.B;; 
B.C. W.W.to he Dem. 

A,6. B,q. Bqzi6. But if A doe not meaſure Bg, 

there will not be any third pro- 
portionall.For ſuppoſe A.B::; B.C.« then AC=}q, 
e and conſequently Bq= C.namely A meaſures By, 


A 
Which is againſt the Hypoth. 
PROP. XIX, 


A, 8. B,1:. C,1$8. D,z7. Three numbers ben 

BC; 216. given A,B,C, toconj- 

der if a fourth proper- 

tionall' tothem D may be found, «Je 

If A meaſures BC by any number D , © then AD 

= BC3 btherefore 1t appears that A. B :; C.D. 
which was required. 

Bat if A do not meaſure BC, then there can no 

fourth proportionall be found; which may be ſhewn 

as in the prec. prop. 


, ”P Ra op Xs 


Az2, By3. Cz55. Moreprime numbers may be git 

D,3zo. G---- then any multitude whatſoever if 
prime numbers A,B,C, propeunded. 

s Let D be the leaft which A,B,C, meaſure ; 1D 

+ 1 be aprime;the cafe is plain; # compoſed the 

ſome prime number, conceive G , meaſures D 7 8 
: WIC 
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, | whichis none of the three A,B,C;For if it be,ſeeing 
it c meaſures the whole D + 1, dand the part taken < ſuppoſe 
away D, e it ſhall alſo meaſure the remaining unite. © -— 
which is Abſ. Thexefore the propounded number of © 
prime aumbers 15 increaſed by D -+ I , or at leaft 


p by G. R 
PROF. XXL. 


n ob RS I I... 
: doll a<b. F.C. 0-2 
If even wumbers, how many ſoever, AB, BC,CD be 
» Þ added together, the whole AD ſhall be even, | 
« Take EB =} AB,and FC = a BC, and GD a6.f.7. 


» 
- | =3CD-bir is plain that EB-+FC+GD=1 


AD. ctherefore AD is an eyen number. Which was rg ** 77 
be Dem, 


Tno9? XIL 


, I I [ 
Jo Rd anne OB. Coac | © Y + L. E 2.3, 


9 7 $ 

If odd numbers ,how many ſoever), AB,B7: » CD,DE), 
) If leadded together, and their multitudes even , the whole 
. EB dhAE ſhall be even, | 

A unite being taken from each odde number , 

there will * remain AF,BG,CH,DL, even numbers, 44-48 

0 IF band thence the number componnded of them oh 
vil be even. adde to them the © eyen number made 
ofthe remaiping unites » and the #whole AE will 4 2149, 
thereby be eyen. 1.19.40 be Dem. 


n ” PROP, 


a 24.9. 
Þ a1, 3. 
e7-def.7, 


87.df 7. 


b b9p. 
C231.9. 
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PROP. XXII1T, 


TE 5 I If odd numbers by 
A ......B..Þ.C.E.D15. many ſoever AB, BC, 
3 CD)be added togethey, 


, end the multitude of 
them be odde,the whole AD ſpall be odde. 

For CD one of the odde numbers being taken 
waythe number compounded of the others AC si; 
even, Whereto adde CD = 1,6 the whole AE is al(o 
eyen z wherefore the unite being reſtored the whole 
AD < will be odd. W.W.to be Dem. 


TaRop TRAIIVY. 


"Hg 2. If an even number BJ, 
A....B.....D.C1o. taken away from an en 
6 number AC , that whichre. 
mains BC ſhall be even, 

ForifBD (BC= 1) be odde , « BC (BD 1) 
will beeyen. W. W. to be Dem. But if you ſay BDis 
evenzbecauſe AB6 is evenze thence AD will be ſ0;«& 
conſequently AC (AD-+ r) will be odde , contrary 
z0 the Hypoth. therefore BC is even. W.W.to be Dem, 


PROP. XXV. 


F— 2-2. If from an even number 

A....D.C...B Io. ' AB, an odde number ACk 

7 taken away » the remain 
number CB (hall be odde, 


For AC = 1 (AD) is eyen. b therefore DB i 
even;c and conſequently CB (DB = 1) is 0dd.#.#. 
to be Dem. 


P.RoP. XXVI. 


gs  S -3 Tf from an odde number b- 
KR...C.....D.Brt. B be taken away 4 ode 
namber CB , that which tt 

meineth AC ſhell be even, E 
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For AB = x (AD) and CB = 1 (CD)s are even; = 7.def7. 
ptherefore AD = CD (AC) is even. W.W.to be Dews. © *4 


PROP AXVYVIL 


B28 6 If from an odde number 
Wy» OY Bit ABibe taken away an even 
5 number CB , the reſidue AC 

ſhall be odde. 


For AB = 1 (DB) * is even , and CB is ſuppoſed 
to be even;btherefore the reſidue CD is even:cthere- 
fore CD ++ 1 (CA) is odde. W,.cobe Dem. 


PRop. XXVIIIT. 


A,3 If an odde number A multiplying an even 
B, 4 number B produce a number AB , thenum- 
AB112, ber produced AB ſhall be even. 

For AB# is compounded of the odde 
number A taken as many times as a unite is con- 
teined 10 B an even number. 6 Therefore AB is an 


even number. 


Schol. 


In like manneraif A be an eyen number, AB ſhall 
be an even number alſo. 


TROGY% AALIL 


KN; If an odde number A multiplying an odde 
B, 5. number B,produce 4 number AB the number 
ABj15, Produced AB ſhall be odde. 

For AB « is compounded of the odde 
number B taken as often as a unite is included in A 
likewiſe an odde number,p Therefore AB is an odd 
aumber. W.W.to be Dem. 


Schol. 


1089 


9. 


Bra 
© 7.def.7. 


a 15.def.7, 


b 23. 9- 


azb.g. 


a 38, 9. 


boot . 


a 3.ſcbol.29. 
þ 30. . 
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S8chol. 
B,i» (C4. I..Anoedd number A. meaſuring «&« 
AT even number B, meaſures the ſame 
an even nuwber C. 
For if C be affirmed to be odde, then becauſe ,}3 
= AC, therefore B ſhall be odde, aginſtthe yy, 


B, ſs (C, $ 2. An odde number A meaſuri 


A,3 an odde namber B meaſures the ſane 
| by an odde number C. 
For if C beſaid to beevyen, « then AC, orByill 
be eyen, contrary #0 the Hyporh. 
B,ig. (C,5. 3. Every number (A andC) the 
" ER weeſures an odde number Byjis it ſelf 
: an odde number. 


Far ife\ther A or C be afficmed to be even,B «ſhall 
be an even mumber, againſ{ the Hypoth. 


PROP. XIKX. 


B, 24. (C,8. D, 12, (E4 
A, 3 { A, Z 
If an odde number A meaſure an even number B, i 
ſhall alſo meaſure the half of it D. 

4 Let B be = C. # then C 1s an even number, 


A 
Therefore let E be =" C, then Bc = CA =: 
EA e== 2D. ftherefore*'EA—=D ; g and conſe 
quently D= E. W.W. to be Dem. 

A 


PROP. XXXI. 
Az5- By. Car6. D-=- If an odde number Ab 


prime to anynamberÞ , ij 


ſpall alſa be prime to the double thereof C. 

If it be polſible , let ſome number D meaſure þ 
and C,s then D meaſuring the odde number A ſhall 
be odde it ſelf, b & ſo ſhall meaſure B the half of the 
eve number C.theretore A & B are not prime one 
to another. Which is againſt the Hyp, Coroll, 


2 S . © 
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Coroll, | _ 
It follows from hence that an odde numbey . 
h which is prime to any number of double-progref 

fog , is alſo prime to all the Bumbers of that pro» 


B gellion. 
þ 3 PROP. XXXIT. 


K 1.A,2z. Bz4. C,8. Dis. All numbers A, B,C, 
D, &c. in double progreſ- 
yn || fon from the binarie are even/y even only. 
It is evident that all theſe nambers 1, A,B,C, D, 
+ || *areeven,andb namely in a double proportion, « 6 wy. 
ff <aodſo every lefle meaſures the greater by ſome one Þ 20 «ef. x. 
ofthem.d Wherefore all are evenly even. But for that q 's uf y. 
1 | Ais aprime number;e no number beſide theſe ſhall e 13 9. 
meaſure any ofthem. Therefore they are evenly even 
oaly. .1.:obe Dem. 


P Roe? XXXIIAL. 


* BE A,30. Brs. If of a number A , the balf B be 
Da-- Eo. odd, the ſame A isevenly odd only. 

1 Being an odde number B 
«meaſures A by two an even number , b therefore B , 

« I evenly odde. If you affirm it to beevenly even, bg 445. 
*then ſome even number D meaſures it by; ag even CRORE 

+ FF number E, whence 2 Ba = Aq= DE. e wherefore .. 
2;Þ :: D. B. and therefore as 2 f mealwes the even f 6 «fy: 
qmber E , gſoD an even number n:eatures Ban **? af 7. 
odde.Whith is impoſsible. 


PROP. XKXAXILY. 


| 44. If an even number \ be neither doubled 
from two, nor have it's ha f part odde, it is 
both evenly even and evenly odde. 

Itis.ugdoubtable, that A is evenly even, becauſe 
the half of it is. not. adde. But. becauſe, if A be-divided 
to twa equall parts. and ſa continuing the bipar- 

tition 


=» Th YC”t ww_w ww mr « *" 


» 
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tition, we ſhall at length light upon ſome 4 od(; 
number (not upon the number two , becauſe A j; 
not ſuppoſed to be doubled upward from two) 
which ſhall meaſure A by an even number. (for g. 


' therwiſe A it ſelfſhould be odde , againſt the Hyy,) 


Therefore A is alſo evenly odde.W.W.to be Dem, 


DS Ok ALRAVY. 


" PTR 8 
4 8 
B 0400 F $20 04% G IZ 
| — HSI cocrcrced IG 
9 6 3 
FORDONES — HA owes Hh aac N 27s 


If there be numbers in continuall proportion how us 
ny ſoever A- BG, C, DN, and the number FG þ! 
taken from the ſecond, and KN from the laſt , equity 
the firſt A; as the exceſſe of the ſecond BF 1s to the frſ 
A, ſo ſhall the exceſſe of the laſt DK be to all the nux- 
bers that precede it, A, BG,.C. - 

From DN take NL = BG, and NH =C. b6 
cauſe DN. C (HN)s:: HN. BG (LN) ::IN 
(BG.) A (KN.) 6 therefore by dividing each » ſhdl 
DH.HN:: HL.EN :: LK. KN. c wherefore DK, C 
+ BG—+A:: LK (4BF.) KN (A.) W.W. tobePem. 

Coroll. 

Hence eby compounding , DN + BG—+C. A 

—+ BG + C:: BG. A. 


PRaDaSYg SERV 


Is Az32. By 4, C,s. D,16. 
E231. G,62. H,124. Ly248. F, 496- 
M,31r. N,46s$. 

Pa. -- Q--- 


If from a unite be taken how many numbers ſoev! 


1,A,B,C,D, in double proportion comtinually, untill ti 
whole added together E be « prime number ; andif - 
” 


« 
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whole B multiplying the laſt produce a nuniber F , that 
which is produced F jhall be a perfeft number. 

Take as many numbetS E,G, H,L, likewiſein 
double proportion continually ; then @ of equality ; 14.9 
AD ::; B.L.6 therefore AL= DE:= F. 4 whenite b19 5. 
L=F. Wherefore E,G,H, L,F, are 5 in double _ 
wo e35.9, 
proportion. LetG . E be = M,andF =E—N; j 
echen M.E t: N.E+ G+ H+L. fBuM —E. gig 
gtherefore N=E +G +H—-+L. 5 therefore E hex. 
=1+B +C+D+E+ G+ HH L=E+ 
N. Moreover beea(e D £ meaſures DE(F)! therefore k).ax.y, 
every one, I, A,B, C,* meaſuring D, as alſo E, He 
GH,L.,does meaſure F.And further,no other num- * 
ber meaſures the ſaid F. Fot ifthere do, let it be P, 
which meaſures F by Q." therefore PQ = F — D- 
F. «therefore E, Gd D. therefore ſeeing A a mo” 
prinje number meaſures D,# and (o no other Þ mea: ? ' % 
ſures the ſame , 4 conſequently E does not meaſure q20.def 9 
Q. Wherefore E being ſuppoſed a prime number,  * 
rit ſhall be prime to Q. ſwherefore E and Q arethe , — 
leaſt in rheir proporcioa 3 * and fo E meaſures Þ as \ 23. y. 
many times as Q does D 3; * therefore Q is one of wy =, 
them A,B, C, Ler it be B. ſeeing then of equality B. - 
D::E H.* and ſo BH = DE =F = PQ-* and fo £197. 
allo Q. B:: H. P.y therefore H = P. therefore Þ is ? '+#* 
alſo one of them A, B, C , &c. agaivſt the Hyporh, 
Wherefore no other beſide the foreſaid numbers 
meaſures F,and t conſequently F 1s aperſe&t gum- 2u. df 7. 
der. Which was to be Demonſtrated, | 


The End of the ninth Book. 
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THE TENTH BOOK 
OF 
EUCLIDE'S ELEMENTS 


Definitions. _ 


Ommenſurable magnitudes are thoſs, 
S Which are meaſureggy one and the 


ſame meaſure. 


! The noteof commenſurability is T1.,a A 
"Ti. B;that is. the line A of 8 foot is commas 


of one foot meaſures both A eB. Alſo y/ 1t 
Dy 50 ; becauſe ,/ 2 meaſures buhy/ 
18 axd y/ 50.For n =4/9= g-and', 


=o 25,=5. whereforey/ 18.4 50:: 


T7 
IT. Incommenſurable magnitudes are 
ſuch, of which no common meaſure can 

be found. 
| Incommenſurability is denoted by this mark OL. 36 
+ 6 Q-y x5 (5 : that is, 4/ 6 is incommenſurdble 
#0 the number 5 ,or t0 a megnitude deſigned by that num 
ber; becauſe there is no common meaſure of them,as ſpl 

peer hereafter. 

II. Right lines are commenſurable in power) 
when the ſame ſpace does meaſure their ſquares. 


A 


| D ſurable to the lineB of 13 foot ;becauſeDaline 


" pn+s os + cu. 


ca 


EUCLIDE'S' ERents. 

The mark of this commenſurabili- 
$y is 1-345 AB TT. CD. i.e. the 
line AB of 6 foot: 3s in power com- 

, menſurable to the ne CD , which 
E irexpreſſed by yſ 20.becauſe E the 
ſpace of one foot ſquare does as well 
meaſure ABq (36)as thereFangle 
XY (20) to which the ſquare Ll 
the lint CD (y/ 20)if equuall. 
ſame note .-. ſomerrmes ſrewifies 


c ſurablein power only. 
IV. Lines incommenſurable in 
power ate ſuch, to whoſe ſquares 


no ſpace can be found tobe a 
comiition meaſure. 


This intomimenſurability is denoted thus 3 5 D vy/ 


8! 4.0; the numbers or lines 5, and vs $ are incommen- 
ſuredle in power, becauſe their ſquares 25 and y/ 8 are 
intottimisſurable, 

V.From which it is nianifeſt, that to any right line 
giren right lines infinite ia multitude are both com- 
meifurable and incommenſurable; ſome in length 
and power,others in power only. The right ne given 


iscalled a Rationall line. 


The note of which is |. 

V1. And'lines commenſurable to this line, whe* 
therin length and power,ot in power only , are alſo 
called Rationall,p. 

V IL. But ſuch as are incommenſurable to it,are 
called Irrationall, 

And denoted thus. 

VIII. Alfo the ſquare which'is made of the 
ſaid given right line is called Rationall, fr. 

IX. Andlikewiſe ſuch figures as are commen- 
ſurable to it,are Rational #z.” 

X. But ſuch as are incommenſurable, Ircationall 
LN 1 
X14; Andthoſe* right lines alfo', which contain 
ia power » ateIrrationall 8. | 
N 2 Schol. 
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D That the laſt ſevey 
definitions may be 
rendred more clear 
by an example , let 
there be a circle AD- 

B BP , whoſe ſemidia- 
meteris CB inſcribe 

therein the ſides of the 

ordinate fignres,as of 

3 4 Hexagone BP , of « 

GG Triangle AP , of « 

| xn BD,of 4 Pent:gone FD.Thereforeif according to 

the 5.def. the ſemidiameter CB be the Rational line gi. 
ren ,expreſſed by the number 2to which the other lines 

BP,AP,BD,FD, are to be compared, then ''Þ a =BC 

= 2, wherefere BP is # TL. BC, according 40 the 6, 

def, Alſo APb==y/ 12(for ABq (16) - BPq(4) 

== 12) therefore AB is BC likewiſe accord. to 
the 6,def, and APq (12) is pr by the g. def. Moreover 

BD&s—= 4/ DCq+BCq=4/8 ; whence BDis 

f "- BC; and BDqpy Laſtly,FDq=1o—- 4/20 

(as jhall appear by the praxis to be delivered at the 10, 

I3.) ſhall be pv,according to the 10,def,e conſequently 

FD — 


* IO = 20 18P', according to the 11.def, 


A Poſtulate, 


That any _———_ may be ſv often multi- 
pliedtill it exceed any magnitude whatſoever ofthe 
ſame kind. | 


Axiomes. 

1. A magnitude meaſuring how many magn!- 
tudes ſoeyer , does alſo meaſure that which 1s com- 
poſed of them. R 

2. 


FEY 
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2. A magnitude meaſuring any magnitude what- 
ſoever > does likewiſe meaſure every magnitude 
" which that meaſures. 

3. A magnitude meaſuring a whole magnitude 
and a patt of it taken away,does alſo meafure the re- 


fidue. 


"20. 1 


[ T'wo unequall magnitudes AB, C,being gi- 
ven, if from the greater AB there be taken a- 
way more then ha'f (AH) and from the reſi- 
I GF dre (HB) be ag4in taken away more then half 
(H 1) and this be done continually, there ſhall 
4 Lat lengthbe left 4 certain magnitude 1B ,leſſe 
then the Ifſe of the» mazn tudes firſt given 
C. | 
| a TakeC ſooſtenstill ifs multiplex DE 
AC D 4e ſomewhat exceed AB,and there be DE 
=FG = GE = C. Take from AB more then 
half HA , and from the remainder HB more then 
balf HI , and ſo contioually, till the parts AH, HI, 
1B,be equall 1n multitnde to the parts DF,F G,GE. 
Now it 15 plain » that FE ; which 1s not lefſe then 
»DE,is preater then HB , which 1s leſſe chen ! AB 


"IDE, And in like manner GE ' which is not leſfe 
then ! FE,iS greater then IB "J L HB. therefore C, 


or GE.C” IB. W.W. to be Dem. x 
The ſame may alſo be demonſtrated , if fron! AB 

the half AH be eaken away » , and again from the re- 

idue HB the half HI,and fo forward. 


_ 


N [4 PROP. 


197 


apoft.to, 


iy8 


b confer. 


E 3.4x,10. 
d1.cx,10, 


03.cx.10. 
3.6x, 10, 
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Two unequall magnitudes being 
d (AB,CD) if theleffe AB be nu 
P F ken from the greater CD , by an interchay. 
meaſure the magnitude going before, then ax: 
the magnitudes given incommenſurable. 

If it be poſſible , let fome magnitude 
1 1} Ebe the common meaſure. Then becauſe 
J ] ABtakenfrom©CD , as often as it can be, 


I 


Jeayes a magnitude FD Tefle then it (elf, 
A GE and FD taken from AB leaves GB ,andfo 
forward ; © therefore atlength ſome magnitude GB 
SYE {hall be left. therefore E 6 meaſuring AB, 
© and ſo CF, b and the whole CD.,, « ſhall alſo mea 
ſure the reſidue FD. «c conſequently alſo AG; 
4 wherefpre it ſhall likewiſe meaſure the remainder 
GR , lefſe then it ſelf. Which is Abſurd. 


Pkoe*". IIL. 
DT Two commenſurable magnitudes bein 
* | given AB, CD, to find out their gredteſt 
T common meaſure FB. 
JB EF Take ABfrom CD , and the refidue 
+F ED from AB , and FB from ED.till 6B 
f - ] meaſureED (which will come to paſl 
a... length, « becauſe by the Hyp.AB UL 
P CG CD) FB ſhall be the magnitude [& 
TJ quired, 
f | For FB 6 meaſures ED, c and fo all 
A c AF ; but it meaſures it ſelf too , «ther 
fore likewiſe AB , « and conſequently 
CE , © and fo the whole CD. Wherefore FB is 
the common meaſure of AB, CD. If you 
firm G to be a common meaſure greater the 
that,then G meaſuring AB and CD, e meaſures alſo 
CE andFfthe remainder ED,e and ſo AF;andfcov 
ſequently the remainder FB , the greater thy lefle 
Which is Abſurd, (4 


% 


geable ſubſtrafion , and the reſidue doe wat 
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| _ Coroll. 
Hence, A magnitude that meaſures two magni- 
tudes, does meaſure their greateſt common 
meaſure. 
PROP. IV. 
oO ——— 
B———— D ; 
C Mates Poeamndretenns y 
Three commenſurable magnitudes being given A, By , 
C, to find out gu greateſt common meaſure. / X 


« Find out D the greateſt common meaſure of * 5 ** 
any two A, B ;ealſo E the greateſt common mea- 
ſure of D and C. therefore E is the magnitude 
ſought for. 

« For it'is clear, E meaſuringD and C, b:does b confr.ons 
meaſure the three, A, B. C. Conceive another * 4#-1% 
taghitude F greater then that to meaſure them 3 
then F meaſures D, *and conſequently E the cor 3.16. 

teſt common meaſure of D,and C, the greater 

elefſe. Which is Abſard. 

Corol. 

Hence alſo it appeares » that if a magnitude 
meaſure three magnitudes, it ſhall hkewiſe meaſure 
their greateſt common meaſure. 


 & % & I. 


WW. VS wo TW 
[ 


A D.4. Commenſurable ma- 
Carm_—_— | ty tudes A » B, have 
B— E.3. ſuch proportion one to 


another > as number 
hath to number, 

*C being found the greateſt common meaſure of « 3. 16. 

A,B ; as often as C is conteined in A and B, fo of- 

tew'is 1 conreined in the cambers D and E 56 there- 

foreC. A :: r. ID; wherefore inverſely A.C :: D. r. beads 
Fbut likewife C. B: 1. E. etherefore of equality _ 
A.B;:D. E:: RK. wv. t@ be Dem: 
: N 4 PROP, 


EE AA 3a AAR _ w_ tc. Ac £5. 
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PROP. VI. r 

E—— F,1. If ewomaynitudes A, - 
A | - C,4. B,have ſuch proportion p 
B -——— ', Daz. ong to another, asnum. || 
ber C hath to numbey 4 

D, thoſe magnitudes A,B ſhall-be commenſurable, þ 


What part I is of the ptimber C, * that let E be of 
aſ6h.106, " 
b eonflr. A. Therefore becauſe E.A 6 ** 1,C. and A.Beo :C, 
£2: -D.«therefore of equality ſhall E.B :: 1. D. Where | | 
e Cm, fore ſeeing 1 emeaſures the number D , f likewiſe E | 
f 20.def7- meaſures B 3 but itg alſo meaſures A. 5 therefore A 
£0 Fio, "TH-B.-.19-10 be Dem. 


| P HOG VIiL tk 
8 A— | Incommenſurable magnity- 
B des A, B, bave not that proper. ! 
| tion one to another ,which num, 
ber hath to number. 
a6. 10, If you afhrm A.B ;: N.N.« then A T- B. again 
the Hyp. + To 
Prop. VIII. | 
Amos — ' If two magnitudes A,B have 
" Wl ne: that proportion one to an 
| other , which number bath i 
niember,thoſe magnitudes are incommenſurable. | 
aF.1. Conceive A TJ-B. « then A.B :: N.N. contrary i 
| the Hyp. - 
PROF. IX. 
A——— = The ſquares deſcribed of right 
Bonn ' lines commeuſurable in length» 
E24. :. /. have that proportion one-10 an 
; ether , thas @ ſquare number hath 
;y « ſquare number. Aud ſquares, which have po 
| 7 | po 


F 


EUCLIDE'S Elements, 201 


ion one t0 another , that a ſquare number hath to a 
{quart number , ſhall alſo have their fides commenſurable 
in length. But ſuch ſquares as are made of right lines in- 
commenſureble in length, have not that proportion one to 
aother , which a ſquare number hath to @ ſquare num- 
her, And ſquares which have not ſuch proportion one to 
anther as 4 ſquare number hath to a ſquare number, 
have not their ſides commenſurablein length. 

1. Hyp.A. DL. B. I fay Aq.Bq :; Q. Q. 

For let A, B :; number E. number F, therefore $ 900% 
Aq /bA twice \e==E twice. = Eq e therefore eſth.v3.$. | 
Jq S 7! F Fa. 11.8, 
Aq.Bq :: EqFq :: Q.Q. W.W.tobe Dem. 
z.Hyp.Aq By :: Equrq :: Q.Q.I ſay A D-B.For A 

B 


@ 11, 5+ 


twice /f Aq Js = Eq#=E twice. i therefore A. f 20 6. 
B F 


q ng 62's 
B:: E. F:; N,N. & wherefore A DD. B. Which was ; [as.1) $. 
tobe Dem. k6. 16, 


3.Hyp. A D- B. I deny that Aq.Bq :: Q.Q. For 
ſuppoſe Aq. Bq :: Q. Q. then AT B, as is ſhewa 
before, againſt the Hyp. 

4.Hyp. Not Aq. Bq :: Q, Q. 1 fay that A. B. 
Forconceive A T-. B.then Aq Bq:: Q.Q.as above, 
againſt the Hyp. 


Coroll, 


Lines "- are alſo . but not on the contra- 
, _ "TA. are noc therefore 'D-. but "T}- are 
10 . 


-_ 


jp P ROP, 
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If four magniendes be proportionall(C.a 
| :: B.D) andthe fir} C be commenſurabley | b- 
i Phe ſecond A, the third B ſpall be commenſs. | E- 
: | rebleto the fourth D. And if the feſt Cy || P- 
| incommenſurable to the ſecond A , alſo th 
B 


. 
V— c ha n—_——_——__— 


: third B ſhall be incomm nſnrable to th 
i fourth D. - 


»5w, 'CA BD IfC i A;sthenCA::NNIb;L, NB. 

b&w D.b therefore B "D. D.But if TL A,» then ſhall ao | 
c& io. C.A:;; N.N:: B.D.dwherefore B TL D. #.,wuhe 

Dem. 1 

Lenims 1. t 


To find out two plane numbers,not having the proper- 
tion which a ſquare number hath t6 a ſquare. 
Any two plane numbers not like will ſatisfy this 
Lemma, as thoſe numbers which have ſuperparticy | 
lar,ſuperbipartient,or double proportionzor afly two 


prime tuinbers. See ſchol. 27.8. 
Lemme 2. 
B, $. K lL—<J— [—— M 
C23. H [- | R 


To find ont « line HR,to which a right linegiven KM 
bath the proportion of twd #tumbers given B,C. 
» ſbio06., &DivideKM into as many equall parts as there 
areunites in the number B.and let as many of theſe, 
dz:  AI*thereareunires in the number C,b make the right 
line HR.it is manifeſt that KM.HR :: B.C. | 
Lemma 3, 
To find out a line D,to the ſquare of which the ſ; 
, of a right line given KM hath the proportion of two 
| numbers given B,C. 
enlem'0:Þ AllowB. Ca::KM. HR. and between KM and 
b:z.6 HR , bfinda mean proportionall D. Therefore 
Got, KMqDqe::KM.HRe:: B.C. 


PROP. 


_ areincommenſurable amongſt themſelves. 


EUCLIDE'S Flements, 
ProeP. XI. 


f——— B20, Tofind two right lines in- 


f-—---- C,16, commenſurable to a right 
————_— line given A , one D ws 
length only , the other E in 

er alſo, 


1. Take the quaers B, C ,s ſo that there be not . telonetes 
B. C:: Q.Q. 6andletB,C :: Aq. Dq. c atis plane ,;, 
that A *D- D.But Aq 4 TL. Dq.1v.1v.to be Done. 16 
2.4 Make A.E:; E.D. I fay Aq *G-Eq. For A.D 470 
8:: Aq.Eq.therefore hnce A'. Dzas ore:fthere- diz.6 
fore Aq DT. Eq-W.W.to be Done, = _ 


PROP. XII. 


| Magnitudes (A,B) commenſurable to the 
ſame _ C, are «/ſo commeuſurable one 
t0 the other. 
| i BecauſeA N-C,andCTLEB, gletA. «8.16 
|| | P18. Ea8) C:N, Ni D.E&C.B:; 
F, 2. Gz3, N.N::F.G.btakethree num- Þb 4, & 

| | H,s.1,4.K,6, bers H,I, K, theleaſt = in 

AB C theproportiopns of D to-E,& F to G. Now 

becauſe A.C e::D,Eg :: H.I.andC.Be:: FG :: wand 
I. K. «therefore of equality A.B::H.K;;:N.N. 9g . © 
therefore A TL B. 9.19.09 be Dem. tm 


Sebol. 


Hence , Every right line commenſurable to a ra- , 
tionall line is alſo it ſelf rationall. Apd all right fs. 
lines rational) are commenſurable to one anather, at 
leaſt in power, Alſo,every ſpace commenſurable to a 
rational ſpace is rationall too: and all rationall ſpa- yy, 
ces are commenſurable one to another. But magnt- 
tudes whereof one is ratiquall , the other irrationall, 2f3.0 16. 


PROP 
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A — If there betmo magnitudes þ, 
” 5, WP TIER B, an1 on? of them A comment, 
B — rabletoathird C, but the other} 
incommenſurable , thoſe magni. 

eudes A,B are incommenſurable, 
hy. Conceive B TL A:then being C 4 DL A. 6 ther. 
18.40. fore C Ti B, againſt the Hyp. 


PROP. XIV, 


If there be two magnitudes commenſurghly 
AB; and ove of them A incommenſurable t 


; | othex maeniti'd? C, the other alſo B ſhall be in. 
commenſurable to theſame C, 
+ ol | Imagine B TI. C. thea for that A «1, 
EN B, 5 therefore A "DL Capainſt the Hyp. 
ABC | 
; P R © P. X V. 
A—— * Tf four right lines be pq. 
B — portionall(A.B::C,D)and 
PC OOSOEN | the firſt A be in power more 
D-—- JEM _ , then the ſecond 63 by the 


Suaebgh "ſquare ef a right line com- 

+ - menſurableto it ſelf in length,then alſo the third ſhal be 
' ore in power then the fourth D'by the ſquare of « right 
line commenſurable to it ſelf in length. But if the firſt A 

be more in power then the ſecond B by the ſquare of a 
rightline incommenſurable to it ſelf in length , then ſhal 

the third C be more in power then the fourth D 5y the 
Square of a right line incommenſurable to it ſelf is 


length. | 
'#byp, - Forbecayſe A.B#:: C. D. 6 therefore Aq. Bq:: 
du2.6. Cq. Dq. < therefore by divifhon Aq — Bq.BJ ;: C 
a R —Dq.Dg .ewhereforey/; Aq—=Bq.B::4/:C 
£3945. Dq. D., and ſo inverſely B.y/: Aq—B:: Dy/jCq 
*  — Dq. ftherefore of equality A- 4/* Aq = By :: C. 


y: Cq= Dq.conſequently if A .zor Ta 4 of 
- | wm BJ 


le 
J 
p 
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- Bq.8 then likewiſe C TE » OT "I v/: Cq — Dq. £10,160. 
W.w.to be Dem. 


PrRoP. XVI. 
by 5 If. two magnitudes 
A— B T - commenſurable AB,BC. 


' becompoſed , the whole 

magnitude AC ſhall "be 
commenſurahle to each of the parts AB, BC. Andif the 
pole magnitude AC be commenſurable to either of the 
parts AB, or BC , thoſe two magnitudes given at firſt 
AB,BC, ſhall be commenſurable. 

1. Hyp. « Let D be the common meaſure of AB, a; ts. 
3C ;bſo D meaſures AC. and therefore ACT. Þ 1.0x.10. 
AB,and BC. Which was to be Dem. TO 

z.Hyp. «Let D be the com on meaſure of AC, q ; «x.1o, 
AB. 7 therefore D meaſures AC — AB (BC) and 
conſequently AB TL BC. w.w.tobe Dem. 


Coroll. 


Hence1t follows,if a whole maguitude compoſed 
oſtwo be commenſurable to avy one of them, the 
ſame ſhall be commenſurable to the other alſo. 


PROS. XVILI. 


m—] If two incommenſurable magnt- 
A B C tudes AB, BC ,be compoſed , the 
D === mhole magnitude alſo AC ſhall 
be incommenſurable to either of 
the (w0 pets AB,BC..And if thewhole magnitude AC 
te incommenſurable to one of them AB, the magnuudes 
foft given AB BC, ſhall be incommenſurable. 
 T.Hyp. If it can be, let D bethe common meaſure 
ofAC , AB. « therefore D meaſures AC — AB g 37% 19 
(BC) 6 2nd therefore alſo AB T2 BC, againſt the wk 


Hpob. 


2, Hyp. 
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6, %, Hyp. Conceive AB'TL BC., c therefor 
_ "7. Ab Againſt the Hyp. | 7 
| Coroll. 


Hence alſo,If one magnitude, compoſed of two, 
be incommenſurable to any one of them , the ſane 
alſo ſhall be incommenſurable to the other, 


P Xof. XVIII, [\ 


Tf there be' toy 
unequal! right lng 
AB GK aig 
the ter AB « 
pavalle/ogram A- 
—R DB equall ts te 
fourth: pant of s 
Square male of the 

| wanting in 

by 4 ſquare, be ayplyed , and divide the Paid AB 

parts commenſureble in length AD, DB ; then ſhall he 

greater line AB be moye in power then the leſſe GK þy 

the ſquare'of a right line FD commenſurable wm leag 

30 the greater. And if the greater AB be in powtr wire 

then £ leſſe GK by the ſquare of the right line FD co- 

wenſurable unto it ſelf in length , aud a paralle 

ADB equall to the fourth part of the ſquare mate of the 

leſſe line GK, > wanting in figure by a ſquare,be eqjlied 

to the greater AB; then ſhall it divide the ſame intogentt 

AD,DB commenſurablt-in length. 

000.2 _ « Divide GKequallyin H , and -6 make theired- NF p 

b28.6 avgle ADB= be off AF=DB. then is Abq | 

Ee ang © 4 ADB* (4 GHq or GKq)+ FDq.Now inthe Y * 
4:  firſtplace, if AD D-DB,then ſhall AB e-g-ID 
© 16-10,  eTL 2 DBf(AF + DB, or 4B— FD) 6 therefore 
eor.16-1066 AB Ds FD.. IF, W; to be Dem; Bur ſecondly; if AB 
k1s.10- TLFD , bthen ſhall AB-TL AB — FD (2 DB) 
therefore AB"DL-DB. ! wherefore- AD-"D-Db, 

I. W. to be Dem. 


w=Hr ny TY -rTFES 


| —— 1 


PROP. 


EUELIDE'S Elements. 


= PRoOoer. XIX. 

E If there be te 
Wo, right line's une- 
ame quall AB, GK, 


and 10 the greater 

| AB be applyed « 

Y FEW 9-7 200 | para/lelogrem A- 
F C D TY DB equall tethe 


fourth part of «4 

Gm vare wade the 
eine Ox, 

wanting in figure 

by ſquare, and alſo thus applyed divide the ſend AB ines 

$ AD, DB incommenſurable in |. ngth ; the greater 

AB ſhall be in power moxe then the leſſt GK by the 

of the right? line FD incommenſurable ts the 

hea, And if the r line- 4B be more in 


mcommenſurable unto it ſelf in length, and if alſo upon the 
greater AB be applied 4 parallelogram ADB equall #0 

th part of the [; —_ of the leſſe GK and wanting 
bh by « enare gh en ſhall it divide the ſaid greater 
= into paris incommenſurable is faner} AD, 


Fn all the ſame that was done and ſaid io the 
prec. prop. Therefore firſt , TFADD. DB, «then 
ſhall ABT. DB. 6 Wherefore AB "O- >» DB (A 
= ED) « therefore AB "D.. FD... .z0 be Dem. 

Secondly , If AB'TY- FD , theo AB Q. AB ©. 
ED (2. DB;) 4 whezefore AB TL DB, * and coule- 


quaatly AD "Q, DB, W.1W.to be Dem. 


VT HY UOTE RE SE IS GESCTEan”o 6s "i | 


SY SV WW WOWw_—_ 'Y- 


PR OP. 


| aofraees leſſe GK by the ſquare of a right line FD 
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a 17. 10s 
b 13 iv 


C cor 9:10, 
ins. z 0 
* 19- 1@- 


a 1.6. 


b byp. * | 
efet. iS: 


10,10, 


The tenth Book of 
Pkoy. XX. 


— bhended under vight lines 80, 
CD \ rationa'! and com. 
| \ menſurable in length,a«ccor. 


A A reF.ingle BD compre. 
B 


ing to one of the foreſaid 

| wayes, is rationall, 
E CC - D "LetA be givenp, ad 
« the ſquare BE deſcribed upob BC. BecauſeDC, 
CE(BC)b :: 3D.BE. and DC « TL BC,9 therefore 
ſhall the reftangle BD be TT. (quare BE. whereſote 


"9 ſeeing the _—_ BEe 2. Aq » fhill alſo BDbe 


"DO. Aq.and fo the retangle BD is #»..1.to be Dem, 

Note. There are three kinds of lines rationall commes- 
ſurable one tn another. For either , of two lines ration 
commenſurable in length one to the other, one is equal to 
the rational line propounded , or neither of them is equi 
to t,notwith ſtanding both of them are commenſurdblet 
it in length ; or laſtly both of them are commenſurablet 
the rationaR line given only in power, And theſe arethe 
wayes which the preſent theoreme ſpeaks of. 

In numbers , letthere be BC, 4/ $ (2 4y/ 2) and 
CDy/ 38(3y/ 2) then (hall the reaogle BD= 

144 =12, 


# © ® Vo * 4 ® 
: 0 
WO If 4 rational refanglt 
DB be applyed to argiv- 


&—# 

| bread h thereof No _ 

nal, and commenſurablein 

A - yy ne to thit line DCs 
whereto DB is applyed. 

Let Gbepropounded y', and the ſquare DA de* 


fcribed on BC. becauſe BD. DA :;*BC.CA ; and 
BD,DA bare fa © & ſo TL. gtherefore BC TL CA 


«/cb.13. 19. but CD (CA) is f.e therefore BC is f.W. W.ro be ns 
0 


nall line DC, it makes the 


ow tn EEO WO => 


* SS ms my Ao” co ac: £©6Ka—SS 027 


_ 


DT - Sw Yv 


— =  _ > A_» 
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In numbers,let there be the retangle DB,12,20d 
DC,y/ 8. then ſhall CB, 4/ 18. but yy i8 = 34 
zandy/ 8 =2x4/ 2. 


Lemma. 
" PORESANEL To find out two right lines ratio- 
— OG nall commenſurable only in power. 
C _ Let A be propounded /*. s Take 


B - As and C "D- B. bit is clear that B and C 
arethe lines required. 


PROE FTI 


A reftangle DB com. 


D F, prehended undey right 

—7 | lines rationa DC , CB 

| | commenſurable in power 
A ' CF H only,is irrationall: & the 


C B " right line H , which con= 
teineth that yeflangle in power is tirrationall , and called 
« Mediall line, 

Let G be the propounded ;*, and the ſquare DA 
deſcribed on DC, and let Hq —= DB. Becauſe AC. 
CBs:: DA.DB.b & ACT. CB, c ſhall be DATE 
DB CHq.) 4 but Gq "TL DA. e thereſefore Hq 'Q. 
Gqfwherefore H is p'. Which was to be Dem. and let 
It be called a Mediall line , becauſe AC. H :: H. 
CB. | 
la numbers,let there be DC,3.and CB,y/ 6. then 
ſhall the retangle be DB (Hq) y/ 54- wherefore H 
buy 54 

The nofe of a mediall line is ,, » ofa mediall re&- 
wole 41,0f more together 4x. 

$cho!. 
Every re&tangle that can b2 contetned nnder two 
"gat lines ratioazll commenſucable only 1n power, 
s mediall, although it be conteined under two right 


lines irrational :; aadevery mediall reftangle may 

d: conteined under two righc lines rationall , com- 

wzalucable only ia power. as for example , the 
O 


a to, I, 
b /cb.12, 19, 
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y 24 is per, becauſe itis conteined under y/ } , and 
 / 8,which are PT. although it may be conteined 
under vy/ 6 , and oy/ 96 irrationalls ; for y/ 24= 


uvy/ 576=uy/ 6xvy/ 96. 


P Roe. XXIIT, 
A - Tf the reflangle BD 


IE: +; — made of 4 medidl 
Cx line A , be «pplied on 


| a rational line BC, i 
makes the breadth CD 
| rational , and incom- 


| | 
j > * menſurable in length 11 
BL__£ = F theline BC,whefan 


the reflangle BD 5s applied. 


aſekzt, 1. Becauſe A is, # therefore {hall Aq beequallto Ny, 


b1.0x.!t. ſome reQtangle (EG) conteined under EF andFG 


oo, hall bef. Moreover , becauſe EF.FG :: EFq.EG 

(BD;) for that EF T2. FG.e ſhall E Fq be BD. 
m_—_ ©. But EFq ,, - CDq. * therefore the reftaugle 
01.6 BD CDq.Whence being CDq.»D #:: CD.8C, 
P4e-10, Pſhall CD be, DL. BC. therefore, &c. 


Pao ITE) 


C A right line Bm- 
: n——_ ty ble te 4 
A | diall lineA is «ſo 
medial line. 

D 1Jpon CD j «make 
the reQtangle CE= 
a 14. 6. F D Kr Ag; U and the red. 
biy » angle CF == Bq. Becauſe q (CE) is #», b and CD 
£23.19 þ:c thereforeſhall the latitude DE be # 0 


EUCLIDE'S Elements. 210 
forthat CE. CF 4:: ED. DF. and CEe TL CF, 41.6. 
f therefore ED TL DF.g therefore DF is # TCD. {27 ,, 


$ ghence the reftangle CF (Bq)is wv , and ſoB is g12.0n0 19, 
w W.W.to be Dem. = 


Obſ. that the note "T}-. for the moſt payt ſognifies , 
commenſurable in power only , 4s in this and the prece- 
lent demonſtretions,&c. 


Coroll, 


24,10, | 


Hereby it is manifeſt that a ſpace commenſurable 
1a mediall ſpace, is alſo med1all. 


Lemma, 
Nome cons To find out two right lines mediall 
BD — A, Bycommenſurablein length,and 
L—— alſotwe, A, C,commenſarable on- 
ly in power, 


«Let Abe any &, b take B TO. Az and 6CT. *lemnn.107 


Ad it appears to be done. =P 3M 
10, 

PROP. XXV. © 3.1. 1, 

d eonfly. and 


I A reftangle DB conteined un- 24.10, 
der DC , CB medial right lines 
commenſurable in length , is me- 
diall. | 
Upon DC deſcribe the ſquare 
B C HF DA. Being AC (DC.) CBa:: a1 6. 
DA. DB, & DC "DL. CB;6 ſhall Þ © 10. 
DA. DB. « therefore DB is #1, Which was tobe ©'7 © 
Ns, 


© 2 PROP, 


The tenth Book: of 
PROP. XX VI. 


» fit; r L 
| 


| —_- 
SN 
A reftangle AC comprehended under medial right 
lines AB, BC commenſurable only in power, is either r4 


tionall or mediall. 
Upon the lines AB, BC, « deſcribe the ſquares 


& 


AD,CE;and upon FG pb make the reQangles FH,, 


— AD,bandIK = AC,band LM= CE. 

The ſquares AD,CE, that is, the re&tangles FH, 
LM, ec are ## and TL. therefore GH, KM , having 
the ſame proportion 4 are #', e and DL. f therefore 
GH x KM 1s bY. But becauſe AD,AC,CE, that Is 


6. FH,zIK,LM,g are =; h and fo GH,HK,KM alſo=; 


k thence HKq = GH x KM. | therefore HK is p,or 
"Dor D- IH ( GE;) if DL , * then the redtangl: 
IK or AC is py, but1 To » = then AC is wv. Which 
was to be Dem- 


Lemma. 
" If A and A 
nnd Add + 229 
A EL . | £78 ſhall Aq,Eq 


Aq —+ EqzAq = Eq «TD. And ſecondly, Aq,EqA1 
—+ Eq, Aq— Eq TL AE and 2 E. For A.Eb:: 44 
AE 6b:: AE. Eq. therefore ſeeing A c D- E, 4 hall 
Aq ao. AE, eand 2 AE. alſo Eq« Q- AE,eand? 
AE.wherefore becauſe Aq + EqTJ-Aq and Eqzas 
Aq — Eq TL Aqand Eq. ftherefore ſhall Aq 

Eq,f and Aq us Eq be Th. AB, and 2 AE. _ 


_- 


"=, ww 
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Hence 4'ſo thirdly, Aq, Eq , Aq+ Eq» Aq= 
Eqz2 AE g D- Aq—+Eq — 2 AE; and Aq—+ Eq 814.16 «a. 
-2 AE.gand Aq-+ Eq+ 2 AE 'D- Aq—+ Eq = b cor.y, 13 
zAE.S(QA OE.) 


Tno7 AZSVIL 


| - B A mediall reftangle 
I AB exceedeth not a me- 
A 
E 


diall reftangle AC by 4 
Wy. rationall rettangle DB. 
Upon EF p » * make 
EG= AB, «and EH 
= AC. The reQangles 
=  AB,AC,:i.e. EG, EH, 
Fi bY 'U b are ua; c therefore FG * hyp. 
and FH are p' - EF, ©*0: 
Whence, if KG, i.e. DB be #'v, e then ſhall HG be 4a z.ox r. 


a e0r.16.6, 


TL HK;f wherefore HG T3-FH.g and conſequent- poo 


f 13-10, 


ly FGq T- FHq. But FH'is þ'. h therefore 15 FG giem.16 10. 
1. but FG was # before. Which is contradifory. 


b /ch. 12, 194 


Scho!. 


I, A rationall reftangle AE 
= a. exceeds a rationall a> AD 
by 4 rationall reFan:le CE. 
For AE «DL AD\b therefore ,;,, 
6 B AE "DO. CE. «© wherefore CE deer. 16.10. 
is £r.Which,&c. C08. 56 
D 
C 


E 2. A rationall refaygle AD @ 
joined with a rationil! reflangle 
CF makes a rationall reftangle 
AF. 
For ADD. CF.bwherefore |, —— 
AFTLADandCE;candſo AF bis nn. 
Is 69. W.W.tobe Dem. Cſeb,12, 19. 


© 3 PROP. 


8 leong.t1 10. 
b 13.6. 

E 13.6. 

d 12. 10.1 

@ eonflr, 

f 10, 10. 
14 18, 

Kh 17.6 
h/6b.13.10, 


vlew 21.10, 
b 13 6. 
612, 6, 


diy 6. 

£212.20, 

\ eonfly. 
24- 10. 


vor 45. 


10.10, 4& 


k eonfly. and 


The tenth Book of 
PrkoeP. XXVIIIL. 


! To find out mediall lines (C and D,) 

i which contain a rational! reflangle CD. 
| 4 Take A and Be Oþ-.b make A. C,, 

C.B.c and A.B ::; C.D. I ſay the thing re. 

| quired is done. For AB (Cq)«is w, 

| ; 4 whence C is . but being that A. B*;, 

| | 5 C.D. ftherefore C D. & and conſe. 

A C BD quently D is #. Moicover by inverſion 

A.C :;B.D.i.e. C. B :: B.D, ® therefore 

Bq = CD. But Bq is pv. © therefore C D is #",w.w.to 
be doxe. 

In numbers, let A be / 2; and B / 6.therefore 
C is vy/ 12.makey/ 2,4/6:: vy/ 12. D.oruvy 4. 
va/ 36 ::vy/ 12.D,then ſhall D be v4/ 108.buty/ 
I2 Xu 108 = vy/ 1296=+/ 36 I 6, therefore 
CD is 6.likewiſe C.D :: 1-4/ 3.wherefore CT. D, 


PRs ELELIL 


| To find out medial! yight lines commen- 
' ſurablein power only, D and E, contains 

| ing a mediall reFangle DE. 

| | \  «Take&,B, C,} 3. make A.D 


b:; D.B.candB.C :: D.E, I ay the 
thing delired is performed. _ 
| ; For AB4= Dq. and ABe1s ar, 
ADBCE therefore D is 3 and Bf TI} C, 
g whence DT. E. therefore þ E is w. 
MoreoverB.C f:: D.E.ana by inverſion B.D :: C. 
E.i.e. D.A :; C.E.! therefore DE = AC. But AC 
* js pr.therefore DE 1s #1. W.W.to be Done. 

In numbers, let A be 20.and B,y/ 200,and C,y/ 
$0. Therefore D is /y/ Boooogand E vy/ 12800. 
Therefore DE = 4/y/ 1024000000 == 3 2000.2nd 
D.E :: 4 to. z.wherefore D "TL E. 


Schol. 


TY tm — - BY =» 
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Schol, 

A6 C12 To find out two plane numbers , 
B,qg, D,8. likeor I. 
— CH. Take anyfo bers pr 

- 2 y four numbers pro- 
AB, 24. CD29 portionall A.B:; C.D. it is ma-« 
Az6, C35. nifeſt that AB and CD are like 
Bq. Dz8 plane numbers. And you may 


—_—_ —— cc 


AB, 24. CD,40. 
of Schol. 27.8, 


find out as many unlike plane 


Lemme. 


"DOE Ga 
F% I 0 

To find out two ſquare numbers (DEq and CDq) ſo 
that the number compoſed of them (CEq) be ſquare 
alſo. 

Puke AD », DB like plane numbers (of which let 
beth be equall,oc both _— viz. AD,24. and DB, 
6. The totall of theſe (AB) is30; the difference 
(FD) 18. half of which (CD) is'9. 's Now the like 
plane numbers AD , Di} , have one mean number 
proportionall, namely DE. therefore it is evident 
that every of thoſe numbers CE,CD,DE, are ratio- 
nall, and by conſequence CEq (6 CDq + DEq) is 
the ſquare gumber required. | 

Whereby it will be eaſy to find out two ſquare 
numbers , the excefſe of which is a ſquare or not a 
ſquare number. namely by the ſame conſtrution 
«ſhall CEq = CDq be = DEq. 

But if AD, DB be plane numbers unlike, the me- 
| O 4 _ dial] 


numbers , as you pleaſe,by help 


a 18, 8. 


b 47-1. 


C 3.40x.1, 


324 8. 


b eor,24.8, 


a 14. $- 
b + Sos. 
e 26,8, 
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diall proportionall line (DE) ſhall not be a ratjq. 
nall oumber, and ſo neither {hall the excelſe(DEq) 
of the ſquare numbers, CEq,C Dqzbe a ſquare nun. 
ber. 


Lemma 2. 


2. To find ont two ſuch ſquare numbers B, C, as the 
wamber compounded of them D is not ſquare. Alſo 
dividea ſquare number A into two numbers B, C , mt 


ſquares. 
f.,3. B,g. C,36. D, 45. 


1. Take any ſquare cumber B , and let C be= 
4B, and D = B+ C.I ſay the matter 1s done. 

ForB is Q.by the conſtr. likewiſe becauſe B.C :: 
I.4 :: Q.Q.« therefore C alſo ſhall be a ſquare num- 
ber. But becauſe B+ C. (D)C:: 5. 4:: not Q, 
Q. 6 therefore ſhall not D be a ſquare number.y.#. 
t0 be done. 


A36. B,iq. C,12, D,3. E2. Fr. 


2. Let A be ſome ſquare number. TakeD,E,F, 
plane numbers unlike,and let D be = E+F. make 
D.E ::A. B. and D.F :: A. C. I ſay the thiogre- 
quired is done. 

_ For becauſe D.E+F::A.B+C. and D=E 
—+ F,z therefore ſhall A —= B + C. Now ſuppoſe 
B to be ſquare, b then AandB, and conſequently 
D and E are like plane numbers. which is contrary 
10 the Hyp. 

The ſame abſurdity will follow if C be ſuppoſed 
a ſquare number. Therefore,&c, 
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TROP INE 
. To findout two ſuch ratio- 
G ll right lines AB, AF , com- 
27 menſurable only in power , as 
the greater AB ſhal be in power 
— more then the leſſe AF by the 
A ſquare of a right line BF com- 
C...E...D menſurable in length to the 
greater. 
Let ABbethe line givenp. # Take the ſquare - 1.lem.297 
numbers CD,CEz ſo that CD — CE (ED) benot þ7; jm. us 
Qs and let there be CD. ED :: ABq. AFq. Ina cir- 10, 
cle deſcribed upon the diameter AB * draw AF, and © * & 
alſo BF. Then I fay ABAF, are the lines required. , 

For ABq.AFq 4:: CD. ED. e therefore ABq TJ- Co 
AFq, but AB is. f therefore AF is alſo #'. But be- f eb.ua um 
cauſe CD is Q: and ED not Q:g therefore ſhall AB == 
be TL AF. Moreover by reaſon of the 4 right angle & 47. 1. 
AFB,1s ABqk = AFq+BFq;therefore ſeeing ABq. 

AFq :: CD. ED. by converſion of proportion ſhall 19- *% 
ABq. BEFq :: CD. CE :: Q. Q.! therefore AB". v 
BE. W.W.to be Done. 

lo numbers, ler there be AB,6; CD , 9; CE, 4 ; 
wherefore ED,5. Make 9.5 :: 36. (Q:6) AFq. then: 
AFq ſhall be 20.and conſequently AF 4/ 20, there- 
foreBFq = 36 20= I6, wherefore BF is 4. 

PkoP. XXXI. 


To find out two ratio- 

r nall lines AB , AF com- 

menſurable only in power, 

ſo that the greater AB ſhall 

- be in power mor@ then the 
A B Iefſe AF by the ſquare of 
C oomtecr Bow D a right line BF incom- 


Let AB be the line given /*. « Take the ſquare SY " 


For 
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For,as above, AByAFzare f "-.alſo ABq.BFq :: 
CD.ED.therefore being CD ts not Q.AB » BEb ſhall 
be "ID. hich was to be Done. 

In gumbersJlet there be AB,5. CD,45. CE = 6, 
ED =9. Make 45. 9 :: 25 (Bq.) 5 (AFq.) there. 
fore AF =y/ 5. conſequently BEq = 45 = 25 = 
20. wherefore BE —=+y/ 20. 


DF uos ESEANIXIMI, * 


A — To find out two medidll 
B —— lines C, D, commenſurg- 
C * ble only in power, compre. 
D hending a rational reftan- 

gle CD,ſo that the greater 


C be more in power then the leſſer D by the ſquareof a 
right line commenſurable in length tothe greater, 

« Take AandB#/O-;ſoas  Aq=- Bq TLA. 
6 and make A.C;: C.B.cand A.B:: C.D. I faythe 
thing is done. 

For becauſe A and 4B are p "Dþ-. etherefore ſhall 
C (fy AB) be w.g & thence allo C T3. D.# theres 
fore D is likewiſe #. Furthermore , whereas A.B d:: 
C.D;and inverſely A.C :: B.D ;: C.Bzand Bq is#7. 
therefore ſhall CD (* Bq) bee. Laſtly, becauſe / 
Aq= Bq 4 TL As! ſhall  Cq— Dq be .C.there- 
fore,&c. Butify/ Aq —Bq "DL Aq , then ſhall y/ 

— Dqbe'D. C. 

n numbers;let therebe A&, By/ 48 (4/: 64= 
16) therefore C =y/ AB= v4y/ 3072, andD= 
o4/ 1728. wherefore CD = uvy/ 5308416=v 
2304. 

PROP. XXXIIL. 


A - —— To find out two medial 
Doo_—_—— lines D>E> pry 4 6: 
B — power only, comprehenging 6 
C = mediall refangle DE, ſo that 
D the greater D ſhall be morem 

power then the lefſe Ez by the 


ſquare of a right line commenſurable to the greater is 
length. s Take 
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«Take A and C p""TÞ-,fothat / Aq = Cq IL A. 23%19. 
b take alſo B J- A Er C, and make A.D - D.B — 
1:: C,E.then D,and E are the lines ſought for. C12. 6. 


For becauſe A and Ceare p',eand BTLA and C, TnL 16s 


ftherefore ſhall B bep,and D (4/ AB)'$ ſhall be #. 


But becauſe A.D :; C.Etherefore inverſely A.C :: 
D.E. wherefore ſeeing A "D- C,therefore D ſhall be 
E. therefore E is u. Furthermore , ! beivg D.B 


uu 10. 
10410s 
k 24-10, 


| 23.10» 
m 16. 6- 


E.and BC is ar.alſo DEzequall to it, is wv. Laſtly = 15+S- 


becauſe A. C ::D. E.e ſeeing / Aq—CqTLA. 


therefore 4/ Dq = Eq D- D.therefore, &c. But if 


y/ Aq —Cq D-A.theny/ Dq = Eq Eq. 

In numbers, let therebeA8,C4y/ 48. By 38. 
then D v4/ 3072.and E vy/ 588. whereſoreD.E :: 
14 3nd DE=y/ 1344. 


£4 FE B+ «+44 


To find out two right 


L lines AF,BF, incommen- 
F ſurable in power , whoſe 
G ſquares added together 


[ make a rationall froure , 
aud the retanple contain- 

lA E Bod under thew mediall 
s Let there be found AB,CD, # 35 ſothaey/ 
ABq= CDqT-AB.divide.CD equally in G.* make 
the reftangle AEB= GCq. 
meter draw the ſemicircle AFB , ere& the perpendi- 


cular EF, and draw AF, BF. Thee are the lines re- } 


uired. 
For AE.BE 4:: BA x AE.AB x BE.But BA x AE 
e=AFq;and AB x BE = F3q. f therefore AE.EB 
:: AFq. FBq. therefore being AEg DQ- EB, b AFq 
ſhall be T- FBq. Moreover ABq (k AFq+FBq)! is 
Laſtly EFq 1 —AEB 1 —=CG4q." therefore EF= 
CG. therefore CDx AB— 2 EF x 4B. But CD x 


Upon AB the cha- © 


02410, 


AB*is &v.® therefore AB x EF,? or AF x FB, is wv, P/4136 


W..io be Dem, 
The 
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The Explication of the ſame by numbers, 


Let ABbe6.CD y/ 12.then CG = v't =,/ 


3.But AE=3g +4/6.and EB = 3 = 4/6.whence 
AF ſhall be 4:18 + 216.and FBy/:18 = y 216, 
Alſo AFq + FBq is g6,and AFx FB— + 108, 
But AE 1s found in this manner. Becauſe BA (6.) 
AF ::AF AE. therefore 6 AE = AFq= AEq+4 
3 (EFq.) therefore 6 AE = AEq= 3.Put 3+e= 
AE. then 18 + 6e— 9g = 6 e= eezthat is 9g = ee= 
3-0ree = 6, whereforee=+4/ 6.&ſo AE=3+ 


y/ 6. 
PROP. XXXV, 
F| E 
QT F 
| , 
C DB +Þ 


To find out two right lines AE,EB, incommenſurable 
in power , whoſe ſquares added together make a medidll 
fgure » and the reftangle contained under them ran- 
46s. 
8s Take AB and CF » fo that AB x CF be 

8r, and y/ ABq= CFq © Q. AB. and let the reſt be 
done as in the prec. prop. AE , EB are the linesre- 
quired. 

For, as it is ſhewn there, AEq TI. EBq. alſo ABq 
beenfr, (AEq—+ EBq) is wv. and laſtly ABx CF6bis pr. 
efeb.12.19. therefore alſo AB x DE, that is) AE x EB » is#". 
therefore, &c. 


"£32.10 j 
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PROP. XXXVI, 


To find out two 
A right lines BA,AC, 


F | incommenſurable in 
power, whoſe ſquares 

Gy added together make 
a mediall figure, &* 

- £2 'Yj C4 the reftangle alſo 
B D < contained under 


them mediall , and incommenſurable to the figure com- 
poſed of the ſquares. 

s Take BU and EF # TÞ-sfo that BC x EF be wv, © 33,10 
and / BCq — EFq'TEL BC.and fo forward , as in 
the prec.BA,AC, ſhall be the lines ſought for. 

For (as above) BAq TL ACq.alſo BAq+ ACq 
is 4.a0d BA x AC 1s wv. Laſtly BC6'TL EF, and , — 
fo BCTLE EG; likewiſe BC. EGd:: BCq,BC x e 1z. 1. 
EG (BC x AD,or BA x AC)e therefore BCq (ABq $6. 
+ ACq) TD. BA x AC. therefore, &c. "ID 


Schol. 
A. 


"_- 


=. D CC # 


To find out two mediall lines incommenſurable both 
n length and power. 

6 TakeBC w. andletBA x ACbe wv, and : 
BCq (BAq—+ ACq) 6 make BA.H :: H.AC.theo 1 4 38 
ſay 1C & H are « T}-.For BC is 4, *#and BAxAC < 19.6. 
(« Hq) is wr.wherefore H is alſo wy. 4 Likewiſe BA x 01410. 
a BCq 3 therefore Hq a. BCq. therefore, 

C. 


Here 
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Here begin the ſenaries of lines irrational! 
by compoſition. 


PROP. XXXVILI. 


If two rationall line 
A— F CAB,BC, commenſurable 
on!y in powerbe added 19. 
her, the whole line AC is irrationall , and is calltd 
Fomeal line,or of two names. 
ablyy. . Forbecauſe AB«'TJ. BC thence 6 ſhall AC 
> re be QA Bq-But AB s isp.c therefore AC is \. wid 
was to be Dem. 


PROP. XXXVIIIT. 


If two mediall lines AB, 

BC,only in power commen- 

A A C ſurable , be compounded, and 

contain a rational! reftangle, the whole line AC is irrs- 
tionall,and called a firft bimediall line, 

n byp For being that AB« TL BC , b ſhall ACq be 

—— - ay TD. AB x BCypr.c therefore AC is 'p.W.W.to be Dem, 


Lemma. 


B _ con _ mJ Y A rettangle AC, 


conteined undey a 14- 
tionall line AR and 
an irrationall ” 
i}. BC, is irrationdll. 
A 1D "For if che ref 
apple AC be « af- 
byp. firmed p'v,« then being AB is p* , © the breadth BC 
26.1% fhallbealfos, ardinſt the Hyp. 


— | 


EUCLIDE'S Zlements. 
PROP AXES 


- If two medidll lines 
A-——B — >» AB,BC,commenſura- 
D — ys ble only in power, cen- 
| taining a mediall rett. 
| | «nglebe compounded, 
| the whole line AC ſhal 
| be irrationall , and is 
>. | called a Strond bime- 
E F ial! line. 
Upon the propounded line DE #'s make the re&- ep | 
angle DF == ACq; band DG=ABq=+ BCq. uh%® 
Becauſe ABq c TL BCq,s therefore ABq+BCq, _ 
ie DG, "DO. ABq : but ABq* is wv, e therefore DG «ag 1s. 
is &.Bur the _— ABC is taken wr;e and conſe- f 4» 
quently 2 ABC (fHF)is av. g therefore EG and |» a 
GF are p. Being alſo that DG+T&HF; and DG. = 
HF :;k EG.GF; 1 therefore KG "I GF.m therefore } >; 5. 
the whole EF is p.* wherefore the reftangle DF is py, 337+ 0. 
o therefore / DF,5.e.AC,is o'. W.W.to be Dem, na 
ot1,def. 10- 


& % 3 WH # + «4 * 


WE --- If two right lines AB, BC 
OO P—_—_— commerce onlyin power, 
A B G be nm yams kg jk 
that which is compoſed of tÞeir ſquares retionall and the 
reflangle conteined under them mediall , the whole right 
line AC is irrationall and is called a Major line. tes, 
For whereas ABq — BCq « isPY, and þ 'D. 2 ABC b ſch.12. 16s 
eer;and ſo ACq (4 ABq + BCq+2 ABC)e'TL © yp. & 24. 
ABq +BCq#rf therefore ſhall AC be #. Which was ag, z. 
to be Dem. | 


*# 


f 11, def. 


© byp. and For 2 reQtangles ACB « py, 6 Ta. ACq + CBy 
b 86.02.50 c av. 4 therefore 2 ACB d "TJ. ABq.wherefore e AB 
< yp. IM. 6. W.W.to be Dem. 
17:10, 
11, dof. 10, PRao?e.:XLLIL 
DES BF” 
I 
Woke $ 
If two right lines GH , HK , incommenſurable in 
power be «dled together, having both that whith is com- 
poſed of their ſquares mediall , and the yeftangle con- 
. tained under them mediall,and incommenſurable to that 
which is compoſed of their ſquares , the whole vight line , 
GK ts irrationall,ev is called A line containing in power 
two mediall figures. 
Upon the propounded line FB # make the re&an- 
gles AF=GKq, & CE=GHq+HK4q. Being GHq 
a byp. + HKq (CF) «is #r, the breadth CB þ ſhall beg, 
_ Alſo becauſe 2 reftangles GHK (c AD) is #r,there» 
di.6. fore AC 6 {hall bep. Mpreover becauſe the reftangle 
_ ADD. CF ,4 an .CF:: AC. CB. e thence 


png 
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ADM SK 
; LE If two right ling 
SHED _ —Dp AC,CB z#mcommenſy- 
T rable in power , bead. 


ded together , having that which is made of their ſquare 
added together mediall,and the reftangle conteined und 
them rationall, the whole right lime AB ſhall be irratia. 
nall, and is called Aline containing in power a rationdll 
and a mediall reflangle. 


6+ ſhall e AO be T. CB. fwherefore A is g therefore 


21 d&f.19* the reftangle AF.i.e. GKq isp'r 3 © and canſequent- 
ly GK 1sp'. W.W.t2 be Dem, 


PROP 


a > a. OO 


9 I 8 


EUCLIDE'S KBlwenrs. 
PxRoePe. XLIIL 


FEDB8 

| . lime of two names , or binomial, AB , can a3 one 

| | poine only Dbe divided into ies names AD, DB. 
" Fitbe poſſible, ler the binomiall line AB be divi- 
d&d at the point E, into other names AE, EB. Itis 
maniſeſt that che line AB is in both cafes divided 

| waequally,hace AD "IL DB,and AE*TY. EB. 
"Becauſe the refangles ADB,AEB «are «ay a and dſebap,ceg, 
each of ADq» DBq, AEq; EBq isp's. 6 and fo ADq 

+DBqb and AEq—+ EBq are alſo. b therefore « (5 g.z. 

aDq + DBq=: AEq—+ EBq. 5. e. 2 AEB—2 9/ch.ir- 10, 
ADB is #'.d therefore AEB = ADB is #r. therefore ©271* 
wexceeds wr by tr, e Which is Abſurd. 

| | PROP. XLIV, 


cC 


Mi _N- . 

| . Afirſt bimedialt line AB, is in one poine only D di- 
into its names AD,DB. ; 

Conceive AB to be divided ivto other names 
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P RoOP. XLV. 


; eAB 3185 divided int 
E - % #5 names AC,CB one. 
. ly at one point C, 
Suppoſe there were 
other names AD, DB. 
-— Upon the propound. 
F KH G ed line EF # make the 
retangles EG = ABq, and EH= 2 Cq + Chy, 
di en — oe ACy Bogen £6 Lu ACg + Ch 
—_ auſe » BCqs are #e "TN.35 Alq + 
- ww (EH) ſhall bers « therefoce the breadth FH WT, 
414 10, © moreover the reftangle ACB , 4 and ſoz ACB 
© 4-3. (eIG) is 4r.c therefore HG is a}ſof. And inceEH 
f lew:16.10. jc TL 1 Gs & EH.IG :: FH-HG.S therefore FH, 
F'o.ww. HG ſhall be'EL..s therefore FG isa bivomial,whoſe 
k 37-09. names are FH,HG. By the ſame reaſon FG is bino- 
miall,and the names of it FK,KG;contrary to the 43. 
of this Book. 


Dc A ſecond bimedia 
-Þ 


PROP. XLVI. 


ans 
A CG & EE DB 
A Mjor line AB is at one point only D divided ini 
its #ames AD, DB. A 
Imagine other names AE,EB. whereupon the 1t- 


24010. Qangles ADB, AEB,ares we. 4 and as well ADq+ 


G feb Y * DBquas AEq + EB(q are ps. þ therefore ADq+ 

27 10, DBq=—: AEq—+EBq,ci.e. 2 AEB = 2 ADB150" 
d Which is impoſsible. 

PROP. 
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PxRoe XLVYVIL. 


» " 193 A line AB con- 
— —  __ F— tat in of 4 
A e-2.:D'39 — ppt 


liel figure is divided at one point only D into its names 
AD,DB. 

| Conceive other names AE , EB. then both AEq 

+ _—_ ADq— DBqare a. 4and the retan. * t' * 
AEB,ADB arep's.þ therefore 2 AEB= 2 ADB, b#6.19, i. 
By, | «© ADq+ DBq=: AEq=—+ EBq is pd Which is my 


| Abſurd 

£, . PRoe?P. XLVIII. 

(B R DE Aline AB containing 
FS  ® "M0 | 4 

-1 A. LY B in-power two medial} re- 


" £ Flangles , is at one point 
only C d:vided into its 

_ names AC,CB. 
3 If you would divide 
\-; AB into -other names 


KH  G AD, DB. draw upon 
the line propounded EF /*the reQangles EG —= 
ABqzand EH = ACq + CBqzand EK = ADq—+ 
DB4.then becauſe ACq + CBq, namely EH, is 
kb the breadth F H (hall be p. Alſo becauſe 2 ACB, $43-49- 
ethat is, 1G, is 4 av; HG 6 ſhall be likewiſe 5. There- £5" 
fore, whereas EH «TL 1G. and EH,- IG d:: FH, 4.6 
H3;thence F He ſhall be "T2. HG. f therefore FG is 449/ 16: 
adinomiall, and the names ofit FH, HG. In like 
manner FK,KG ſhall be the aames ot it ag4uinſt the 
6 | 43-of this Book. 
: Second Definitions. | 
e- Rationall line being propounded, and the bino- 
+ | miall,divided iato ics names , the greateſt of 
þ whoſe names is. more in power thea the leſſe by a 
{quare of a righc line commenſurable to the” 


reater 1a leapth; thea 
5 5 , P + I, It 


"Y.. The tent} Book of 
'  T. If the greater pame be commienſurable in 
length to the rational line propounded, the whole 

lizcis called a firſt binomiall line. 

I1. Butifthe lefler name be commenſurablein 
leugch to the rational! live propounded » the while 
line is called a ſecond binomial). 

III.If neither of the names be commenſurable 
my to thoratienall ne propoundedatt i is calkd; 


EE » if the greater name be moreig . 


paveer then the leffe by the Gquare ofa 
ws incommenfurable to the-greater in 
TREK 

I V. If the greater name be commenſurable to the 
pro ounded rationall line in length » it is called 
binomial. 
V. Ythe leffer name be fo, a filt. 
VE. Vf neither, 2 fixt, 


PROP. XLIX. 


A...4C...z5B _ Tofind out «firſt bim- 
D miall lne, EG. 
þ 4ee. 0, — FT IO OY G « Take AB » AC, 
F ſquare numbers, whole 
cafe, | FEFADE excefle CB isnot Mila 


| D be propoundedy', 5 Take EFT D, andens: 
T AB.CB;: : EFq,FGq. then EG ſhall be a t bin. 
d ene For EF 4"D-D., therefore BFis p".f alfo EFq 
£54516. FGq- £ therefore F &is alſo. hkewiſe 2becauſ 
p/eb.ns, 20, Fre FGq :: AB.CB:: Q.not Q.4 therefore EF 
91 Lattly becauſe by cotiverlion of proportion) 
"IR =. ub — FGq:: AB. AC :: Q. Q. thence EF 
1 1.4 &f.48,7 t ſhall be Q. 4/ EFq = EGg.'therefore EG is a1 
binomiall. w.w.to be Dove, 
Fn tumbers thus 3 let there be D$. EF 6. AB9. 
CB 5:wherefore becauſe 9.5 :: 36. 20, therefore FG 


Is x/ 20.2tid conſequently EG is 6 + y/ 20- 
| D nor. 


A 
D 
E 
H 
pe 
Fi 


> S = 


=H 
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PROP L 


Apr 4 Coe 5 B Tp find out 4 ond bj- 

oe nomiall lines E 

We G Take AB and AC. 
F ſquare numbers , the ex- 


Q.Let D bethe lige pro» 2001 is «s 
pounded p*. take FG "I D , and make CB, AB :: pre. 
KGqEF4q. then EG will be the line deſired. 

For FG . D.wherefore FG is #*. Alſo EFq TL 
FGq-therefore EF 1s p.Likewiſe becauſe FGq. EF 
» CB.AB :: not Q.Q. thence FG is LEY 
ſeeing AP : : "Og EFq, and w_ AB. C] 
:EFq. FGq. therefore as in in the inp prop. 

IF TL 4/ EFq — FGq. «whereby EG ion 2. Nin. 16 
miall. . W.to be Done. 

Ip numbers ; let there be D 8,FG 10,AB 9g, CB 
jthes EFisy/ 180. wherefore EG is 10 + 4 
130, 


PROP. LI. 
A.n.4C..sB To find out a thiyd 
®” roles S binomidll line, DE. 
G —_ — 4s Take AB,AC, pg: 
DD oem F —_ tumbers , 
E the exceſſe of 
en eo enjum——gs which CB 1s not 


Q. and letL be a 
amber not Q next greater then CB, viz.by a ugite 
or two, Let G be the line propounded /. 6 Make L. | 
AB :: Gollgd and AB.CB :: DEqEFq. then DF b 3.lew- 10: 

a 3.bin. "__ 
| For becauſe DKq<"W- Gq , «DE is#.. alſo Gq. (55: 
Eq:L.AB:: not Q. Q. « therefore G Ia. DE. 96.12; 10: 
ewiſe being that DEq e "- EFqud alſo EF is p, ** *** 
ortoyer becauſe DEq. ba :: AB, CB :; Q not 
3 Q. 


Q?®? = 


236 
hips, 


hg. 10. 


k 3.def.48. . 
Ty 


( #8.29.'n0 


bs lew, 106, 


10, 
dg. 10* 


#4.def 48. 
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QFis DE*T. EF. and being that by conſtr. and of 
equality Gq.EFq :: L.CB :: not Q.Q. (fory L and 
CB are not like plane numbers.) 5 therefore (hall G 
be alſo *Q- EF." Laſtly,as io the prec.prop,,/ DEq 
— EFq T- DE. therefore DF is a 3 bio, which war 
#0 be Done. 

In numbers ; let there be AB,9. CB;5. L,6. G8, 
then ſhall be DE4/ 96,& EF 4/ +**.wherefore DF 


=4/ 96+y/ 4%, 


Pho? LIK 
A 06+ | — Slane 6-B To find Our a fonrth hi- 
G _ nomiall line DF. 
recs FL s Take avy ſquare 
number AB , and divide 
H it into AC , CB not 


ſquares. Let G bethe 
line propounded#.5 take DE -G.c and make AB. 
CB ;: DEq.EFq.then DF ſhall be a 4, bin. 

For, as in the 49 of this Book, DF may be ſhewn 
to be a binom. and alfo becauſe by conſtr. and con- 
yerſion of proportion DEq.DEq — EFq ;: AB.AC 
;:Q not Q. 4 ſhall DE be ' TL y/ DEq = EFq 
, therefore DF is a 4.bin. N50 

In numbers,let G be 8,DE,6.then EF ſhall bey/ 
24.therefore DF is 6 +4 24+ 


PROP, LIIL. 

Ay. 3 Ci 6E To find out 4 fift bm 

Go ——---- miall line DF. 
D - — | Take any ſquare pum 
E ber AB, whoſe ſegments 
Hom—- AC, CB are not Q. Let 
G be the line propound 
ed,".take EFT-G.and make CB.AB :; EFq.DE4. 


then ſhall DF bea5.bin. 


For 
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For DF ſhall be a bin. as io the $0. of this book. 
and becauſe by conſtruRtion , and inverſion, DEq. 
nd EFq :: AB. CB and ſo by — of pro- 
10nz DEq. DEq = EFq:: AB. AC:: Q.not Q. 

£q Fe cabore Fo DE be — DEq oy -— ag- 10, 
"0 | fore DF is 5 big. W.W. to be Done. ' Vdoodf. 

ln oumbers,let there þe G,7.EF,6.then DE ſhall 
8, be 4 54-wherefore DF1s 6 +4 54- 


DF 
P naoPe. LIV. 
A....$ Cowes 7B To find out 4 ſixt bino- 
& m—cce G miall line. 

G o- Take AC, CB, prime 

bh; 6&6 ONE F numbers, ſo that AC 
E CB (AB) be not Q.take 

ite WD ——_e alſo auy number ſquare 
de L. Let G be the line 
ot | propounded #. « and make L. AB:: Gq. DEq. and * 3.1910. 
he | AB, CB :; DEq. EFq. theo DE ſhall bea 6. bigo» ** 


miall, 
For DF may be demonſtrated bia.as in the 51. of 
mn | this Book. and alſo by reaſon that DE and EF Ta. 
t- | G. laſtly likewiſe becauſe by coaftr. and converſion 
CY of proportion DEq. DEq = EFq +: AB. AC :: not 
q+ | Q.Q. (ForABisprimeto AC, band ſounlike to »/.25 8. 
ir) etherefore DE TL / DEq= EFq. 4 therefore ; $f 48. 
/ Y DF is a 6.bin. hich was required. 10, 
In numbers , let there be G6. DEyY 48. then 
EF ſhall be y/ 28. wherefore DF s / 48 + 
2s, 


PF 
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= 


= 


1+ nth Blok, of | 


Lement. 


I | 7 og A : 
by anl e (hereof AC 
" —7 £ Rinfded Aatpnly fn E; 


TEIF fer the 1 
| Wome ae 


p | the — _ = 
H1z3XzxK:. EFgqg. and from the points 
PE OY, Fo hm ont 
FK, parallel to AB.*Let the 
P ſquere LM be made,equill 
to the reflangle AN, al 
«por OMP produced the 
ſquareMN=CLl.& Tt the 
right lines LOS , LQT, 
NRS, NPT be prodiced. 
I ſay 1, MS,MT, arerefangles. For by reaſonof 
the right angles ofche ſquares OMQ , RMP , «(hal 
«/ib-1g.1: QMR beanghtline. b therefore RMO, QEP) at 
b 13. 3. right a = wherefore the paralfelograms MS,MT 
arer pies. 
— 2 Heeitisplainthat LS$e=LTyendc 
chun yt LN is char. TRY 
3. The reflangles SM,MT,ER, FD are equell. For 
FOEN becauſe the reC c GEd — EFq. « thence hall 
* 11.6 AF.EF::EF.GE,fand ſo AH.EK :: EK.GI.thatis 
f 1: 6. «s by conſtr. LM.EK :: EK. MN. g but LM. SM :: $M. 
—' " MN, therefore EK b = SM &— FED!— MT, 
k 4- Hence LN *#® = AD. 
5. Beivg that ECis equally divided in F , it it plain 
ni6-1%. hot EF,FC,EC are TL. 
6. Tf AE "I EC,and AE EL y/ AEq- ECq 
» then ſhall AG,GE, AE, be TL. alſo, becauſe AG, 
orteelt6 > AH. GI. » thefefore ſhall AH, GL, i.e, LM 
Pp 10, 16. MN, be T- Likewiſe thereupon, OM 
7. 


F. «pon the line AE * make 


9” AA ow MF . 4 Qu = 


a. 


ee AM BS... > WM... ws T7 ” © S wo © Sz 
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5. OM T. MP. For by the Hyp. AE "T. FC. 
q therefore ECT. GE. 4 wherefore EF TX GE, q 1$16 4 
bat BF. GE :: EK.G1, therefore EK Ta. Gl,that *1* 
isSM T3 MN.but SM.MN :: OM.MP. » therefore 
7 ra ſuppoſed TL 4/ A EC 

8. 1WAE ppO _ , it Frg,end of 
1s apparent that AG, GE, AE hr —_— 10s _ 
LM I MN, for AG.” GE :;: AH. GI :: LM. 


MN. 
e being well conſidered , thy diſpeach 
es = __ | we ſhall eaſily diſpegc 


PROP. 
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LV. 


If a ſpace AD be conteined under & rational! line 
AB , aud a firſt binomial! line AC (AE + EC) the 
right line OP which conteineth that ſpace in power is 
ifationall, ind called a binomidll line. 

All that being ſuppoſed which is deſcribed and 
demonſtrated in the next oing Lemma , it is 
tiapifeſt that the right line OP containeth in power 


the ſpace AD. «Likewiſe AG, GE, AE , are" TL. ,;,,... 


therefore ſeeing AE6 is # T}- AB. © ſhall alſo AG her 
bd GE be; "Q. AB.# thereforethe reftangles AH, - - = = 
GI, thatis, the ſquares LM, MN are f«. therefore d 26, 10> 


OM,MP are e *Q-. Fatd conſequently OP is a bi- $7541 
bbmaall. W. W.to be Dem. f 37-10» 


In numbers , let therebe AB 5, AC4—++y/ 12. 
#herefore the reftangle AD== 20 + 4/ 300==to 
the ſquare LN. therefore OP Bs y/ 15 +4 5. na- 
mely a 6 binomial. 


PRO#xy. LVI. 

Tf ſpace AD br romprehented under « rational 
ine AB , anda ſecond binomial! AC (AE + EC) the 
Nght line OP, which containeth that ſpace AD in power) 

onall, andcalled a firſt mediall line... 
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The foreſaid Lemma of the 54.0f this Book being 
- ond again fuppoſed, then ſhall OPbe=4/ AD. « al 
diy. AE, G,GE are TL. therefore ſince AE b is #41, 
_— ie. AB, likwiſe \G, GE * (hall bes TO AB. therefore 

$4-'2 the retangles AH , Gl, s.e, OMq, MPq. 4 aregs, 
{byp.13, 10, e Moreover OM MP. Laltly EF TL EC, and 
38  ECfO-\Byg wherefore EK,i.e. SM,or OMP,js jy, 
| b Conſequently OP. 1s a firſt bimediall. Which ws 

to be Dem. 

In numbers, let there AB,5; and AC,y/ 48;+6, 
then the retangle AD= 4/: 1200 + 30 = OPq. 
—_ OP 1s uy 675 —- vy/ 7 $.viz.a firſt bime- 

tal. | 
See Scheme $7. 


ProP. LVIL 


If « ſpace AD be cn: 
ry | FN _— Lp a _ 
ine and a third bi- 
G EF nomial line AC (AE 
+EC) the right line 
R | | OP ray; in 
rn | power the ſpace is 
F Kn”  aaoriagr! » 4nd calleds 
S K{OPiek | "— ſecond bimediall line, 
© As above, OPq= AD, 
Ml. P at the reQangles AH, 
GI, that is OMP, M 
are wa. @ Likewiſe E 


Poo 


abyp. end \ or OMP is «1, 6 there 
d 59.00. L — x: fore OP is a ſecond bi- 


medaiall. 

In numbers ; let therebeAy5,ACH/ 32 + 

34. wherefore AD is 4/ 800 + 4 600 = on”? 
and ſoOP is vy/ 459 + vy/ 50.that is a 2. bi 


PROP. 


6, 
J- 
Mb 
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If 4 ſpace AD be com- 


prehended under a ratio- 


Af— 7 *M & nall line - B and a fourth 
| EF} binomial AC (AB — 


EC) the right line OP 
S containing the ſpace AD in 
p £1 power, is that irrationall 
 HIpK Iimewhichis called a Major 
7 —  ... 


O M P MPqz& the retangle AI, 
, ie. OMq-+ MPqbispr. , 
calſo EE or OMP is 4. 


Dem. 
In numbers ; let there be AB5.and AC 4 + 
$, then the retangle AD is 20 + 4/ 200. wherefore 
OP is 4f/; 20 + 4 200, 


PROPS? LIX. 
If a ſpace AD be contained undey a rationall line 


AB, and  fift binomial AC , the right line OP which 
containeth the ſpace AD in power , 1s that irrationall 


; line, which is a line containing a rationall and a medial 


ref angle in power, 
Again OMP OL. MPq. andthe reQangle AT or 


OMq + MPq is 4», « Likewiſe the re&angle EK or * : is + 
OMP isp. 6 therefore OP (y/ AD) contains in $47.1o. 


power p'v and wv. W.W. to be Dem. 

In numberslet there be AB 5.and AC 2+ 4/8. 
then the retangle AD = 10 +4/ 200 = OPq. 
Wherefore OP is 4/: 10 -+ 200, 


For again,OMq « 'T. } a 


d therefore OP (4/AD) c bp « and 
L "oO T $4 Majorline. W.W.to be go, w. | 
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Tf a ſpace AD be contained under a rationall line AR 
«nd « (ext binomial AC (AE + EC) theline OP con. 
raining the ſpace AD in power is irrational, which cog. 
teinetb in power tw0 mole re{tangles. 

As often before, OMq ow 7 and OMq + 
MPq.is ##v. and alſothe refangle (EK) OMP is wr, 
« therefore OP=4/ AD contains in power 2 ws, 
W.W.to be Dew. 

Io numbers, let therebe AB5.AC y/ 12+ 4, 
therefore the reangle AD or OPqis y/ zoo + 
y too.aud fo OP is iy 300 + 4/ 200, 

Lemma. 


Let @ right line AB 

8B 4 6. G* anequally divided in 

1 + CG and let AC be the 

| ” f mY renter Pdrtiomand upon 

C | eme line DE apply the 

= and DH = as , - 

7 IK 2=CBq.owtetLG 

BKNEF be divided equally inM, 
and alſo MN drewn parallel to GF. 

I ſay 1. The reftangle ACB is = LN or MF,, For 


1 | | 


241,mdz, 2 ACB==LF. 
ax el- 


(2 ACB) therefore being DX, LF are of equallak 
titude,c DL {ſhall be LG: 
3-IfAC T- CB , 7 then ſhallche reRtangle DK 
be Th ACq and CBq. 
4. ADL a. LG. for ACq + CBqe' 2 


+ law.14..0, ACBo#-e, DK LF. but DK. LF e;: DL. LG. 


F 10, 40» 


I tO, 10, 
mad 10, 


ftherefore DL 2-46. 

5.-Mereover DL "Oy DLq = LGq. For ACq, 
ACBg::ACB..CB4. thatis, DH, LN :; LN. IK 
c wherefore DI. LM :: LM. IL. 5 chereface DI x IL 
= LMq. therefore ſeeing ACq* Tx CBq, that 1s 
DH TEL IK.and! fo DI oO. IL. » (hall DL be Q- 
+ DLq = LGq. ..to be Dem. 6.But 


Th «a 


0 Ro A- > ws 


— + " mm > _== 
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6, Butif ACq beput "DL. CBq, * then-ſhall DL be a 9-1 6. 

'D. / DLq L6q. wi , 
This Lemma {5 preparatory t8 the 6 fallawing Propoſe 

$085. 

| PRoFs. LXI. 


The ſqware of « dinomi«ll line (AC + CB) applyed 
tes retional{ line DE ynakes the latitude DG « firſt 
hwemie(l l;ne. | 

Thoſe things being ſuppoſed, which are deſcribed a hp. 
and demonſtrated in che next preceding Lemma; be- y—_ 
cauſe AC, CB « are  T}-,b the reQangle DK ſhall </4, 11-10, 
be J- ACq. © and fo DK is pv, 4therefore DL "T2. 22! 10. 
DB. but the reRangle ACB , andſoz ACB(LF) 24. to, 
es. ftherefore the latirude LG is # TT. DE; 123 19 
; therefore alſo DL "©. LG alfo BL TL 4/ DI.q &tm-60. 
=1.Gq. from whence * ir follows that DG is a firlt j* ,, " 
bivomiall. #.1.co be Dem. _— 


PROS. LXTI. 


The ſquare of a firſt bimedial! line (AC—+ CB) being 
lied 104 rational! line DE, makes the latitude DG a 
binomie{l line. 
The aforeſaid Lew being again ſuppoſed ; The 
DK T3 ACq.s therefore DK 15 41.6 there- 324. 10 
fe the-larieude DL is / "2. DE. Bur becauſe the 23%," 
ACB» andſo LF(z ACB) cis pr, «ſhall feb-vn we. 
LG bes B- DF.e therefore DL, LG are "Df alſo $7,'12 
DL Wy DLq = LGq. g from whence it is clear flew 60.16. 
that DG is a ſecond binonnall.#.1.co be Dem. os of. 4f 


Da oF 
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The ſquare of « ſecond bimediall line (AC + CB) 
epplied to @ rationall line DE makes the breadth DG x 
third binomial! line. ; 
« yp,.nd As in theprec. DL is * D. DE. Furthermore he. 
2410. cauſe the reftangle ACB, and ſo LF (2 ACB) «i; 
el 6 16 #7. b therefore ſhall LGbe 5 DE, © Moreover 
4; &f.43. DL'D-LG. and alſo DL "O. y/ DLq = 
_ d therefore DG is a third binouiall. W.w.to be Dem, 


'PnoenLEIV, 


The = of a Major lime (AC + CB) aþpliedine 
rationall line DE, makes the breadth DG a fourth bins 
miall line. | | 

a byp, end Again ACq—+ CBq.i.e.DK 91s p".6 thereforeDL 
—_ is; TL DE. alſo ACB,and ſo LF (2 ACB) cisw, 
elyp end 4 thereforeLG is Tl DE, eand conſequently DL 
of, T2-LG. Laftly becauſe AC T3. BC. f ſhallDLbe 

"LEY "DD. DLq- LGq- 8 whence DG is a fourth bino- 

if ax miall.W.W.tobe Dem. 


8 4 def. 48. 
10. 
PROP. LXV. 


The ſquare of a line containing in power 4 ration 
and a media'l reftangle (AC+ CB) applied to « ratio- 
nall line DE makes the latitude DG a fift- binomid. 

gem] Again,DK is 4v.s therefore DL is 4 "D DE. alſo 
<13.40. LFis/1.6 therefore LG is” D- DE. therefore DL 
dlen.60. I LG. 4likewiſe DL I 4/ DLq = LGq, *and 
e 5.4-f:g8% ſo by conſequence DS is a fift binomiall, which wa 
__ to be Dem. , 


daos LYLL 


The ſquare of a line containing in power to me 
diall rettangles (AC + CB) applied to « rationd 
line DE , makes the latitzde DG « ſixt binomidl 
line, | | 


As 


d) 


NV ACTS” T === 
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As before, DL and LG and LG ares' O- DE. 
But for that ACq + CRq (DK) « D- ACB, g27 
band ſo DK Da. LF (2 ACB) and alſo DK. LF «:: cr'6 
DL. LG. « therefore ſhall DL be Ta. LG. , Laſtly © cm—_ 
DL Ta 4 DLq — LGq. fby which ic appears that Pr 


DG is a fixt binomiall. f' 48, 
Lemma. 
C A Leo C 
A——} —-B B 
F E Do—_—! E 


! 
Done nn fern E 


Let AB;DE be TL.and make AB. DE:: AC,DF. 

I fay 1. AC TD. DF. as appears by 10. 10. alſo # 19. . 
CB TI. FE. « becauſe AB.DE :: CB. FE. 

2. AC.CB:: DF. FE. ForAC. DF :: AB, DE 
_ FE. therefore inverſely AC. CB:: DF. 

E. 

3. The Reftangle ACB O- DFE. For ACq.ACB 
b:: AC.CBc:;; DF. EF :: DFq. DFE. wherefore by g ,. 6. 
inverhon ACq. DFq :: A CB. DFE. therefore being © ; qo 
ACq TD. DFq. «(hall ACB be - DFE. 

4 ACq-+ CBq DL DFq -+ FEq. For becauſe 
ACq. CBqe:: DFq. FEq. therefore by addition ,,,, 6, 
ACq + CBq.CBq :: DFq + FEq. FEq. therefore 
_ CBq TL FEq , f ſhall alſo ACq + C Bq be * 19 10 

Fq + FEq. 

wk Hence, If Act 5 +< CB.zg then likewiſe $*24% 

hall DE be 7- or IJ. EF. 
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Pxo?. LX VII. 


& gmqunm—nganos | B A line DE, co0p- A 
C menſurable inlengd ff © 
D l———E 4 & bizovyall lim 


E (AC+C8)in 

ſelf a binemidll line , and of the ſame order. 
| Make AB. BE :: AC.DE.« then are AC,DF Ix. 
a lembb, 10.6 and CB, FE hs whence being that AC and CB 
40 od c thence DF,F Eg&O- . therefore DEi 
—_— t for that AC. BY :: DEF. FE.ifAC 
30. Eo GOn — BCq, 4then in like manze 
Ce eeead NF "Dor Ty DF — FEq. alſo if ACT « 
14.10 "IS. # propounded, then ſhall PF be"TL or 7 
pro . Bur if CB ". or i. g. likewiſeFE 
Fig oof 4. or i-#. If both AC, CB I ;. F then alo 
beth DF, FEB, #*. That is,wharſoever binomial 
AB is,DE ſhall be of the ſame order. 17.3.0 be Ben, 


Prnoeoe LXVIIIL. 


4 line DE commenſuvable in length 80 «bimelid_ || * 
mas =" —+ CB) «5 «/ſo 4 bimedial! line , endoſte || "* 


213-6. Make AB, DE :: AC, DF..þ therefore AC || 
— lem.66, DF. and CB "Ol FE. therefore ſeeiug AC andCB 
c hyp. cared alſo DF and FE (hall he ,, 26] Ge ade 6 
434.10. e"TÞ CBye therefore FB - FE. fekerefore DE Þ 4- 
fafia Þ «- Wherefore if the reftangle ACE be #'r. becauſe 
—_ DFE b TL ACB, g likewiſe DFE is #'v. and ifthat | D. 
k 1Cor19- be #2 b this ſhall be uy too.z That is,whether AB be 
71 I bimed. or 2 bimed. DF ſhall be of the ſame order 
W.W.te be Dem. 


= &P 


=ESMAEYSOnGGo'” 
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{ ECNIR, B A line DE toms- 

menſurable to a Ma- 

D_—_ l——E jorline (AC+CB) 
EF bs it ſelf a Major line. ;,, 


Make AB.DE :: AC.DF. Becauſe AC « TL. CB, bi. 66.16 
zthence DF FE. alſo ACq + CBqais#s. and 
ſo being DFq—+ FEqb O- ACq-+ CBq , , alſo c/44 ir. us, 
DFq -+ FEq 15#0. laſtly,the retangle ACB a is &r. _ 
{therefore the retangle DFE is &. (becauſe DFE *©® 
i564 T2 ACB) e wherefore DE is « Major line. W.W. 
10 be Dem. 

PROF. LXKX. 

Alme DE commenſurable to a line containing in 
jower & rationall and a medial! reftangie (AC+ CB) 
T _— — in power a rationall and a mediall 

e. 

Aga make AB. DE:: AC. DF. Becauſe AC 
«D- CB,b alſo DF Te FE. likewiſe becauſe ACq yp. 
+ CBq#1is av ,© therczore DFq + FEq ſhall be av. d lom-b. 
laſtly becauſe the retangle ACB «is zv, dalſo DFE c 4 «6. 
ir, Therefore DE contains in power #» and ev, ©/45.14. 16. 
T.0.to be Dem. gs 


FAS% LEEE 


Am— B A line DE commenſu- 
= rable to a line containing 
Dmmimmnanocs oonnmmenmmenB two mediall reftangles in 
F power (AC + Ct) is 


alſo a line containing in 
power two mediall reftangles. 

Divide DE, as in the prec. Becauſe ACqs TL «5p. 
C9 , 6 theace ſhall DFq be "Q- FE. alſo for that d lem, 66,16 
ACq + CBqs is ev, c ſhall DFq-+ FEq be alſo wv. . 14. 16; 
Andin like manner becauſe ACB # is «v,4 alſo DFE dz4 0, 
b#, Laftly , becauſe ACq + CBq Tþ ACB, 

Q. eſhall 
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b z. ax.t. 
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e ſhall DFq + FEqbe'D. DFE. f From whence 
it follows that DE contains 10 power 2 #«.Which wg 
to be Dem. 


PROF. LXXIIL. 
C F K If a rational ye. 


| rationall lines will ht 

made ; either « bing. 
(|_| mitt, or « frftlbine 
D EF TI diall,oramajor, ors 
line containing in power a rationall and a medull re. 
Fangle. 

Namely.if Hq = 4 — B, then H ſhall be aneof 
the four lines which the Theoreme 'mentions. For 
upon CD the-propounded p* , «a make the reQangle 
CE = A,zand FI — B.b and fo CI= Hq.Wherezs 
then is A o'v,likewiſe CE is #'r.c thereforethe latitude 
CF is * TL CD. and becauſe B is wrzalſo FI ſhall 
be wy. 4 therefore FK is  - CD. » therefore CF, 
FK are z* "1. and ſo the whole CK f is binom. 


| = Sa Gag . 
| & lp li | cogethr theſe four 
H4 


 wherefore if AC” By,i.e. CE © FI, g then CFC 


FK. therefore if CF J- 4/ CFq — FKq, 5 likewle 
CK ſhall be a r. bin.and conſequently H=4/Cl 
k is a bin.If CF be ſuppoſed TL 4/ CFq = Eq, 
i then ſhall CK be a 4.bin. wherefore H (4/ CI) *1 


,, a major line. But if A IB,g then ſhall CF be”J 


FK. conſequently if FK . 4/ FKq — CFq, * then 
ſhall CK be a 2. bin,” wherefore H is 3 firit 2 @. laſtly 


if FR T2. 4/ FKq= CFq,e then CK ſhall be a fiſt 


binom.q whence H ſhall contein in power o'r and #, 
,w.tobe Dem, 


ce 


{L 


” a 7 © > & ” 


Rc Þ WET we TE CYYR_D DS 5» 7+ 
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C_ EF K If twomediall re- 


| Fangles A,B, incom- 
| | menſurable to one an- 


other be compoſed to- 


gether , the two re- 
| | maining ' irrationall 
H I | lines are made, either 


F T a ſecondbimediall, or 
4 line containing in power two medial rettangles. 

As H containing 16 pewer A —+ Bis one of the 
faid irrationall lines. For upog CD propounded þ* 
draw the reftangle CE = A, and FI=B. whence 
Hq= CI. Therefore b&cauſe CE and Fl « are we. 
bthe Jatitudes- CF, FK, ſhall be 5 - CD. alfo be- 


cauſe CE aL FI, and CE.FI c ;: CF.F K,d there- 5 


fore CF T2. FK.echerefore CK is a 3.bin.oamely, if 


CF Tt y/ CFq = FKq whence H=4/ CIf ſhall 


be a ſecond 2 , Burif CE 4 CFq=— FKq, 


g then CR ſhall be a 6 binow. + and conſequently H þ 


conteins 1n power 2 ma. WW. to be Dem. 


Here begin the Senaries of lines irrational by 
SubtraHion. 


PRos?zy. LXXILY. 


— If {rom a r1tionall line DF 
* E F a rationall line DE ,commen- 

| urable in power only to the 
whole DF,be taken away y the reſelue EF is irrational , 
«nd is called an Apotome or reſiina'l line, 

For EFq « D. DEq;b but DEq is p'r;c therefore 
EF is p. W.W.to be Dem. | 

In rumbers; let there be DF,z. DE,y/ 3. then EF 
ſhall be 2 = 4/ 3. 


Q 2 PROP. 
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a lem. 26.10 
b hyp 

C 19. & 10, 
def. 19, 


<rwy 1, 


P. 
£20,end 11, 


def. 10. 


« byp. 
+. i 


C 24.10. 


d eor«Y.1, 
E 27. 10, 


a J3yp, 
b /ob.12, 10. 
T7.4' 
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Pkoy. LXXYV, 


D E-2Þ If from a mediall lin: DF ,q 
” medial! line DE commenſura. 
ble only in power to the while 

DF,end comprehending with the whole DF a rational 
reltangle,be taken away,the remainder EF is irrational, 
and is called a firſt reſiduall line of a med:ab. 

For EFq «'D-to the reftangle FDE. therefore 
ſeeing FDE bis p'r,e EF ſhall bep. W.W.to be Dem, 

In numbers , ler DF be v/ 54, aud DEvy/ 24, 
therefore EF is vy/ 54 = vy/ 24- 


LXXVI. 


If from a mediall line DF, « 
mediall line DE be taken ane 
being commenſurable only in 
power to the whole DF , and comprehending together 
with the whole line DF a mediall retangle,the remainder 
EF is irrationall, and js called a ſecond reſiduall of a me- 
diall line. | 

Becauſe DFq and DEqs are #* TL 6 therefore 
ſhall DFq + DEq be TD. DEq. c wherefore DFq+ 
DEq is #v. alſo the re&tangle FDE, © and ſo 2 FDE, 
a1s wv. therefore EFq («4 DFq + DEq — 2 FDE) 
elsp». WhereforeEF is. W.W. to be Dem. 

In numberslet DF be vy/ 18.and DE vy/ 8.the 
EF vs 18 — vy/ $8, 


PRoPr. LXXVII. 
If from @ right line AC be 
C taken awry a right line AB 
being incommenſurable in power 
to the whole BC, and making with the whole AC that 
which is compoſed of their ſquares rationall, and the rt- 
tangle contained unler them mediall, the remainder BC 

is irrational, and is called a Minor line. 

For ACq + ABq« is #v. but the reangle ACB 
@ is y.b therefore 2 CARA Cq+ABq (2 « CAB 
Y 


PROP. 
D E F 


KD—_— —_ 
———_ LAS 


A B 
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+ BCq.) 4 therefore ACq + ABq -BCq.ethere- L.. af 


fore BC 1s p. W.W.to be Dem. 
In oumbers,let AC be /:18+4/ 108;ABy/:18 
= 4/ 1038.then BCis /: 18 =4/; 108 —4/:18 


y/ 108. 
TY LEARXVEITLR 


D --—oE F If from a right line DF 
be taken away a right line 

DE , being [ry in power 19 the whole line 
DF, and with the whole DF making that which is com- 
poſed of their ſquares mediall,and the reflangle contained 
under the ſame lines rationall , the line remaining EF is 
irrationall , andis called a line making a whole ſpace 
medial with a rationall ſpace. 

For 2 FDE « is fv. b and DFq+ DEq is wv. atyp.& ſe, 
e therefore 2 FDE TY DFq + DEqd (2 FDE + #19. 
EFq) e therefore EF is #. W.1.to be Dem. - a ik. = 


In numbers , let BF bey/: / £16 + 4 72;DE Cx:6 
eſch.12,10, 


MV: 216 —y/ 72. therefore EFisy:4/ 216 + oru a” 


72 =y/:y/ 216 =y/ 72. 10- 


ST 6% LEEELX 


D If from a right line DF be taken 
omnmmmnmnntnny £94 4 Night line DE. , incommenſu- 
rable in power tothe whole NF, ard 
which together with the whole makes that which is com - 
poſed of their ſquares medial, and the reflangle contained 
under them alſo mediall and incommenſurable to that 
which is compoſed of their ſquares, the remainder is irra- 
tionall, and is called a line making a whole ſpace me- 
diall with a medial! ſpace. 

For 2 FOE,and FDq + DEqs# are ws ; 6 there. *5 & 14 
fore EFq (« DEq + DEq — 2 FDE) is#». 4 and fo by. 10. 
conſequently EF is jg. W. W. to be Dem. C 407.7 2+ 

In numbers;let DF be4/:4/ 180+ 4/ 60. DE ——_ 
vV:y 180—4/ 60. then EF ſhallbey/: 4 180 
+4 comyiy/ 180-4 6o. 


Q3 1.60 


a byp. 


b 14-ex,1, 


a 22, 10s 
b 22, 10, 


C,eor.7 3, 
dhmm.79. 


10, 

e byp. and 
259.10. 

f /eb. 114 10, 
8 27. 1% 
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Lemma. 
M G oocmenonoſo wo 
Bp——— 1 D E F 
Se | > CEN 


If there be the ſame exceſſe between the firſt magni- 
tude BG and the ſecond C (MG) as is between the tir 
magnitude DF and the fourth H(E F; ) then alternately, 
the ſame exceſſe ſhall be between the firſt magnitude BG 
and the third DF , as is between the ſecond C and the 
fourth H. | 

For becauſe that © to the equalls BM, DE;are ad.- 
ded the equalls MG, EF,that 15,C,H; the exceſle of 
the wholes BG, DF, b ſhall be equall to the exceſle 
of the parts added C,H. W..to be Dem. 


Coyoll. 


Hence, Four magnitudes Arithmetically propor- 
tionall,are alternately alſo Arithmetically propor- 
tionall, 


PROP LEEY 


B D C To an Aporome or weſt- 

wno [ooo Pnnnmnmnn= = Quall lime AB onely one 

rationall right lineBC, 

being commenſurable in power onely to the whole AB, 
is congruent , or can be joyned. 

If1t be poſſible, let ſome other line BD be added 
to it;s then the reangles ACB, ADB)b and ſo con- 
ſequently the doubles of them are x. wherefore 
ſeeing ACq—+ BCq=- 2 ACBc= ABqec= ADgq 
—+ DBq= 2 ADB. therefore alternately AGq + 
BCq =: ADq— BDqi/= 2 ACB-: 2 ADB. 
But ACq + BCq .. : ADq+BDgq eis j».f therefore 
2 ACB=:2 ADB is er, Which is Abſurd, | 


A 


PROP. 


a PRFY _—_ Qb>3 Low | 
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— To « firſt medial! reſiduall 
A B D OC line AB onely one mediall 
right line BC , being com- 

menſurable only in pomer to the wholezand comprehending 
with the whole line a rationall reftanglezcan be joyned. 

Conceive BD to be ſuch a line as may bejoyned 
toit;then becauſe ACq and BCq, as well as ADq 
and BDq #are ws T.. 6 alſo ACq + BCq,& ADq , wy. 
+ BDq ſhall be az. but the retangles ACB,ADB, b 19 and24. 
dand fo 2 ACB and 2 ADB are #', « therefore !%,, 
2 ACB--:2 ADBFthat 1s ACq + BCq =: ADq d 4b. 12. 16, | 
+BDq is". g Which is Abſurd. eſeb17. 10. 


- 5.2. and 
em.79.10, 
TROP AQSAXIL g 17. 1@, 
A B CD Vnto a ſecond me- 
E " 4s A M diall refidudl/ line AB 


'* ] onely one mediall right 
line BC,commenſura» 
ble onely in power to 
the whole, and with it 


| conteining a mediall 

reftangle, can be joyn- 
Fr oy 15 

If it be pofſible,let 

ſome other line BD be added to it 3 and upon EF / 
make the re&tangleEG —= ACq —+ BCqzas alſo the 
retaggle EL = ADq + BDq. likewiſe EL = 
ABq. Now 2 ACB + ABq=ACq+BCq= 
EG.therefore ſeeing EI —= ABq, «alſo KG ſhall be « 4s. an 3, 
=2zACB. moreover ACq and BCqs are #a "TJ, 5 t 
c therefore EG (A Cq + B<q) is «v.4 therefore the —_— "0. 
breadth EH is "DL EF.e Furtherzthe re&tangle ACB 4230. 
fand ſo 2 ACB(KG) is wv. «therefore KH is alſo f 77 » 
Byy DL EE. laſtly,becauſe ACq+BCq(EG)s D- TY 
2 ACB (KG) and EG, KG#:: EH. KH. #*there- pq, 


Q 4 fore 


74- 19; 


10, 
eſ/cb.zy. 10, 
27, 10s 


2 . 
b y 12.10, 
Cc lem.99. 


| oO, 
d/eþh.13.16 
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fore EH D- BK. * therefore ER is a refidyal 


line, whereto KH is congruent. by the ſame reaſon 
alſo ſhall KM be copgruent to the ſaid EK. which i; 
repugnant to the 80.prop. of this Book, 


PROP. LXXXIII. 


— vonn—m To 4 Miner line AB one. 
A B D C Hy oneright line BC cane 
joined being incommenſurs. 
ble in power to the whole , and making togetber with the 
whole line that which is compoſed of their ſquares ratie- 
rs 0,and the reftangyie which is conteined undey them me. 
ll, | 
Conceive any other BD to be congruent toit; 
Therefore whereas ACq—+ BCq, and ADq-+ BDg 
@ are p'z, their exceſle (2b ACB —: 2 ADB) cispt, 
Which is Abſurd ; becauſe ACB and ADB are us by 
the Hyp. 


PRoFy. LXXXIV. 


mm—_ — - Vnto a line (AB) making 
A B D C with a rationall ſpace « 
whole ſpace medial! onely 
one right line BC cau be joined, being incommenſurable 
in power to the whole, &* making together with the whale 
that which is compoſed of theiv ſquares mediall , and the 
retangle which is contained undey them rationall. 
Suppoſe ſome other BD to be congruent alſo to it; 
s then the rectangles AC B, AD3, band ſo 2 ACB 
and 2 ADB arey'e. therefore 2 ACB—:; 2 ADB, 
e that 1s, ACq + BCq — :ADq + BDq 91s o'r, Which 
is Abſurd. fince ACq + BCq,and ADq + BDq are 
«a by the Hyp. 


PROF. 


= wa. 


_— SS wh owe tw 7 acc cocwm 
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PROP. LXAXXY. 
A B © D Texline AB, which 


"hae RO tt __M with a mediall ſpace 
: | i makes a whole ſpace 
| mediall , canbe joined 
onely one right lene 
| BC, incommenſurable 
in power to the whole, 
and making with the 
p_ — whole both that which 
FR | G@ Lf compoſed of theiy 
quares mediall, and the reFangle which is contained un- 
der them mediall andincommenſurableto that which is 
oſed of their ſquares. 
— Arnot ark g ſuppoſed which are done and 
ſhewn in the 82. prop, of this Book ; it is clear that 
EH abd KH ares TJ. EF. Behdes,betng that ACq 
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+ CBqethat is,the reangle EG,s is '- ACB.6 & _ 
ſoEG TD 2 ACB (KG; ) & EG.KG © :: EH.KH; g4%. 


ſhall EH be '- KH. therefore EK is a reſiduall 
line,& the line congruent to it is KH.In like manner 
may KM be ſhewn to be congruent to the ſaid reſi- 
duall EK,2gainſt the 80. prop,ofthis Book. 
Third Definitions. 
Rationall line & a refiduall being propounded, 
ifthe whole be more in power then the line 
joined to the reſiduall,by the ſquare ofa right line 
commenſurable unto it in length; then 

I. If the whole be commenſurable in length to 
the rational line propounded , it is called a firſt re- 
idall line. 

IT. But ifthe line adjoined be commenſurable in 
length to the rationall line propounded , it is called 
aſecond reſiduall line. 

ITI. If neither the whole nor the line adjoined 

commenſurable in length to the rationall line 
propounded,it is called a third reſiduall line. 

Moreover 


259: 
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Moreover,If the whole be more in power then the 
line adjoined by the ſquare of a right line in. 
commenſurable to it 1n length, then 

I V. Ifthe whole be commenſurable in length fo 

the ratianall line propounded , it 1s called a fourth 


_ refjduall hive. 


V. But if the line adjoined be commenſurable ig 
length ro the rarionzll line propounded , it is 2 
fift reſiduall. 

V 1. If neither the whole nor the line adjoined be 
commenſurable in length to the rationall line pro» 


pounded, it is termed a fixt reſidua!l line. 


PRoPp. LAXXVI, 8$7,88,89,90,91. 


A 200 4 c v644e $ B To find out a firſt, ſecond,third, 
D 


fourth , fift , and ſixt reſidual 


E —- 4{ne. 
"= ©  Refiduall lines are found 
H———-. out by ſubduRtiog the leſſe 


names or parts of binomialls 

from the greater. Ex.gr, Let 6 +4/ 20 be afirſt bi- 

nom. then ſhalls _.q/ 20 be a firſt reſidual]. So 

that it i5 not neceſſary to repeat more concerning 
the nding of them ont. 

Lemma. 

Let AC be a yeflangle con- 

D FG E ;eined under the right lines 

AB, AD. Let AD be drawn 

| forth to E,and DE equally d- 

vided in F. and let the yethan- 

gle AGE be=FE raiſe 

—_— - FRangles A1,DK,FH,finiſbes. 

B LE C 1K il Thes, let the ſquare LM = 

_” P AH bemade ; and the ſquare 

WT rn UA NO=GI ; and the line 

V ” NSR,OST, produced. 

| I ſay 1. the reftangle 1 

= LM ++ NO = TOq + 

| | Wi SOq. which appears by the 

1 coaltr. | 
2, The 
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2, Thereftangle DK —= LO. For becauſe the re 
Gangle AGE «= FEq. b thenee are AG, FE,GE, g 1%: 
=candſo AH, FI, GI =,s thatis LM, FI, NO, e«.6. 
=; but LM;LO,NO gare =;therefore FI =e LO _—_— 6, 
ſ= DK = g NM. F366. 

3. Hence, AC —= AI = DK - FI = TM-+ NO 843+ 
«-LO-NM=— TR. 


4. b It is manifeſt that DF, FE,DE, are TL. b16, to, 
5. If AE - DEand AE TL y/ AEq= DEq, 
;then ſhall AG, GEzAE be TL. k 18. and 10, 


6. Alſo, becauſe AE !' O. DB » thence ſhall AE, '7* 
FE hq » and ſo AL Fl, that is, LM + NO and Co. 
LO ane p 10.10. 

7. Becanſe AG* "I GE," ſhalt AH, GI n that is * before, 
[M,NO be gy = 

$. But becauſe AE | Ti DE; ® therefore ſhall FE, o14. 16 
GE be TL,” and (o the reflaygle FI O- Gl, that is 
LO T2. NO. wherefore ſeeing LO. NQ 2 :; TS.SO. 3.6. * 
| therefore ſhall TS, SO be "-. GI 

9. If AE beput Ty AEq — DEq ,, then ſhall r 19.10. ad 
AG,GE, AE be ,, - Ma TY and 

10. { Wherefore the reflangles AH,GEthat is TOqy 16410, 


PROP, 


— 
E 30, 10s 


dlem.g1, ro. 
© 74, 10 


abyp. 
b 23. 16, 
©323,10z 


diem74.10. AH,GT, that is, TOq, SOq are az, 


bys 


e bys. 
$120. 10; ] 


875-10. 
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PROP. XCILT. 


If a ſpace AC be contai 
D FC Toke rationall line an 
a firſt reſiduall lime AD (AF 
— DE) the right line Ts, 
which containeth the ſpace AC 
in power , is a reſidual ling. . 
Uſe the foregoing Lemm, 
for a preparatory to the de- 
monſtration of this Prop. 
T Therefore TS = y/ AC. 
| V/ Alſo AG, GE,AE, are; 
therefore ſince AE TL « 4B 
” , balſo AG and GE (hall 
| be "DL AB. © therefore the 
R M reftavgles AH & Gl, thatis 
TOq and SOq are y's. d Likewiſe TO, SO, are} 
"T-.* and conſequently TS 15 a ref{1duall line. WF, 
#0 be Dem. 


Fl 


1K il 


PROP. XCTIIT. 


See the prec. Scheme. 


If a ſpace AC be contained undey a rationall line AB 
end a ſecond refdual AD (AE — DE) the right line 
T'S, containing the ſpace AC in power, is a firſt medial 
re(rduall line. 

Apain,by the foregoing Lemma, A G, GE, AEare 
IL. therefore « fince AE is e Q- AB , balſo AG, 
GE, ſhall be #* Q- AB. c therefore the reftangles 
d likewiſe TO 
"- SO. Laſtly,becauſe DE e D- AB - ,Fthe right 
angle DI, and the haif thereof DR or LO , that 
TOS ſhall be#y, g from whence it follows that T5 
(y/ AC) is a firlt mediall reſfaduall. I. .to be Dem. 


PROP 


2” 
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See Scheme, 92, 


If a ſpace \ C be contained undey a rationall line AB 
ad 4 third reſiduall AD (AE = DE) the right line 
TS containing in power the ſpace AC is a ſecond medial! 
reſidnall line. 

As in the former, TO and SO are uu. Therefore « gy. 
becauſe DE 9 is pg T- AB. b the reQangle DI ,c and inonmong 
ſo DK,or TOS,ſhall be wr.d therefore TS=+4/ AC 434 is. 
isa ſecond mediall reſ1duall.w,w.to be Dem. - | 


PRop. XCYV. 


See Scheme 92. 


If « ſpace AC beconteined undey @ rational! line AB 
and s Perth reſiduall AD (AE = DE) the right line 
TS conteining the ſpace AC in power, is a Minor line. 

As before, TO © '- SO. Therefore becauſe AE a lom.gt.o, 
bis T2 AByc ſhall AI (TOq + SOq) be#'.but,as > 2? 
before,the reftangle TOS is 441. Os T>=+y/ 477.10. 
ACis a Minor line. 1,w.to be Dem. 


Paoee. XCVI. 
: Cee Scheme 92. 


If a ſpace AC be contained under 4 rational! line AB 
a1 « fift reſidual! AD (AE — DE) the r gh: line TS 
(mtaiming in power the ſpace AC » is a lin: which ma- 
leth with a rationall ſpace the whole ſpace medial. 

For again TO SO. therefore ſince AE 4ais ap. 
{DL AB balſo AT), that is TOq + SOq ſhall be Þ _ 
w,But,as in the 93.the retangle TOS is ».c whence has 
TS=+/ AC 1s a line which with #» makes a 
Whole wr. 1.19.10 be Dem. 


PROP. 
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TSB aCWyEaL 


: = If « ſpace AC be contai 
Sos _ F ander « rationall line AB _ 
a fixt refiduall AD (AE... 
| DE) the right line TS 
taining in power the ſpace 
" WS > _ - a = oY "= 
Conn medi 
P F As often above , TO 
og3O- alſo, as 1n 96, TOq+ 

SOq 1s #v. but the refangle 

TOS 1s #, as 10 94. «Laſtly 

TOq + SOq 'Q. Tos. 
| 6 therefore TS=4+/ AC is 
— baud 6 ” line which with wr makes 
a whole wv. W.W. . 


td 
IA 


Lemma. 


A B | 4 Vpon a right lint DE 

apply the rettangles 

DD] —<—M-L LDr= aq, «Di 

| | —=ACq , andIK= 

B Cq. and let GL beb- 

| | | ſefted in M , and the line 
L 


| MN drawn paralie! to 

E. —— GF. 
FRO Then 1. the reflaxylt 
DK is = ACq -+ BCgq. «s the conſtrn ion manifeſs, 
2. The yeftangle ACB = GN or MK. For DK 
«—=ACq+BCqb=2:z ACB + ABq. but ABq 


®— DF. therefore GKc=2 ACB. and 4conſt 
quently GN or MK — ACB. 


3. The reftangle DIL = MLq.For becauſe AC0. 
ACBe:; ACB. BCq , that is DH, MK :: MK. 
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<> _ is DI. ML :; ML. IL. f therefore DIL f 17 6. | 
—= MLq. 
4, If AC be taken D- BC , thes DK ſhall be TL 
ACq-For ACq+ BCq (DK) £Te. ACq. g is. 16, 
5s. Likewiſe UL TL y DLq.. GLq. For be- 
euſe DH (ACq) IL IK (BCg) b thence ſhall DI b vo. to. 
nn IL. & therefore / DLq — GLq "Q. *%.", 
DL. | 
6. AſoDL a. GL. For ACq=+ BCq IL ! 2 \{1h 46s. 


= that is » DK "wk GK. * therefore DL — Mm 10, 10s 
7. Butif AChe taken IJ BC,” then DL ſhall he 


Tt. y DLq=- GLgq. Ne" 


PRo Þ». XCVIIL 


"BME - MW The ſquare of a reſi- 
Cn duall line AB (AC 
Dp —_— _ LBC) applied to rationall 


line D E , makes the 

brea1th DG &« firſt reſi- 
duall line, 

| | Doe as is enjoined 

PM” L— i inthe Lemme next pre- 

g F NHK ceding. Then dh ob 
AC,BC1s are eo "TT. b alſo DK (ACq+BCgq) ſhall b lems. 97. '©- 
be. AC4. « therefore DK is #v. 4 wherefore DL gre "_ 
5s/. DE e Likewiſe the retangle GK (2 ACB) eznand14 
$a. ftherefore GL is TL DE.g and conſequent- j% __ 
DL Tx GL. bþ Bur BLq TI GLq. * therefore os To 
DG is a refiduall , ! and that of the fict order (be- © [4501+ 10: 


abſes AC D- BC , and therefore DL y | [£61 
blq- GLq.J w.i#.to be Dem. ———_ 
10 


PROP: 
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P Roe. XCIX, 


See the following Scheme. 


he ſquave of a firs medial! reſiduall line AB (AC 
—BC) applied to a rationell line DE,makes the breadth 

DG a _ __ line, R 
« hype Suppoling the foregoing Lemma; becauſe AC and 
hmgy BCearew : T —_ hal DK (ACq +BC4q) be 
©2410. "TL. ACq. c Wherefore DK is wv. 4 therefore DL is/ 
+ byp. & ſab. TL. DE. ealſo GK (2 ACBY is #v. f therefore GL 
nz-100. is "DD. DE; g wherefore DLO GL. » But DLy 
fag. GL4q. * therefore DG is a re(iduall line : and be- 
«12.10. cauſe BL is Tl y/ DLq - GL9," therefore ſhall 

K74 10. | DG be a ſecond refiduall. W. W.ts b. Dem. 


Lew gy 10 
mz-def. By | 
” TT ROD G | 
The ſquare of 4 [e- | 
A———c cond £ all Ks 
D] h L line AB (AC BC) || * 
| applied to a rationall l 
line DE , makes the 'F' 
breadth DG a third re- 
| k ſiduall line. 
— nn Again DK 1s . 
lew.26 = M HK » a DL is 
". , *' TL DE. alſoDGKis w *whenceGLiseD f « 


10.10, DE. 6 likewiſe DK T- GR. © wherefore DL - f x, 
*/eb.12. 10. GL. bur DLq - GLq- etherefore DG isa reli J li 
F Tf bg, duall line, and thar of f the third order,g becauſe DL 


30. "D- y DLq - GLq. Ww.1.to be Dem. an 
Slew 97.10: . D! 
Prnoe. CL wh 

4 

See the foregoing Scheme. W, 


The ſquare of « Miner line AB (AC BC) _ 
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104 rational line DE , makes thebreadth DG a fourth 


TD. y/ DLq —- GL9. f therefore DG ha's the con- -. 
ditions required toa fourth refiduall.w.w.co be Dem. 


Pkee?ex. CII. 


See Scheme 100. 


The ſquare of a line AB (AC — BC) which makes 
with a rational ſpace the whole ſpace mediall , ap« 
plied to a rationall line DE , makes the breadth DG « 


fift reſiduall line. 

For, as above, DK is wy. a wherefore DL is & TL. a 23,10; 
DE.alſo GK is fr.b wheace GL is j TL DE.e there- 2*%0- 
fore DL 'T GL. d but DLq Dt GLq. Moreover dſcb.12.r0- 
DLO. 4/ DLq = GLq. wherefore DG f is a fift * /*-99+ 


reliduall. W,W.to be Dem, f g.def 8g, 
10, 


TYok CEIHL 
See the laſt Scheme. 


The ſquare of a line AB(AC—BC) making with 
«mediall ſpace the whole ſpace mediall , applied to 4 
-"_ line DE,makes the breadth DG a ſixt reſeduall 


As above DK and GK are ka ; 4 wherefore DL a23.10, 
and GL are #*D- DE,alſo DK 6" GK.c whence jp Þ5 md 
DL TL GL. 4 therefore DG is a reſiduall. 6 And c ;10. 
whereas ACq TL. BCq. and ſo DL O- y DLq wy 2 
= GLq , etherefore DG ſhall be a xt reſiduall. w., © 


W.W.to be Dem. 


R PROF. 
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a lem, 66-10, 
b 10.10, 


* I2. 6. 
b lem, 103. 


d74end 76, 
40s 
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PRnO8s# GVIY 


C OA right line DE commex. 
B ſurable in length to reſidual! 
: E AB (AC —BC)is it ſelf l- 
Mo ſo a refidua'l, and of the ſame 
order, 


Lemma. 


Let AB.DE ;: AC.DFT .azxd AB TEL DE. 

Iiay AC-+ kC DT DE -+ EF. For AC.BCa:: 
DEF.EF. therefore by addition AC + BC.BC :: DF 
+ EF.EF.therefore by in-+:fion AC + BC.DF+ 
EF :: BC.EF. sbut BC "DL EF. 6 therefore AC + 
BC TE DF -+ EF.w.w.to be Dem. 

a Mike AB.DE ;: AC.DF.6 therefore AC + BC 
"D DF +EF, therefore ſeeing AC + BC © is abi- 
nomial , «4 DF -+ EF ſhall be a binomiall too, 
and of the ſame order. « wherefore DF = EF is are- 


* ſfiduall ofthe ſame order with AC = BC. W.W.to be 


Dem. 
£ % FX 8% 


A WE. right line DE commenſura: 
— — bletoa mediall reſeduall line AB 
mms (AC — BC) is it ſelf a mediall 
D E F reſduall, and rf the ſame ord r, 
Again a make AB.LE :: AC. DF. 6 whence AC 


' +BC TL DE-+ EF.* therefore DF + EF is abt 


mediall of the ſame order with AC + BC » 4 and 
conſequently DF = EF ſhall be a mediall re(iduall 
of the ſame order with AC — EC. Which was tobe 
Demonſtrated. 


PROP 


all 
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PROP. CVI. 
A rieht line DE 
t B C. commenſurable to 4 
[ot —_— t- — Minor line AB ( AC 
[Þ F BC) cit ſelf alſo 


« Minor line. Y 

| Make AB.DE :: AC, DF., then is AC+BCTEL 
DF —+ EF. but AC + BC bis a M«jor line;* there- 
fore DF + EFis alſo a Majoyline ; 4 and conſe- 
quently DF — EF 1s a Miwor line. W. W.tobe Dem. 


PrOP. CVII. 


"'M B C A right line DEcommenſu- 

OO To rubletoa line AB(AC—BC) 

F"TF which makes with a rationall 

ſpace the whole ſpace mediall, 

irit ſelf alſoa line making with a rationall ſpace the 
whole ſpace mediall. 

Forzaccordingly as in the former , we may ſhow 


DF + EF tocontain in power and &v. © whence 
DF— EF is aline makivg , %c. | 


PROP. CVIIIT. 


A = 2 A rieht line DE commen- 
— ſurable to a line AB(AC 
ce. n—_—_—_— — BC) which with a me- 
D E F diall ſpace makes the 


whole ſpace mediall , is it 
ſelf a line making with a mediall ſpace the whole 
ſpace mediall. 
For according to the preced. DF + EF ſhall con- 
tain in power 2 4,8 therefore DF EF ſhall be, as 
19 the prop, 


R 2 PROP. 


2f9 


alew,10z, 
10. 
b 


5-2 


a9$10, 


a 7g. 10. 
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PROP. CIA. 


| | C E K A mediall yeflan- 


| gle B being taken 

| | yur a rational! re. 

angle A-+B the right 

| A B line H which mel 

eth in power the ſpace 

H | remaining A , 1s ene 

D E TIT of theſe two irrational 
lines.viz.eithey a reſiduall line,or a Minor line. 

Upon CD # make the reangles CI = A+B, 


. 
* 
? 


b by. ««d and FI = B,whence CE « = A=Hq.wherefore be- 
confi, Cauſe Cl6is#".c therefore CK is 4 TCD. but being 
13.10, FLbis av, dſhall FK bes Tx CHD. e whence CK 
CO "TL FE-f therefore CF is a reſiduall line. Wherefore 
* tofvs. if CK be -4/ CKq — FKq, gthen CF ſhall bea 
__ ſt relzduall. z checefore y/ CE (H) is areſiduall 
b 954%;. line. But if CK "D- 4/ CKg ... FKq, * then CF ſhall 
*3 be a fift reſiduall 5 and conſequently H (4/ CE) 
> oion I ſhall be a Minor line. W.W.to be Dem. 

FRDOp. CX. 

See the prec. Scheme. 

A rational! reflangle B being taken away from a me- 
diall reftangle A + B. other two irrationall lines art 
made,namely either a firſt mediall reſiduall line,or a line 
making with a rationall ſpace the whole ſpace me- 
diall. 

| Upon CD the propounded # make the refangles 
= mi CI= A +B,and FI =B. « whence CE=A= 
eonflr. Hq. Therefore becauſe CT 6 is #»;c ſhall CK be/'D- 
32; 1% CD. but becauſe Fl 6js py. d thence FK p' TL. CD. 
e 1310. , whence CK TD. FK. f therefore CF is a reſiduall, 
LJ 'g and that a ſecond. If CK TL 4/ CKq ... Fkq, 
w.  zthen H(y/ CE) is a firſt mediall reſjduall. B utif 
++ ; CK "2. + CKq — FKq\k then ſhall CF be a fift re- 
10.  _ fiduall;and! conſequently H (y/ CE)ſhall be aline 
1 96-10 making 4 with o'r. 1.7.to be Dem. 


PROP. 


WW _—_ A oo we aa 


— _— 7, 7 _—- — 


to -—_”) aa. kj we Y w_d 
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See the ſame Scheme, 


A mediall ſpace B being taken away from a me- 
diall ſpace A+B , which is incommenſurable to the 
whole A —+ B, the other two irrational lines are made; 
viz. either a ſecond mediall reſiduall line, or a line ma- 
king with a mediall ſpace the whole ſpace medial!. 
Upon CD p make the rectangles CI = A —+B, 
and FI — B. 4 whereſore CE —_ Hq. Becauſe a3.4x.1. 
therefore CI 15 #1, bthence CK is 7 TL CD.and in _ | 
like manner FK# 11. CD. Likewiſe becauſe CI 4 10.10, 
e'T FI, « therefore CK OL FK.ewherefore CF is #3 ef By. 
areſiduall, f namely a third. If CK EL 4/ CKq= 10 
FKq.g whence H (4/ CE) ſhall be a ſecond mediall Þ& ve By 
reſiduzll.but if CK Iv "4 CKq FR FKq# then ſhall _— 
CF be a fixt rel1duall. * wherefore A ſhall be aline *97-'*: 
making 4 with wv. W.W.to be Dem, 
FF RSS CEHEIL 
A reſiduall line A is not 
F D E the ſame with a binomiall 
line. 
Upon BC propounded 
e make the reangle CD 
c = Aq« Therefore ſeeing 
| | A is a refiduall,, BD ſhall 298. 10, 
be a firſt reſiduall, to which let DE be the line con- 
gruent or that may be adjoined.b wherefore BE, DE, 
are # "Dc and BE TL. 'C. If you conceive A to cr.def.8s, 
be a binomiall, then BD is a firſt b'n. whoſe names '* 
letbe BE, FD;and let BF be © FD. « cherefore BF, ay. 10, 
FD are «T1; and BF 9 O- BC.therefore {ince BC 66.cf of 
DN. BEf ſhall BE be DL. BF. g and thence BE TL | yo 10, 
FE. b therefore FE is. Likewiſe becauſe BE D- _ 6. 10, 
DE , (hall FE be DL DE.! wherefore FD is arefi- _ - » 
duall, & ſo FD is p.but it was ſhewn#'. which are re- 1 74 10. 
Pugnant, Therefore A is falſely conceiyedto be a bi- 
vonuall. .1.t0 be Dem. | 


b 74. 10, 
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The names of the 13. irrational lines differing 
one from another. 


1. A Mediall line. 
2, A binomial linez of which there are ſix ſpe. 
CiES, 
3. A firſt bimediall line. 
4. A ſecond bimediall, 
5. A Majorline. 
6.A line containing in power a rationall ſuper. 
ficies and a mediall ſuperficies. 
7. Aline containing in power two mediall ſy- 
erficies, 
8A reſiduall line;of which there alſo (1x kinds, 
9. A firſt mediall ref1duall line. 
Io, A ſecond mediall refiduall line. 
11. A Minorline. 
I2, Aline making with a rationall ſuperficies 
the whole ſuperficies mediall. 
13. Aline making with a mediall ſuperficies the 
whole ſuperficies mediall. 

Being the differences of breadths do argue differences 
of right lines whoſe ſquares are applied to ſome rationdl 
line,and it is demonſtrated in the preced. Propeſitions that 
the breadths which ariſe from applying of the ſquare 

theſe 13. lines, do differ one from another,it evident- 


follows that theſe 13. lines do alſo differ one from an- | 


other. 
PROP. CXIII. 

= Ez @ _ FF Theſquareof art 

__ madam y tionall line A applied 

| £0 4 binomial BC 
the breadth EC art 

ſiduall line , whoſe 

Z names EH, CH, art 

commenſurable to the 


names BD;DO, ff 
nl n the binomiall line,and 


B | 
A in 


| 


(pe- 


f 
g 
t 
s 
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in the ſame proportion (EH, BD :: CH.DC:) and mo- 


rover , the re(iduall line EC which is made , is of the 

ſame order with BC the binomaall. . a 
UpowDC the lefſe name 4 make the retaugle DF I 

= Aq = BE. whence BC.CDs6 :: FC. CE. there- b 14 6. 

fore by diviſion, BD DC :: FE. EC. And whereas 

BD c © DC,d thence FE ſhall be CEC. Take EG +40 

—=E C,& make FG.GE:: EC.CH. Then EH,& CH 

ſhall be the names of the re{iiduall EC, whereunto 

all is agreeable that is propounded in the theoreme. 

For being that by addition FE. GE (EC) :: EH. f pf 

CH. therefore FH. EH e :: EH, CH F :: FE. gp. 

EC f:: BD. DC. wherefore ſince BD g ares 

D\.h thence {hall FH be "D- CH, # and FHq 

EHq. Therefore becauſe Friq. EHq *;- FH. CH, - _— 

Shall FH be TA CH, ! and io FC Ta CH. More- 

over CDg is/, and DF(Aq) gis pv." ther:fF57xFC nb _ 

is," CD. whence alſo CH is «TL. CD. = there- 

fore EH,CH are and "D.,as before.* therefore EC o 74.10. 

is a reſiduall line , to which CH may be joined. 

Furthermore EH.CH f:: BD.DC. and ſo by inver- 

fron EH.BD :: CH.DC. whence becauſe CHf TL 

DC, » ſhall EH be "TL BD.But ſuppoſe BD TL 4/ 2% 0%. 

BDq = DCq. 9 then ſhall EH be i y/ EHq — 495. 10. 

CHq.Alfo if BD "TL # propounded, then ſhall EH 

be DL to the ſame p'. /thar is, if BC be a firit bino- 

miall,! EC ſhall be a firſt reſiduall.In like manner, if | Af 5 

DC be to the Q-propounded ;',r then is CH TL to vo. "E 

theſame p'.u that 15,1f BC be a ſecond binomial,* EC TAVTY 

ſhall be a ſecond reſiduall : and if this be a third bi- v 2,9 48. 

nom. then that ſhall be a third reſ1duall, &c. Bur wn . 

BD be OL 4/ BDq — Dc q,7 then ſhall EH be "2. 317 

y E Hq —- CHgy. therefore it i.C be a 435,or 6 bino- Y 5. 16. 

miall, EG ſhall belikewiſe a 4, 5, or 6 reliduall. 

W.w.to be Dem. 


R 4 PROP. 
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PREP. CXIV. 


A. bees = Son » - 
0 

B PET En : yeſiduall line BC (Bb 

| = G D ) _ the 

FT —— breadth BE a binomidl; 

oe =» whoſe names BE , GE 


are commenſurable t 
| the names BD , BCof 
D the reſiduall line BC,v 


#n the ſame proportion. and moreover, the binomiall line 
which is made (BE) is of the ſame order with there. 
duall line (BC. ) 

« Make the reftangle DF = Aq. and BE.FE 5:; 
EG.GF.whence for that DF = Aq = CE.,: there 
fore BD. BC :: BE. BF. therefore by converſion of 
proportion BD. CD :: BE. FE :;: EG. GF ::4BG. 
EG. but BD e D- CD. f therefore BG "T3. GE. 
therefore becauſe s Gq. GEqg :: BG.GF.5 ſhall BG 
be 'TJ- GF.s and ſo BG "DO. BF. moreover BDeis 


19. ,*,and the retangle DF(Aq)* is p'.! therefore BF is 


ef D-BD.,, therefore alſo BG 15 +* TBD.” therefore 
BG, GE are p "D-. * wherefore BE is a binomial. 
Laſtly , becauſe BD.CD :: BG. GE. and inverſely 
BD.BG :: CD. GE. and BD'T. BG.? thence ſhall 
CD be "TL. GE. therefore if CB be a firſt refaduall, 
BE ſhall bea firſt binomiall , &c. as in the prec. 
therefore, &c, 


ProP. 


lf. AE-dt tAS. ©@..M 44a as % A {20 
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"I HY Fu 
B ri 


If a ſpace AB be contained under a refiduall line AC 
(CE — AE) anda binomiall CB , whoſe names CD, 
DB are commenſurable to thenames CE, AE, of there- 
ſiduall line , and in the ſame proportion (CE. AE :: 
CD.DB)then the right line F which containeth in power 
that ſpace AB, is irrationall. 

Let G be p'. and make the reangle CH = Gq 3 
«then ſhall BH (HI — IB) be a reſ1duall line, and 
HI « . CD 6 T- CE.s and BI TL DB.s and HI. 


BI:: CD. DB b:: CE. EA. therefore by inverſion ® 


HI.CE :: BI. EA. « therefore BH. AC :: HI. 
CE :: BI. EA. wherefore fince « HI TL CE, 
ethence BHTL AC. ftherefore the retangle HC. 
BA. But HC (G9q) 6 is fr. £ therefore BA (Fq) is p»: 
and conſequently F is /. W.W.to be Dem. 
Coyoll, 

Hereby it appears that a rationall ſuperficies may 

be contained under two irrationall right lines, 


TAS CRATE 


- [ Of a mediall line AB 
are produced infinite iy- 
rationall lines BE, EF, 
&c. whereof none 1s of 
the ſame kind with any 
of the precedent, 


A 


Let ACbe propounded #,& AD a reQangle con- 
' tained 
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F 1+6 end 
g [cb 13+ 19, 
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alem 38-10 
b 11. 10, 


247.1. 
d 3-248, 
C9, 10, 


The tenth Book of, &c. 


tained under AC,AB. « therefore AD is py. Take Bx 
=+ AD. *then BEis # , and theſame with none 
of the former. For no ſquare of any ofthe former 
beiog applied top, makes the breadth mediall. Lee 
the retangle DE be finiſhed , «then DE ſhall bes, 
and b conſequently EF (4/ DE) ſhall be#, and not 
the ſame with any of the former. for no {quare of 
the former being applyed top , makes the latitude 
BE. therefore, &c, 


PRO 8. CXVIL 


A Let it be yequired to ſhew that in 
Jquare figures BD » the diameter AC 
is incommenſurable in length to the 

| fide AB. 

For ACq.ABqe :; 2.16: not 
B c Q.Q.e« evra. AC TI AB. 
W..tobe Dem. This theoreme was 
of great note with the aacieat philoſophers ; ſo that 
he that underſtood it not was eſteemed by Plato un- 
deſerying the name of a man , but rathertobe 

reckoned among brutes. | 


The End of the tenth Book. 
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OF 
" | EUCLIDE'S ELEMENTS. 


e _— _— 
Definitions. 


L.ecuemaze Solid is that which hath: length , 


x D \W breadth ,and thicknefle. 

þ _ I I. The terme, or extreme , of a 
; ; $ ſolid is a Superficies. 
; ITI.A right lice 
| AB is perpendicu- 
larto a Plane CD, 
| C I when it makes 
right angles ABD, 
ABE, ABF with 
*/ f all the right lines 
BD, BE,BF, that 
touck it , and are 
P AS drawn in the ſaid 
7 Rs Plane. 


D 

I V. A Plane AB, 
1s perpendicular to a 
Plane CD , when the 
right lines FG , HK, 
drawn 1n one Plane 
AB to the line of 
common ſettion of 
the two Planes EB, 
a and making right an- 
D vles therewith, do al- 

ſo make right apgles with the other Plane CD. 
V.The 


268 


The eleventh Book of 
V. The inclins. 


| A tion of a tight lice 

AB ” a Plane CD, 

c IS » When a perpendi. 
- £ z cular AE is bs 
from A the higheſt 

| | point of that line A. 

_=-—_ P Bto theplaneCD, 


and another line EB 
DV drawn from the 
point E , which the perpendicular AE makes in the 
Plane CD, to the end B of the ſaid line AB which is 
1n the ſame Plane , whereby the angle is acute ABE 
which is contained under the infiſtiog line AB , and 
the line drawn 1n the plane EB. 


A pm w V I. The inclinz- 

: tion of a Plane AB 
to a Plane CD, is 
an acute angle 
FHG contained 
under the right 
lines FH , GH, 
which being drawn 
in either of the Planes AB , CD to the ſame point H 
of the common ſeRion BE , make right angles FRB, 
GHB, with the common ſeRtion BE. 

VII.Flanes are ſaid to be inclined to other planes 
in the ſame manner, whea the ſaid angles of inclina: 
tion are equall one to another, 

V III. Parallel Planes are thoſe which beiog pro- 
longed never meer. 

IX. Like ſolid figures are ſuch as are contained 
under like planes equall in number. 

X. Equall and like ſolid figures are ſuch as are 
conteined under like planes equall both in multi- 
tude and magnitude. , 

X I. Aſolid angle is the inclination of more then 
two right lines which touch one another,and are not 
in the ſame ſuperficies. 


Or 


" & MB. s 


* 2 3 7T* 
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Or thus ; 

A ſolid aogle 1s that which is contained under 
more then two plane angles not being 1n the ſame 
ſyperficies,but conſiſting all at one pot. 

XII. A Pyramide is a ſolid figure comprehen- 
ded under divers planes ſet upon one plane, (which 
is the baſe of the pyramide,) and gathered together 
to one poInt. 

XIII. A Prifme1s afolid figure contained un- 
der planes , whereof the two oppoſite are e- 
quall,like,agd parallel ; but the others are parallelo- 

rams, 
: X 1 V. A Sphere is a ſolid figure made when the 
diameter of a ſemicircle abiding upmoved,the ſemi- 
circle is turned round about , till it return to the 
ſame place from whence it began to be mo- 


red, 
Coroll. 

Hence,all the rayes drawn from the center to the 
ſuperficies of a ſphere > are equall amongſt them- 
ſelves. 

X V. The Axis ofa ſphere,is that fixed right tine, 
about which the ſemicircle is moved. 

X VI, The Centre of a Sphere , 15 the ſame point 
with that of the ſemicircle. 

X V I I. The Diameter of a Sphere,1s a right line 
drawn though the centre , and terminated on - itherb 
lide in the ſuperficies of the ſphere. 

XVIII. A Cones a figure made, when one 
ide of a reQtangled triangle (viz. one of thoſe that 
contain the righr angle) remaining fixed , the trian- 
= turned round about till it return to the place 

m whence it farit moved. And if the fixed right 
line be equall to the other which containeth the 
"git angle, then the Cone is a reRangled cone : but 

it be lefſe, it is an obtuſe-angled Cone; if greater, 
ad acute- angled Cone, 

XIX. The Axis of a Cone is that fix'd line about 
which the triangle is moved. 

X X. The 
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X X. The Baſe of a Cone is the circle,which is de. 
ſcribed by the right line moved about. 

XX I. A Cylinder js a fgure made by the mo- 
ving round of a right- ____ parallelogram , one of 
the {1des thereof, Ro y which contain the right 
angle) abiding fix*d, till the parallelogram be tury. 
ed about to the ſame place, where it began to move, 

X X I I. The Axis of a Cylinder is that quieſceat 
right line , about which the parallelogram is turned. 

XX1I11. And the Baſes of a Cylinder are the 
circles which are deſcribed by the two oppoſite ſides 
10 their motion. 

XXIV. Like Cones and Cylinders , are they, 
both whoſe Axes and Diameters of their Baſes are 
proportional). | | 

X X V. A Cube is a ſolid figure contained under 
ſix equall ſquares. 

XX V I. A Tetraedron is a ſolid figure contain- 
ed 11nder four equall and <quilaterall triapgles, 

XXVII, An ORaedroa 1s a ſolid figure contained 
under eight equall and equilaterall triangles. 

XXV1II. A Dodecaedron is a ſolid tigurecon- 
tained under twelve equall, equilaterall and equian- 
gulac Pentagones. 

XXIX. An Icoſaedron 1s a ſolid figure contains 
ed under twenty equall and equilaterall triangles. 

X XN X. A Parallelipedon 1s a ſolid figure contain- 
ed under {1x quadrilaterall figures , whereof thoſe 
which are oppoſite are parallel], 

XXX 1. A ſolid figure is ſaid to be inſcribed io 
a ſolid figure,whea all the angles of the figure inſcr: 
bed are comprehended either within the angles, or 
1n the (1des, or 1athe planes of the figure whereioit 
15 inſcribed. 

X X XII. Likewiſe a ſolid fgure is then ſaid to 
be circumſcribed about a ſolid fgure z when either 
the augles, or ſlides , or planes is circumſcribed 
figure touch all the angles of the figure which !t 


contalns. 
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EUCLIDE'S Elements. 


PROPOSITION TI. 


. /B One part AC of a right line 


carnot be in a plane ſuperficies, 

A — p and another part CB elevated 
-* upward. 

> Produce AC in the plane 


direftly to F. If you conceive CB to bedrawn 
firat from AC, then two right knes AB, AF , have 
one common ſegment AC. i bich is impoſsible. 


FASL NT 


If two right lines AB , CD, 


_ EG B cut one another , they areinthe 
ſame plane: And every Triangle 
—E c DE Bis in ene and the ſame plane. 


A For imagine EFG,part of the 
triangle DEB , to be in ove planezand the part FD- 
G' to be in another, then EF part of the right line 
ED is inaplane > and the other part elevated up- 
wards.9 Which is Abſurd. Therefore the triangle EDB 
510 one and the ſaine plane ; and ſo allo are the 
nghe lines ED, EB; « wherefc::e the whole lines 
AB,DC , are in one plane. Which was to be Demon- 


ſtrated. 


TaOh SIE 


\ 


A | If two planes AB, CD, cut 
| _ V one the other > therr common ſe- 
3 flion EF is a right line. : 
5 © IFEF the common ſeion 
B be 


not a right line , «then 1n 
the plane AB draw the right line EGF, «and in the 
plane CD the right line EHF, therefore two right 
lnes EGF , EHF include a ſuperficies, & Which is 
Abſurd. 
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If a right line EF be at right 
engles erefted upon two lines AB, 
CD , cutting one the other , at 
C the common ſeTion E; it ſhall al. 
ſobe at right angles to the plane 
ACBD drawn by the ſaid 


- H lines. 
Take EA, EC 3 EB, ED z © 
* quall one to the other , and 


B join the right lines AC , Cp, 
BD,AD.draw apy right line GH through E, & join 
aeonfr, FAFCFD,FB,FG, FH. Becauſe AE is «= EB, 
big.t. andDE@=EC, and the angle AED b= CER, 
9, ©c therefore AD is = CB, c & likewiſe AC= DB, 
ez9.:t": ﬀ>aA therefore AD is parallel to CB , 4 and AC to DB, 
e wherefore the angle GAE = EBH , and the angle 
feonffreo. AGE = EHB.Butalſo AE f=—= EB.g therefore GE 
—EH,g and AG = BH. whence by reaſon of the , |. 
right angles, by the hyp. and ſo equall, atE , þthe F | 
baſes FA, FC, FB, FD, are equall. Therefore the 
triangles ADF , FBC , are equilaterall one toan- 
"=" other. * and thence the angle DAF = BCF. There 
fore in the triangles AGF, FBH , the {1des FG , FH R 
1 are equall ; and fo by conſequence the triangles }F p 
2 
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m8. FEGandFEH are mutually equilaterall. » there- 
n10.def:l- fore the angles FEG,FEH are equall,and , ſo right | 1 
angles.In like manner, FE makes right angles with " 
all the lines drawn through E in the plane ADBG, I ,, 
© 3-def. tt. o and is therefore Snares: or to the ſaid plane. 
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B | If a right lize AB be exefted pey- 
pendiculay to three right lines AG , 
AD, toxching one the other at the 
@ common ſeftion , thoſe three lines 
D are in the ſame plane, 
G For ACAD, aare in one plane © 1% 
EC; « and AD, AE. are in one plane BE. which if 
u conceive to be ſeverall planes, then ler their in- 
terſeion b be the right line AG; therefore becauſe dz 1%. 
= ET by theHypoth.is perpendicular to the right lines 
AC,AD. «c and ſs to the plane FC, 4 it is alſo per- © 4 **: 
} 


—_— 


WWD ww 


pendicular to the right line / G. therefore Chnce 03.6f.e6, 
«that AB is in the ſame plane with AC, AE) the 

angles BAG,BAE, are right angles,and conſequent- 

ly equall,the part & the whole. #hich is Abſurd, 


PROP. VI. 
If two right lines AB, DC , be 


SY 
of ? erefed perpendicular to one and the 
E mn ſame plane EF », thoſe right lines 
: A AB, DC are parallel one tothe 0- 
(G | 


ther, 
| Draw AD,whereunro let DG 
= 4B be perpendicular in theplaneEF , and join 
S BD,BG,AG. Being in the triavgles B\D, ADG, the 
" | angles DAB, ADGa areright angles, and AB 6 == #hyp. 
© | DG, and AD is common, © therefore BD is=AG. ns o 
whence in the triangles AGB, BGD.,equilaterall one 
) tothe other,the angle BAG 1s 4 — BUG;of which 48. «. 
being BAG is aright angle, BDG {hall be ſo alſo. 
but the angle GDC is ſuppoſed right, therefore the 
nght line GD is perpendicular to the three lines 
DA,DB,CD.e which are therefore in the ſame plane *4 It. 
fwherein AB is. Wherefore {iace ABand CD are int zu. 
the ſame plane , and the internall angles BAD, 
CDA,are right angles »g AB and CD ſhall be paral- g 2 1+ 
p | dls. w.,to be Dem. 
S PROP. 
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B If there be two parallel right lines 
AB, CD, and any points E,F . be 
taken in both of them , the line EF 

: {jG - whichis Joined at theſe points , is in 

C—_ the ſame plane with the parallels 

=  ABCD. ' | | 
Ler the plane in which AB,CD,arebe cut by an-. 
other plane at thepoints E, F. thenif EF is not in 
the plane ABCD , it ſhall not be the common fe- 
Aiob, Therefore let EGF be the common ſeRion; 

a 3.11, which then is a right line. therefore two ri 
__ par EF,EGF, include a ſuperficies. b Which is Ah- 

urd. 


PRoeg, VIIL 


Tf there be two parllel right 
B Ci lincs AB, CD, whereof me ff 
F AB is perpendicular to « plane 
EF. then the other CD ſhall be 
| G © Appin to the ſame plane 
ERIE 'F The preparation and de- | 
monſtratton of the ſixt ofthis } , 
Book beivg transferr'd hither;the angles GDA, and q 
«4.11, GDB areright angles: «therefore GD 1s perpendi- q 
by...” culartothe plane, wherein are AD,DB (þ in which JF | 
e3 &f-it. fo AB, CD, are.) c therefore GD is perpendicu- th 
dzg.r. + larto CD. but the angle CDA 1s alſogarightan- F , 
eq.it+ ! ple, etherefore CD is perpendicular to the plane EF. 
W.W-t0 be Dem. 


PROP 
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 B =Righthines (AB,CD) which 
E 


- x are parallel to the fame right line 
"4 Ln cnn = EF, but not in the ſame plane 


| with it , are alſs parallel one to 
the cher. 
In the plane of the parallels AB, EF , draw HG * 

| icular to EF ; alſo ia the plane of the paral- 
EF,CD,draw IG perpendicular to EF. there- þ 4 3% 

fore EG is perpendicular to the plane wherein HG, * * 

GI are;zand AH, CI are perpendicular to the ſame © 611+ 

plane.c therefore AH and CI are parallels, w.w.tg 


be Dem. - 
PROEF?. X. 


Tf two right lines AB, AC, touching oue 

A anovtherbe parallel to two other right lines 
ED,DF,touching en? anather,and nut bein 
' the ſame plane , thoſe right lines contaiw 
equall angles, BAC,EDEF. 

Let AB,AC, DE, DF, be equall one 
to the other,and draw AD, BC,EF,BE,,,, 
FCF. Being AB, DE , «are parallels and. roads. 

equall, b alſo BE, AD, are parallels and 23-1. | 
equall, In like manner CF, AD, are parallels and e- jo. 1, * 
quall;.c therefore. alſo BE , FC, are parallels and e- 
quall.d Therefore BC,EF are equall. Wherefore ſiace 4 33. 4. 
the triangles BAC, EDF , are of equall ſides oneto 
the other , the angies BAC, BUF eſhall be equall. * #1. 
W.W,c0 be Dem. 


Pao?e. XL. 


; From 4 point given 0n high 
to draw 4 right line Al per- 
B DO KAAH Atod oh I p 


pendicular to a4 plane below 


- BC. 
= E L GC lathe plane BC drawany 


S 2A hne 


& tt, th 


br, r, 
c8, 0 


a 611, 
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line DE ; to which from the point A «draw the per- 
pendicular AF , and blikewiſe FH jn the plane BC 
cutting the ſaid line DE at F ; «then ler fall AI per- 
pendicular to FH. Which AI ſhall be perpendicular 
ro theplane BC, 


For through I c let KIL be drawn parallel to DE. 


Becauſe DE is perpendicular to AF , andFH, 
e therefore DE ſhall be perpendicular to the-plane 
IFA. and ſo alſo KL is perpendicular to the ſame 
plane.g therefore the avgle KIA ts a right angle. but 
the angle AIF is alſob a right angle. ! therefore Alis 
perpendicular to the plane BC.W..tobe Done, 


PRoP. XI1T. 
In « plane given BC » at « point 


EP, ents 
A E/ From ſeme point without the 


planeyD, « draw DE perpendicu- 
lar to the ſaid plane BC. and joining the points A, 
E,by aline AE,bdraw AF parallel to DE. c itis ap- 
parent that AF is perpendicular to the plane BC. 
W.W.to be Done. 
This and the preceding probleme are praftically 
performed by applying two Squires to the point g- 
Venzas appears by 4.11. 


PROP. XIIL. 
3 F At a point given C in« 
F plane given ABS, two right lines 
L . CD,CE, cannot be eretted per- 
H SG perdicular on the ſame ſide. 


a * For both CD , and CE, 

” Ta s ſhould then be perpendacu- 
Jar to the plane AB , and conſequently parallels ; 
which is repugnant; to the defigition of parallel 


lines. 


PROP. 
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Playes CD , FE , to which the 
ſame right line AB is perpendicu» 
lar,are parallel. 

If you deny this ; then let the 
planes CD, FE, meet , ſo that 
their common ſe&ion be the 
rightline GH. in which take any 
point I,draw to it the right lines 
: : IA,IB,in the ſaid planes.where- , 2s and 
by in the triangle IAB, two angles IAB , IBA #are asf un. 
nobt anples. b Which is Abſurd, b 19, I» 


PROP. XV. 
D If two right lines AB, AC,touch- 
N ing one the other, be parallel to two 
c other right lines DE, DF, touching 
3 one theother , and not being in the 
[ - ſame plane with them the planes 
BY BR BAC , EDF, drawn by thoſeright 
lines areparallel one to the other. | 
From A « draw AG perpendicular to the plane | ey 
EF.b and let GH, GI be parallel to DE,DF. c theſe « zo. «. 
alſo ſhall beparallel to AB,AC. Therefore ſince the 4 3.4 11. 
angles IGA , HGA, « are right angles,alſo CAG, fq.%+. 
BAG, e ſhall be right angles. f therefore GA is per- 8 90nflr. 
pendicular to the plane BC ; bur the ſame is perpen- 
dicular to the plane EF. b therefore the planes BC, 
EF,are parallel. W. W.to be Dem. ; 


h 14. 11, 
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378 The eleyenth Book, of 
PROP. XVI, 


| wet two parallel planes AB , 

be out by ſome other plane 
HEIGE \ their common ſeftions 
EH, GF are parallel one to the 
other: 

For if. they be conceived 
to be otherwiſe 3 being in the 
fame plane that cuts them, 
they will meet ſome where, 
ifproduced ;5 ſuppoſe iti 'F 
EPS ſince the ohh lines HEI » FGlomein 
the planes AD, CD,being produced, the planes alſo 
ſhall meet. contrary to the Hyp. 


PrRoP. XVIL. 


@ 1.20; 


—__ A two right lines ALB, CMD,be 
[Apt - cit parallel planes EF, GH, IK; 
Eta 34 + cut Rs (aL. 

| _— Let EH gh "Wh AC, BD, be 
1 1. | drawn in the once EF, IK; ay Alſo 

—PÞR AD paſſing through the plane-GH 
1 ia the point N. andj Join NL, LM. 
the planes of the triangles ADC, 


»16-113: ADB,tnake the ſeftions BD,LN,and AC,NM pz 
dv»6 - rallds. Therefore AL, LB:: AN.ND 6;; CM. MD. 
Dems, 


WW. t6 be 


PROD. 


EUCLIDE'S Elements, 
ProOFr. XVIII 
If a right line AB be 


LS 
—F perpendicular to ſome 
Cc \ A| Plane CD,all the planes 
G extended by that right 
E i line AB (EF,&c.) ſhalt 
\ be perpendicular 20 the 
D ſame plane CD. 


| Let there be ſome 
plane EF drawn by AB,makiog the ſefion BG with 
the plane CD; from ſome point whereof H,s draw 
Al parallel to AB in the plain EF; 6 then ſhall HI 
be perpendicular to the plane CD, aud fo likewiſe 
any other lines , that are perpendicular .ta, EG. 
etherefore the plave EF is perpendicular tothe 
plane CD; and by the ſame reaſon avy other planes 
drawn by AB ſhall be perpendicular to EF. W.W.to 
be Dem. 


EFRON TIX 


If two planes AB,CD, 
cutting one the other , be 
perpendicular to ſome plane 
GH, their line of common 
ſetion EF ſhall be perpen- 
diculay to the ſame plane 
(GH.) 

\ Becauſe the planes AB, 
CD, are taken perpendicular to the plane GH , it 
appears by 4. def. 11. that out of the point F there 
may be drawn in both planes AB, CD » a perpendi- 
cular to-the plane G H. which ſhall be « but one;and 
therefore the common ſeftion of the ſaid planes. 
W.W.to be Dem. 
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If & ſolid angle ABCD becon- 
tained under three plane angles , 
BAD,DAC,BAC any two ſides 
how ſoever taken are greater then the 
B E third. 

If the three angles are equall , the aſſertion is evi- 
dentzif unequall,then ler the greateſt be BAC ; from 
whence 6 als away BAE=B4D, and make AD 
== AE; and alſo draw BEC,BD, DC, 

Becauſe the fide BA is common, and AD6= 
AE ; and the angle BAE 6= BAD , c thence is BE 
== BD. but BD ++ DC is ; ©” BC.e therefore DC 
CT” EC. Wherefore fince ADb=— AE , and the fide 
ACis common, and DC ©” EC. Ffrhe angle CAD 
{hall be © EAC.sg therefore the angle BAD + 
CAD © BAC, W.W.to be Dem, 


P nos. XXL. 


2) Every ſolid angle Ais 
countgined under leſie angles 
then. faxy plane right an- 
gles. 

For let a plane any- 
wiſe cutting the ſides of 
B C fe ſolid apgle A makea 

many-{ided figure BC- 

DE,ard as many triangles 
ABC,ACD,ADE, AEB. I denote all the angles of 
the polygone by X ; andI term the ſumme ofthe 
apgles at che baſes of the triangles Y. whevefore X 
—+ 4 Right ang, «= Y -+ A. but being that 
(of the angles at B) b the angle ABE ++ ABC 
is © CBE, and the ſame is true alſo of the angles 


at C; at D, and at Ec it is manifeſt that Y is C - 
an 
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and conſequently A ſhall be TA 4 Right avg, W.W. 
to be Dem. 


PROP. X XIL 


A By o 
= NAM. 


m 
D |: If there be three plane angles A , B , HCI , whereof 
wo how ſoever taken axe greater then the third , and the 
right lines which contain them be equall AD, AE,FB, 
E | &<-tbenof the right lines DE, FG, HI, coupling thoſe 
y equall right lines together , it is poſsible to make a trian- 
) le 
þ 


A triangle may be © made of them , ifany two be 223.0, 
preater then the third*: but they areſo. For make a; 
the angle HCK —=B, and CK = CH, anddraw 
HK,IK.e thence KH = FG. and becauſethe angle ; 5” 
KCI9T” A. » therefore KIT” DE. but KIFD2 ex 13 
HI-+ KH (FG.) therefore DEQ HI+ FG, By f ** 
the like argument any two may be proved preater 
then the third 3 and conſequently « it is poſſible 
to make a triangle of them, W.W.tq be Dem, 
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To make ſolid angle MHIK of three plene aueles 
#2141, Az By C, whereof #r0 bowſorver taken are ———_ 
" the third. * But it is weceſſary that thoſe three angles be 
lefſe then fous right argles. 

Make ADAE,BE,BF,CF,CG, cquall one tothe 
_ Other; andofthe ſubtended lines DE, EF,FG (that 
2241.07 j4,of the equall lines HI,IK,KH) « make the mian- 
bs.4. © gleHKI; about which 6 deſcribe the circle LHKI, 

* $6 Cle- * But becauſe ADisC” HL. let ADq be= 


geefr. MHq == HEq +LMq s = ADq.therefore MH= 
AD.By the ſame reaſon MK, M1, AD (that 1s AE, 

EB,&c.) are equall; therefore ſince HM == AD,and 

+7. MI —= AE,and DE5*— HI, *che angle A ſhall be 
= HMI, & as likewiſe the angle IMK = B &* and 
the angle HMK = C. wherefore a ſolid angle 1s 

made at M of the three given plane angles...tobe 

Done. AD is aſſumed to be —— HL. But this is ma 

bad act nifeſt.For if AD be=or "QHLzthen is the angle A 
8. 1 1 mor Z" HLI. Inlike manner ſhall B be equall 
» 2 OrC” HLK,and C= or C-KLI.wherefore A+B 
1.913 + C* ſhall either equal or exceed four right an- 
gles.contrary to the Hypoth.therefore rather let AD be 


HL; W.W. to be Dem. 


PROP. 


| 


les 
_ 
be 


mm 7 » 
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_ 
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If 4 ſolid AB be con- 


Er —Þ rained under © paraliet 
| | planes , the oppoſite pla- 
D nes thereof AG , DB, 
. Saks &cC.) are like and equal 
F Ur paratelograms. 
The plane AC cut- 
_— ting the parallel planes 
AG, DB, «s makes the a16.u1: 
ſeftions AH, DC » parallels. aud by the ſane rea- 
ſon AD, HC are parallels. Therefore ADCH is a 
gr. By the like argument the other planes of the b 35 def 
parallelepipedog are6pgrs. wherefore being AF is 430," * 
parallel toHG, and AD to HC, « the angle FAD 07F- 
ſhall be = CGH. therefore becauſe AF += HG, E - 
and ADd= HC, and ſo AF. AD :: HG, HC. the * 
triangles FAD, GHC, g are like and equall ; and , 
conſequently the pgrs. AEHB are like and & equall. 
and the ſame may. be 'fhewn of the reſt oppoſite 
planes. therefore,&c, * . 


Roe 5.0%... $ 
D | If- 4 ſolid Fare” 
AIDES. 7 a BCD 


MI are 


5 K ," 
ſolid AHD be to ſolid BHC. 
Conceive the Parallelegipedon to be extended on 
either ſide.and take AI = AE,and BK — EB, and 
put the planes IQ, KP, parallel to the planes AD, 
BC ; then the pgrs. IM, AH, and « DL, DG, b and * i 
IQ,AD, EF, &c. are like and equall, c wherefore 4 
the Par allelepipedon AQ is = AE; and by the ſame & 10.4 11 
reaſon 
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reaſon the Parallelepipedon BP = BF. therefore the 
ſolids IF , EP are as multiplex of the ſolids 2 F, 
EC, as the baſes IH, KH, are of the baſes AH, BH, 
And if the baſis IH be, =,” KH, «likewiſe 
ſhall the ſolid IE be —,=,"A EP. couſequently 
AH.BH ;: AF.EC. Ww.w.to be Dem. 

The ſame may be accommodated to all ſor; of 
priſmes, whence 

| Coroll, _ 


If any priſ me whatſoever be cut by a plane pa« 
rallel roche oppolite planes, the ſeRion ſhall be a 6. 


-  gureequall and like to the oppoſite planes. 


© 21, 04s 


PROP. XXVI. 


Vpon 4 right line 
given AB, and «t « 
point given init A,to 
make a ſolid angle A- 

& HIL equall to «ſolid 
F angle given CDEF. 
| : From ſome point 
F a draw FG perpendicular to the plane DCE, aud 
draw the right lines DF, FE,EG,GD,CG. Make AH 
== CD ,andtheangle HAI = DCE , andAlI= 
CE; and in the plane HAI make the angle HAK 
== DCG,and AK = CG. then ere& KL perpendi- 
cular to the plane HAI,and let KL be=GF.& draw 
AL: then AHIL ſhall be a folid angle equallto that 
given CDEF. For the conſtrution of this do's 
wholly reſemble the framing of that, as may eaſily 
appearto apy that examine it, 


PROP. 
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K D Vox « right line 

given AB to deſcribe 

I a parallelepipedon 

AK, like, and in like 

F* manner ſituate , with 

A 2 C 4 ſolid parallelepipe- 
don given CD. 

Of the plane avgles, BAH,HAI, BAL, which are 

equall ro F CE,ECG, FCG, s make the ſolid angle #26. «e. 

A equall to the ſolid angle C. alſo b make FC. CE ; 

: BA.AH.band CE.CG :: AH. Al (c whence of e- 

quality FC.CG :: BA, AT) and finiſh the parallele- 

pipedon AK , which fhall be like to that which is 
yen. . | 

For by the conſtruion , the Pgr. 4 BH is like to 

FE,and 4 HI to EG,and« BI to FG, & «ſo the op- , ig. *. 

polites of theſe to the oppoſites of them : therefore 

the ſix planes of the ſolid AK are like to the fix 

planes of the ſolid CD,Ffand conſequently AK,CD, f 9.4f 11. 

are like ſolids. W,W.to be Done. | 

PROP. XXVIII. 

B Tf « ſolid parallelepipedon 
AB be cut by aplane FGCD 
drawn by the diagonal lines 

a DE,CG, of the oppoſite planes 
AE,HB, that ſolid AB [hall be 

A - H equally biſeFed by the plane 

FGCD. 
For becauſe DC, FG, are «equall and parallels, 

b theplane FGCUL is aPer. and being « the Pers. 

AE, H3 , areequall and like, b alſo the triaggles 

AFD,HGC,CGB, DFE are equall and like: Bur the 

Pers. AC, AG, are equall and like to FB and FD, 

therefore all the planes of the priſme FGCDAH ace 

equall and like to all the planes of the priſme FG- 

CDEB , and conſequently this priſme is 6quall to cg.4fiu, 

that, W.W, tobe Dem, 


PROP. 
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HR 


Solid perallelepipedons AGHEFBCD,AGHEML- 
*3.6, be. Kl, beingconſtitured upon the ſame baſe AGHE , and 
tween the pe. * ;11 the ſame height, _ in{iſting lines AF, AM, are 
—_—_— placed in the ſame right lines AG,FL, are equal one to 
FLED. end the other. 

ſoxedrfr! For «if from the equall priſmes AFMEDT , GB- 
a 10.df.1u" LHCK;the common priſme NB MPCI be taken a- 
atiett* lelepiped. AGHEFBCD ſhall be = AGHEMLKI, 

W.W.to be Dem. 
PROP. XXX. 


N 
co 


Solid parallelepipedons A DBCHEF — 
em 


ELD FE 


- +7 EE 


S + 


of 2 2 


= 
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being conſtituted upon the ſame baſe ADEC , and in the 
ſeme height, whoſe inſiſting lines AHzAl ave not placed 
in the ſame right lines, are equal one to the other. 

For produce the right lines HEO , GFN, and L- 
MO,KIP; and draw AP,DO,BQ, CN. «then ſhall * 34: *: 
DC,AB,HG,EF,PQ,ON be as well equall and pa- 
rallel one to the other as AD, HE,GEF,BC,KL, IM, 
QN,PO. 6 wherefore the parallelepipedon ADCB-,,_ 
PONQ fhall be equall to either parallelepipedon * * 


TE aDCBHEFG , ADCBIMLK ; and e confequently ct.ex.s. 


theſe two are equall one to the other. W.W. tobe 
Dem. ; 


= + FE WS + + + 7 


A— 


Solid parallelepipedons, ALENGMBI, CPaOHQ- 
DN, being conſtituted upon equal! baſes ALEK,CPaO, 


* by beight 
underflend 


Firſt,let the parallelepipedons AB, CD , have the ,,,,,p.m- 


being produceds 4 make the Pgr. PRTS equall and ewe fron 
like to the pgr. KELA.b and fo the parallelepipedon the baſe "y 


IV,TSZ, YXE; and draw E4,By,ZF. 10 def 14, 
The planes O«dN, CRVH,ZTYEF. « are parallels c zo-def. 11. 
one to the other ; 4and the Pgrs. ALEK, CD»O, 79%-<"* 
INTS,PRBZ are equall. Therefore ſince the paral- 
klepipedon CD. PV» ;; Pgr. Co (PREZ) Pret:t gp 


Pa» 


fg.s. 


br, 'D 
E Zt, il, 
dag, 18. 
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parallelepipedon PRBZQV,F.PVv; the parallele. 
pipedon CD f ſhall be = PRBZQVyE ; = PR. 
VQSTYXs — AB. W.W.to be Dem. 

But if the parallelepipedons AB, CD, have ſides 
oblique to the baſe , then on the ſame baſes and in 
che ſame height place parallelepipedons whoſe ſides 


are perpendicularto the baſe. , They ſhall be equall 
to one another,and thoſe that are oblique ® whence 


alſo the —_ parallelepipedons AB , CD ate 
equall...to be Dem. 


PROF. XXXIIL. 


& > 8 
Solid parellelepipedons ABCD, EFGL of the ſame 
height ,are oneto the ether ,as their baſes, AB, EF. 
roduce EHI,s and make the ppr. FI = AB, and 
b compleat the parallepp. FINM ft is clear that the 
parallepp. FLINM. (« ABCD.) EFGL# ;; FI (AB.) 
EF. W.W.to be Dem. 


PROF. XXXIIIT, 


c_ Q8 Like ſolid parallelepipe- 

dons, ABCD, EF GH, re 

» a” tripled propertion one t0 

Þ theother , of that in which 

their homologous ſides or of 

Ye ike proportion AL , ER, 
are. 

Produce the right lines 

AIL , DIO, BIN, and 

« make IL,IO,IN,equall 

to 


WwOo9 NO AM © = & = 


— —_—_ -" = ww &==- —_ | 


Fo 


» "SS & © SS S2 _ 


=” wo ks ww 


yy E- 
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wEK,KH,KEF,6 and ſo the parallepp. IXMT equall b 27.00% 
ud like ro the parallepp. EFGH.. c Let the pa- 4 "4 


allepps. IXPB, DLYQ be finiſhed, 4 Then ſhall be 
ALIL (EK) :: DI.IO (HK) :: BILIN.KF. e that is 


kyp.4 BCD. DLQY :: DLQY. IXBP;; 1XBP.1X- 


MT.(4 EFGH.)5 therefore the proportion of ABCD m_ IR 
(6 EFGH is triple of the proportion of ABCD to & 146. 


DLQY,#orof Al w EK. W.W.to be Dem. 
Corel. 


Hence it appears that if four right lines be conti- 
mually proportionall, as the firlt is to thefourth , ſo 
is a parallelepipedon deſcribed on the firſt to a pa- 
allelepipedon deſcribed on the ſecond , beiog hke 


adin like manner deſcribed. 


PRoFRP. XXKXAIVY. 


EF In equal! ſolid pa- 
rallelepipedons AD- 
CB,E HGE, the baſes 


C and altitudes are rect. 
'T procall (AD. EH:: 

EG. AC.) And ſolid 

A E parallelepipedons, AD» 


CB, EHGF, whoſe 
biſes and altitudes are reciprocal, are equall, , 

Firſt,let the ſides CB, GE be perpendicularto the 
baſes; then if the altitudes of the ſolids are equall, 
the baſes alſo ſhall be equall. and the thing is clear. 
But if the alricudes are unequall , from the greater 


EG s take EI = AC, and at I 6 draw the plane1E Ra 1 


parallel to the baſe EH. then 


.Hyp. AD.EH c:: parallepp. ADCB.EHIK ©:: 
parallepp. EHGF. EHIK <:: GL. IL e :: GE, IE. 
(FAC.)s it is plaia therefore that AD.EH :: GE.AC. 
W.W.to be Dem. | & 5 

2.Hyp.ADCB.EHIK 65:: AD.EH*:: EG.ETF!:: 
GLAIL »;: parallepp. EHGF. EHIK, »* where: 

; 


fore 


eri.6, 


he Pgr. AD.DL*+: DL.AIX :: BO.IT Fi.e. the paral-* 32; 113 


- C323 it, 


ET 1, ©- 
f confly, 


2v9 


- 


dr7.$- 
», 


in.9, 
hit. of 


m 34. it. 


ng $. 
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fore the parallelepipedon ADCB —= EHGE. s.y, 
to be Dem. 

Moreoyerylet the ſides be oblique to the baſes,and 
ere@ right parallelepipedons upon the ſame baſes i 
the ſame altitude ; the oblique parallepps ſhall bee. 
quall to them. Wherefore {ince by the firſt part , the 
baſes and altitudes of thoſe be reciprocall , the baſes 
and altitudes of theſe alſo ſhall be reciprocall. w.z, 
to be Dem. | 

Coroll. 

Al that hath been demonſtrated of parallelepipedans 
inthe 29,30,31, 322 33, 34. Prop. does alſo agree to 
triangular priſmes,which are half paral/lelepipedons , as 
appears by Prop. 28. Therefore, 

I. Triangular priſmes are of equal height with their 
baſes. 

2. If they have the ſame or equall baſes and the 
ſame altitude,rhey are equall. 

3.1f they be like, their proportion is treble to that 
of their {des of like proportion. 

4. If they be equall , their baſes and altitudes are 
reciprocall ; and if their baſes and altitudes be reci- 
procall;they are alſo equal]. 


FE UOE TATY. 
IF there be two 


A IP 
> RL E plane angles BAC), 
7 » ; EDF, equ/l, and 
from the points of 
- M H K thoſe angles two right 


9 
oF I lines AG,DH, be& 


levated on high, con- - 


zeining equall angles with the lines firſt given , each to 
his coryeſpondent angle (the angle GAB — HDEz and 
GAC = HDE.) axd if inthoſe elevated lines AG, 
DH, ſome points be taken, G, H; and from theſe points 
perpendicular lines GI, HK, draws to the planes BAC, 
EDF; in which the angles firſt given are , and right 
ne 
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AL, DK, be drawn to the angles firſt given from the 
sI, K , which are made by the perpendicalars in the 
plexes; thoſe right lines with the elevated lines \G,DH 
contain equall angles GAM, HDE. . 
Make DH;AL, equall; and GI, LM parallels. and 
MCro AC, MB toAB, KFrro DF, KE ro DE per- 
peadicular ; and draw the right lines BC, LB , LC, 
ad EF, HF, HE ;« and LM is perpendicular to the 44 def 
plane BAC ; 6 wherefore the avgles SR. na, TE 
IMB 3 and by the ſame reafou the angles HKF, 
HKD, BAKE are right angles. Therefore ALq « = FRY 
IMq + AMq e = LMq + CMq + ACq e= | ® Pa 
LCq + ACq. & therefore the angle ACL is a right 
ale, Again ALqe = LMq + M\q e= LMq- eq.t. 
BMq + BAq © = BL] + BAq. therefore the an. 
geABL is alſo a right angle, By the like 1aference 
the angles DFH, DH are right aagles; f therefore 
AB= DE, fand BL = EH,f and AC=DF,and | ,;.,, 
CL= FH. g wherefore alſo BC=EF ;g and the g4 «. 
avole ABC = DEF,g aud the angle AC3—DFE. 
z whence the other right angles CBM, B CM, are e- ——_— 
quall co the other FER, K.k therefore CM=FK, | pt 2: 
jand fo alſo AM = DE. therefore if from LAq = co1ftr 
«= HDq be takea away AMq = DK,” there re- , _ 
mains LMq = HKq. wherctore the triangles LAM, 0 8. « 
HDK aree juilaterail one to the other ; ® therefore 
the angle LAM = HDK. W.W.cobe Dem. 
Cor9!!, 

Taerefore , if there b+».rwo plane avgles equall, 
from whoſe points ey: al! right Jtnes be elevated on 
bigh containing equall 2.ctes wich che hoes felt gt- 
reg, each to each -; perpcadiculars drawn from the 
extreme poiats of thoie elevared lines to the planes 
ofthe angles firit girea , are equall oae to tae others 


WLM = HK. 


T4 PROF 
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PRoSD. anaVYL 


If there be three yi 
Nyines DE ;>DG,DF 1 
portionall, the feldpe 
rallelepipedon DH 
made of th: mis e 
to the ſolid paralleleyi. 
K pedow IN Fade 
middle line DG (IL) which is alſo equilaterall, ed 
equiangular to the ſaid parallelepp.DN. 

Becauſe DE.IK « :: IL.DF.6 the pgr. LK ſhallbe 
== FE. and by reaſon of the equality of the plane 
angles at E and I,and of the fines GD, IM, allothe 
altitudes of, the parallelepipedons are equall by 
the prec. Coroll. c therefore the parallepps areequall 
one to the other. W.W.to be Dem. 


PROP. XXXVII. 


CBE 


C D | 
If theye be four right lines A, B, C,D, propertiondl, 
the ſolid parallelepipedons A,B,C,D being like , andin 
like ſort deſcribed from them,ſhall be proportionall. And pj 
if the ſolid parallelepipedons , being like and in like ſort pe 
deſcribed be proportionall (A.B :: C. D.) then thiſe Þ| 1 
right lines A,B,C,D, ſhall be proportional. 

For the proportions of the parallelepps. « are triple I 
of thoſe of the lines ; therefore if A.B:: C.D.bthen IN 4; 
ſhall the parallepp. A. parallepp. B :: parallepp.G. Þ 4 
parallepp. D, and ſo alſo contrarily, 


> 2-8 = Hz = " "00 


PROM, 


rj 
he 
D 
ful 
i 


b= -; 
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PROP. XXXVIII. 


-_ If a plane AB be 
þ CAE perpendicular to « 
NEF NT Plane AC, anda per- 
—_— , pendiculay line EF 
hewn from 4 point E in one of the planes (AB) to the 
ther plane AC , that perpendicular EF ſhall fall upon 
the common ſetion of the planes AD. 
Ifit be poſſible , let F fall without the interſeRtion 
AD. and in the plane AC es draw FG perpendicular a 13, r. 
toAD, and join EG. The angle FGE 6is a right an- ”* I7% Jo 
ge,and EFG is ſuppoſed to be fuch alſo; therefore c 19, x, 
wo right angles are 16 the triangle EFG. c which is 


Hurd, 


FASO LA ATELI. 


E If the ſides (AE, FC, 

AF, EC, and DH ,, GB, 
L Ds, HB) of the oppoſite 

planes AC, DB, of « ſolid 
F '4 C parallelepipedon AB, be di- 
vided into two equal! parts, 
& planes ILQO,PKMR, 
be drawn through their ſe- 

0 _ tions ,the common ſettion of 

« \ — Sp the planes ST, ard the dia- 

-® meter of the ſolid parallele- 

tipedon AB ſhall divide one the other into two equall 
ports. 

Draw the right lines SA,SC,TD,TB. Becauſe © the a 34.1. 
hides DO,OT are equall to the lides BQ, QT\,# and a 
the alternate angles TOD , TQB <quall alſo, © the 
baſes DT,TB, & the angles DTO, BTQ are equall. ,,,. 
itherefore DTB is a right line. & ſo inlike manner 1s e 34 1, 
ASC. Moreover e as well AD is parallel & equallto * 9:1%.-n 
FG eas FG to CB,& f thence AD is parallel & equal g 1.1. 
tCB;g & conſequently AC to DB, 5 wherefore AB 57.1% , 

T Y and 


o 
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and ST are in the ſame plane ABCD. Therefo,, @ 
ſince the verticall angles AVS, BVT& the alterga PF 
angles ASV-, BTV are equall ; t and AS= BT; 
+a therefore {hall AV be = BY , | aud SV = yt a 
5a W.W. to be Dem. 


of 

Coroll. b 

Hence in erery parallelepipedon all the diane , 
ters biſe@ one another tn one point, Y. [ 
FxoOP. XL. a 


| «as 


Tf tro priſmes ABCELD, GHMLIK , be of equal! 
altitude , whereof one hath its baſe ABCE a parallel 
gram, and the 6ther GHM a triangle 3 and if the paral- 
lelooram ABCE be double to the triangle GHM ; thiſe 
priſmes ABCFED, GHVL'K ave equall. 

For 1 the parallelepps. AN, GQ, be completed, 

4 ing «they ſhall be equall.bccziie of rhe equality yoſthe 


owe. baſes AC, GP, & cof th» altirides. d therefore alſo 
- the priſmes,e the halfes ticrcof ſhall be equall. Wlz. 


to be Dem. 


PL. 


From the preceding demo». {?r1tion's , the dimenſion of 
Andr.Tacq. triangular priſmes, and quecrangular z Or parallelepipt- 
dons, is learnt ; viz. by multip{ying the altitude into the 
baſe. 
As if the altitude be 10 foot, and the baſe 100 
{fquare foot (the baſe may Le meaſured by (ch. 35: 
1.or by 41.1.) then multiply 100 by 10. ard us 
cual 
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cubic foot ſhall be produced for the ſolidity of the 


priſme given, 
For as a retangle , ſo alſo 1s aright parallelepi- 
n produced of the altitude multiplyed into the 
aſe. Therefore every parallelepipedon is produced 
of the altitude multiplyed ifto the baſe , as appears 
by 31. of this Book. 
Moreover » fince the whole parallelepipedon is 
roduced of the altitude drawn 1ato the baſe , the 
half thereof (that is, a triangular priſme) ſhall be 
produced of the altitude drawa into balf the baſe, 


namely the triangle. 


An Advertiſement. 


Obſ. That of thoſe letters which denote a folid angle, 
the firſt is alwayes at the point in which the angle is; but 
of thoſe letters which denote a pyramide, the laſt is at the 
ſupreme point thereof. 

Ex. gr. the ſolid angle ABCD is at the point Az 
and the ſupreme point of the pyramide BCDA is at 
the point A. and the baſe is the triangle BCD. 


The End of the eleventh Book. 
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G— 


PROPOSITION |. 


(2-22C82 Ike polygongys figures ABCDE-FGRIR, 

N V5 deſerited in [uh ABD, FGI ,areoe 

-J [255 t0 another , as the ſquares deſcribedsf 

1 YH * the diameters of the circles AL, FM. 

SIPE: Draw AC, BE, FH, GM. Becauſe 

s the angle BC = FGH;,a and AB.BC:: FG.GH, 

' b therefore ſhall the angle ACB (* ALB) be==FHG 

; wa (c FMG.) but the angles ABL , F GM © are right 
32. 3. and ſo eqyall; e therefore the triangles ABL, FGM 
=yC are equiaygular. fwherefore AB, FG :* AL. FM. 

7 72 2: 00g FGHIK :: ALq.FMg. | 


Cexoll. 


Hence (becauſe AB. FG :: AL. FM :: BC; GH, 

&c.) the contents of like polygonous figures de- 

ſcribed in a circle are in + proportion as the dia- 

h 1,iz.nd a 
PRxoOP. 


% 
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PROP. IT. 


Circles ABT,EFN, are in propoy- 
tion one $0 another » as the ſquares of 
their diameters AC, EG are. 

Suppoſe ACq. EGq :: the circle 


ABT. I. I fay then L1s equall to 
the circle EFN. 
For farſt,if it be poſſible, let I be lefle then the cir- 
cle EFN, and let K bethe excefle or difference. In- 
ſcribe the ſquare EFGH in the circle EFN , «it 9/574 
being the half of a circumſcribed ſquare , and fo 
greater then the ſemicircle. & Divide equally in two Þ 39.3- 
the arches E FF G,GH, HEzand at the points of the 
diviſions join the right lines EL, LF, &c. at L draw 
' ro tangent PQ (* which is parallel to EF) and pro- ,,,,, .. 
: uce HEP, GFQ. theo 1s the triangle ELF « the d 44, v 
, half of the pgr, EPQF, and ſo greater then the half 
{ of the ſegment ELF; and in like ſort the reſt of thoſe - 
| trianples exceed the halfs of the reſt of the ſegments. 
And if the arches EL,LF,FM, &c.be again biſeRed, 
and the right lines joined, the triangles will likewiſe 
exceed the half of the ſegments. Wherefore if the 
| ſquare EFGH be taken from the circle EFN , and 
the triangles from the other ſegments , and this be | 
, done continually,at length e there will remain ſome ,,, ,, 
magnitude lefle then K. Let us have gone ſo farre, 
aamely to the ſegments EL,LF, FM, &c, taken bo 
gether 


— 
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"y bp. ««d3; gether lefſe then K. Therefore I (f the circle EEN 


$30 3nd 
B+ , b* 

h x. 12, 

k 


1 g.ex.1, 
"I'SO 


K) "2 the polyg. ELFMNHO (the circle EFN .. 
the ſegm, EL + LF, &c. ) In the circle ABT g con- 
ceive a like polygonon AKBSCTDV inſcribed. 
therefore ſince AKBSCTDV. ELFEMGNHO þ :: 
ACq. EGq z:; the circle ABT. I. and the polyp, 
AKBSCTDV ! "the circle ABT. the polyg.ELFM. 


_ GNHO=" ſhall be "A I. but before, I was "I EL- 


FMGNHO. which is repugnant. - 
Againzif it be poſſible, let I be © the circle EFN, 


Therefore becauſe AGyg. EGq , :: the circle ABT. 1; 
and inyerſely I. the circle ABT :; EGq.' ACq. ſup- 
poſe I. the circle ABT ::; the circle EFN. K. ® there. 
fore the circle ABT © K. ” and EGq. ACq:: the 
circle EFN. K. which is ſhewn to be repugnanc, 
Therefore it muſt be concluded;that I is= to the 


circle EFN. W,w.to be Dem. 
Coroll. 


Hence it follows , that as a circle 1s to a circle, ſo 
1s apolygonon deſcribed in one to alike polygoton 
deſcribed 1n the other. 


PROP. IIL 


A Every Pyramide ABDC 
having a triangular baſe , may 
be divided into two pyramides 
AEGH, HIKC, equal , and 
like one to the other , having 
baſes triangular,and like to the 
en = 1 whole ABDC ; and into two e- 
quall priſmes , BFGEIH, 
EGDIHK; which eo priſmes are greater then the half 
of the whole pyramide ABDC. 
Divide the ſides of the pyramide into two parts 
at the points E,F, G, H,I,K. and join the right 
lines EF, FG, GE, EI, IF, FK, KG, GH,HE. Be- 


cauſe the ſides of the pyramide are proportionally 
cut, 


G 
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cut,a thence HI,AB; and GF,AB; and IF,DC; and a 3.6. 

HG, DC, &c. are parallels. and conſequently HI, 

FG;and GH, FI are alſo parallels.therefore it is ap- 

parent that the triangles ABD, AEG, EBF, FDG, 

HIK , 6 are equiangular. and that the four laſt are , _—_ 

« equall : in like manner the triangles ACB , AHE, « 26. v 

EIB,HIC,FGK are equiangular; and the four laſt 

are equall one to the other. Alſo the triangles 

BEI, FDK,IKC, EGH; & laſtly the triangles AHG, 

GDK,HKC, EFI arelike and equall. Moreover the 

_ triangles, HIK ro ADB , and EGH toBDC , and 
EFIto ADC , and FGK to ABC, dare parallel. nm 

From whence it evidently follows , firſt that the py- © * 

ramids AEGH, HIKC are equall, andeliketo the , ,, +, 

whole A BDC, and to one another. Next, that the 

ſolids BEGEIH, FGDIHK are priſmes, and that of 

equall height , as being placed between the parallel 

planes ABD , HIK. but the baſe BFGE isf double f 2.x.r. 

of the baſe FDG. wherefore the ſaid priſmes are e- $*** 

quall;whereof the one BEGEIH is greater thea the 

pyramide BEFI,that is,then AEGH,the whole then 

1ts part; & conſequently the two priſmes are greater 

then the two pyramids and ſo exceed the half of the 

whole pyramide ABDC..W.to be Dem, 


TFROP. IV 


If there be two pyramids ABCD , EFGH , of the 
ſame altitude, havme triangular baſes ABC » wo 
an 
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8nd eithey of them be divided into two pyramids CAT. 
LM, MNOD ; «#d EPRS, STVH) equall one to the 
other and like to the whole , and into two equall priſmes 
(IBKLMN, KLCNMO; aud PFQRST, QRGT- 
SV;) and if in like manner either of thoſe pyrgmids 
mede by the former _— be divided , and this be done 
continually;then as the baſe of one pyramide is to the baſe 
of the other pyramide, ſo are all the priſmes which arein 
owe pyramide , to all the priſmes which are in the other 
pyramide, being equall in mulitade. 

For (applying the conitruftion of the precedent 
prop.) BC. KC 4 :: FG. QG. b therefore the triangle 
fs is to the like triangle LKC as EFG is toc the 


” like RQG. therefore by permutation ABC, EFG @:: 
£/6.14 Uh. . 


LKC.RQGe :: the priſme KLCNMO.QRGTSY 
(for theſe are of equall altitude) f :; IBKLMN. 
PFEQRST. wherefore the triang, ABC. EFG :: the 
priſm. KLCMNO —+ IBKLMN. the priſme QR- 
GTSV + PFQRST. W.m.to be Dem. 

But if the pyramids MNOD, AILM ; and EPRS, 
STVH ; be further divided in like manner the four 
new priſmes made hereby ſhall be to the four produ- 
c&d e as the baſes MNO and AIL are to the 
baſes STV,aud EPR; that is, as LKC to RQG, or 
as ABC to EFG. 5 wherefore all the priſmes of the 
pyramide ABCD are to all the priſmes of the pyra- 
mide EFGH as the baſe ABC is to the baſe EFG. 
W.7v.to be Dem. 


- 


EUCLIDE'S Flewents. 
PROP. V. 


Pyramids ABCD, EFGH , being nndey the ſame a- 
ticude,having triangulat baſef ABC, EFG , art one to 
anather as their baſes ABC, EFG, are, 

Let the triangle ABC.EFG :: ABCD. X: I ſay X 
is equall to the'pyramide EFGH. For if it be poſſi- 
ble,let X be "I EFGH. and let the exceſſe be Y: 
Divide the pyramide EFGH into priſmes and pyra- 
mids and the other pyramids in like manner, « till 
the pyramids left BPRS, STYH , belefle then the 
ſolid Y. Therefore fince the pyramide EFGH = X 
+ Y, it is manifeſt that the remaining priſmes PF- 
QRST , QRGTSV are preater then the ſolid X, 
Conceive the pyramide ABCD divided after the 
ſame manner;b then will be the priſme IBKLMN—+ 
KLCNMO.PFQRST + QRGTSV :: ABC.EEG 
c:: the pyr. ABCD.X. © therefore X © the priſme 
PFQRST + QRGTSY ; which is contrary to that 
which was affirmed before. 

Again conceive X (= the pyr. EF GH. and make 
the pyr. EFGH. Y :; X. thepyr. ABCD e:: EFG, 


ZOT 


by i. 
c byp, 


di4 5+ 


e hyp. end 


ABC.. Becauſe EFGHf IX , g thence Y I the 997.4 5: 


pyr. ABCD. which is ſhewn before to be impoſlible. 
Therefore I conclude , that X is equall to the pyr. 
EFGH, W, i to be Pen. 


PROP. 


8145. 
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q f. +7 


« F. 13» 


34 5. 


The twelfth Book, of 
PROP. VI. 


Y M 


B hp { 
*s. 0 DI > 


" Pyramids ABCDEF , GHIKLM, conſiſting undey 
the ſame altitude , and having polygonous baſes ABC- 
DE, GHIKL , are to one another as their baſes ABC. 
DE,FGHIKL are. 

Draw the righe lines AC, AD, GI,GK. then is the 
baſe ABC.ACD a:: the pyr. ABCF.ACDE.+ there- 
fore by compolition, ABCD.ACD :: the pyr. AB- 
CDEF.ACDE.s but alſo ACD.ADE :: the pyr.AC- 
DE. ADEF. «therefore of equality ABCD. ADE :: 
ABCDE. ADEF. and 6 thence by compolition 
ABCDE.ADE :: the pyr. ABCDEF. ADEF. more- 
over ADE. GKL 4 :: the pyr. ADEF. GKLMzand, 
as before , and inverſely GKL, G HIKL :: the pyr. 
GKLM.GHIKLM.« therefore again of equality AB: 
CDE. GHIKL :: the pyr. ABCDEF. GHIKLM. 

W. W. to be Dem. 
If the baſes have not 
F ſides of equall multi- 
tude,the demonſtration 
will proceed thus, The 
baſe ABC.GHT , :: the 
Py!. ABCE. GHIK. e & 
ACD. GHI :: the pyr- 
ACDE. GHIK. f there- 
] fore the baſe ABCD. 
GHI :: the pyr. ABCDE. GHIK. e Moreover the 
baſe ADE.GHT :: the pyr. ADEF.GHIK.f therefore 
- baſe ABCDE. GHI :; the pyr, ABCDEF. GH: 

K, 


"DH 


PROP 


ee —, won Foc 
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Pxor. VII. 
Everypriſme , ABCDEF. 


—— D having a triangulay baſe,may 
PR p be divided into three pyra- 
mids ACBF , ACDF, CD- 
FE ,equall one to the other, &* 
B c having triangular baſes. 
Draw the diameters of the parallelograms , AC, 
CF, FD. Then the triangle ACB is a= ACD. iy 
b therefore the pyramids of equall height ACBF, l 
ACDE. are equall. Inlike manner the pyr. DFAC 
= the pyr. DFEC. but ACDF and DFAC are one 
& the ſame pyramide.c therefore the three pyramids © 1. <x.1, 
ACBF, ACDF, DFEC, 1nto which the priſme is 
divided,are cquall one to the other, W.W.to be Dem. 


Hence , every pyramide is the 
third part ofthe priſme that ha's 
the ſame baſe and height with it; 
or every priſme 1s treble of the 
pyramide that ha's the ſame baſe 
and height with 1t, 

p Wa \ ' For reſolve the polygonous 
x04 B. EF pritme ABCDEGHIKF 1uto 
aw aaa - triangular piiſr-es ; and the py-- 

ramide ABCDEH into rrian- 

pul pyramides ; -© then all the parts of che prifme , 
all be treble to all the parts of the pyramide, con-+ dv. 

ſequently the whole priſme 5BCDE GHIKFH 3s tre- 

bleto the whole pyramide ABCDEN. 3. 11. 0 be 


_ 
v3 
. 


PROP. 
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PROP. VIII. 


+ Like pyramids ABCD,EFGH, which have triaugu- 
lay baſes ABC , EFG are in triple proportion of bo 
#s which their ſides of like proportion AC,EG,are. 
s Complete the parallelepipedons ABLCDMKL, 
EFNGHQOP, which are like,and c ſextuple of the 
pyramids ABCD , EFGH. « and therefore in the 
ſame proportion with them one to anotherze that is, 
triple of that of the ſides of like proportion , &c. 


Coroll. 


Hence, alſo like polygonous pyramids have pro- 
pottion tripled to that of the fides of like propot- 
tion; as may eaſily be proved by reſolviog the ſame 
into triangular pyramids. 


PROP. IX. 
See the prec. Scheme. 


In - ws 4 ABCD, EFGH , having tries 


gular baſes ABC, EFG , the baſes and altitudes 
are reciprocall ; And pyramids having triangular 
baſes s whoſe altitudes and baſes are reciprocal , are 
equall. 

I. Hyp.The completed parallelepipedons ABIC- 


18.14, «6 DMKL, EFNGHQOP are & ſextuple of the equall 


9.13: 


pyramids ABCD , EFGH (either of cither) ads 
eq 
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equall one to the other. therefore the altitude (H.) 
the alt.(D) 6:: ABIC, EFNG<« :: ABC.EFG.w.w. #4 


to be Dem, 


The ſame is applicable to polygonous pyramids ; 
far they may alſo in like manner be reduced to trian- 
gulars. | 


Corod. 


Whatſoever is demonſtrated of pyramids in prop.6, 
8,9. do's likewiſe agree to any ſort of priſmes ; ſeeing 
they are triple of the pyramids that have the ſame baſe 
and altitude with them.Therefore, 

I. Theproportion of priſmes of equall altitude 
1s the ſame with that of their baſes. 

2, The proportion of like priſmes is triple of 
that of the ſides of like proportion. 

3. Equall priſmes have their baſes and altitudes 
reciprocall ; and priſmes which are ſo reciprocal}, 
are equal!. 


Schol. 


From what is hitherto demonſtrated the dimen- 
ſion of any priſmes and pyramids may be col- 


leted. 


305 


« The (oliditie of a priſme is produced of the alti- a r.cor 12, 
tude multiplyed into the baſe; 5 and therefore like. «nd ſob. 40, 


wiſe that of a pyramide of the third part of the altie do. 12, 


tude cuultiplyed into the baſe. 


V PROP. 


Srethe ſe. 


cond fg.of 
8bis B -y 


cor 9. + 


b ſeb-29.3. 
end eor.g. - 
I. 


CF.ax1. 
d yp, 
E eor'7, I3. 
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& F * +» © 


Every Cone is the the third part of a cylinder having 
the ſame baſe withit ABCD, and the altitude equall. 

If you deny itzthen firſt let ſuch cylinder be more 
then triple to the cone , andlet the excefle be E. A 


a ſeb 7 44nd priſmie deſcribed on a ſquare in the circle ABCD «is 


ſubduple of a priſme deſcribed upon a ſquare about 
the circle , being equall to it and the cylinder in 
height. Therefore a priſme upon the ſquare ABCD 
exceeds the half of the cylinder. and likewiſe a 
priſme upon the baſe AFB, of equall height to the 
cylinder, b1s greater then the half of the ſegment of 
the cylinder aFB. continue an equall bile&ion of 
the arches, & ſubſtra@ the priſmes till the remaining 
ſegments of the cylinder, namely at AF,FB, &c.be- 
comeleſs then the ſolid E. Therefore the cyl.— ſegm. 
AF,FB,&c. (the priſme on the baſe AFBG CHDI) 
cls preater then the cylinder — E (4 the triple of the 
cone.) therefore the pyramide , e a third part of the 
ſaid priſme (being placed on the ſame baſe , andof 
the ſame height) 1s greater then. the cone of equall 
height on the baſe ABCD acircle , z. e. the part 
greater then the whole Which is Abſurd. 

But if the cone be affirmed to be greater then the 
third part of the cylinder , then let oe excelle be E. 
Detrad the pyramids from the cone , as you didio 
the firſt part the priſmes from the cylinder, ti! ſome 
ſegments 


Oh #Kands = " —_—— — Seth. 
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ſegments ofthe cone remain, concelve at AF, FB, 
B G,&c. lefle then the ſolid E. therefore the cone — 
E (f! of the cylin. ) "I the pyr. AFBGCHDIl (the 
cone* — ſegm.AF, FB, &c.) therefore the priſme tri- 
ple to the pyramide(viz,of equall height,and on the 
ſame baſe) 1s greater then the cylinder on the baſe 
ABCD,the part then the whole.Which is 4bſ. Where- 
fore it muſt be granted,that the cylinder is equall to 
triple of the cone, W.I. to be Dem. 

PROP. XI. 


Cylinders and Cones ABCDK , EFGHM, being un: 
der the ſame altitude, are to one another as their baſes 
ABCD,EFGH are. 

Let thegircle ABCD. thecir. EFGH :: the cone 
ARBCDE.N.I ſay Nis equall to the cone EFGHM. 

For it it be poſſible , let N be "] the cone EFG- 
HM,aad ler the excefle be O. The preparation and 
argumentation of the prec. prop, being ſuppoſed; 
then (hal O be greater then the ſegments of the cone 
EP,PF, FQ,&c. and fo the folid N "I che pyr. EP- 
FQGRH35M. la the circle ABCD « make a like 


—_ tig. ATBVCXDY. Becauſe the pyr. :. 
AB 


YK.thepyr. EFQSM 6 :: the polyg. ATBVY. 
the polyg.EPFQSc :: thecir. ABCD.the cir. EFGH 
4::the cone ABCDK. N.e thence the pyr.EPFQG- 
RHSM ſhall be CI N. contrary to what was affrm- 
ed before, Again conceive N ©” the cone EF _— 

V 2 an 
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f byp. 


Ceor.k Iz, 
dbyp. 
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zos The twelfth Book, of 


& make the cone EFGHM. © :: N.the cone ABC. 
i 29. mY DK F:: the circ. EFGH. ABCD, g therefore O DN 
8145+ thecone ABCUK ; which is abſurd , as appears by 
by what is ſhewn 1a the firſt part, 
Therefore rather admit ABCD.EFGH :; the cone 
ABCDK.EFGHM. W.w.to be Dem. 
The ſame may be demonſtrated of cylinders , if 
cylinders and priſmes be conceived in the place of 
cones and pytamids. therefore, &c. 
Schol. 
Hence , is gqthered the dimenſ;on of all ſorts of cylin- 
a 1.Prop.de 4er5 and cones. The (oliditie of a right cylinder is pro- 
dimen}, cire duced of the ciicular baſe (4 the dimenſion whereof 
is tobelearnt our of Archimedes) m.:1tiplied into the 
height; whence in like manner that of every cyliad. 
Therefore the ſoliditie of a cone 1s produced of 
a third part of the altitude multipJyed into the 
aſe, 


b 4, 12-\, 


Paoep. ZIL 


Like cones and cylinders ABCDK , EFGHM,are i 
triple proportion of that of the diameters TX,PR of 
their baſes ABCD, EF GH. ; | 

Let the cone A have to N triple proportion 
of TX to PR.I ſay Nis = the cone EFGHM. For 
if it be poſſible let N be "2 EFGHM. and let 
the exceſſe be O. therefore, N 7 the pyr. 
EPEQGRHSM. Let the axes of the cones be IK, 
LM, and join the right lines VK, CK, VI, oy 


A 
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QM, GM, QL, GL. Becauſe the cones arelike, 
4 thence VI. IK :: QL. LM. but the angles VIK, a14 def. 11: 
QLM b are right angles. c therefore the triangles « Fr = 
VIK,QLM are equiangul.d whence VC.VI :; QG. 44 6 
QL. alſo VI. VK :: QL.QM. therefore of equality 
VC. VK:: QG.QM. «© moreover VK. CK :: QM. e7:-5. 
MG.therefore again of equality VC.CK:: QG.GM. 
f therefore the triangles VKC, QMG are like: and f 5-6. 
by the ſame reaſon the other triapgles of this pyra- 
mide are like to the Qther of that. g wherefore the PY- 89.def 11. 
ramids themſelves are like. 5 But they are in triple © 597-8 141 
proportion of that of VC to QG,k thats » of VItor,s « 
RLy/or TX to PR. therefore the pytr. AIBV CXD- | ig. 5: 
YR. the pyr. EPFQGRHCM :: the cone ABCDK. 3 Sp-end 
N.* whence the pyr. EPFQGRHSM "IN. which 14s. *© 
is repugnant to what was affirmed before. \ 

Again, take N the cone EFGHM. make the 
cone EFGHM. O ::N. the cone ABCDK » ::; the WE" 
pyr. EPRM. ATCK# :: Gq. VC thrice ;: 4 PR. TX pecler., 
thrice. but O”is A ABCDK. which was before P £978.12. 
ſhewn to be repugnant. Wherefore N = the cone oe 
EFGHM.W.W.to be Dem. 

But foraſmuch as what proportion ſoever cones 
have, alſo cylinders, being triple of them, havethe 
fame ; therefore cylinder to cylinder ſhall haye pro» 
portion triple of the diameters of the baſes. 


FSI .* 


d 6. def .$» 


a 19. 12. 
b 13» 13. 


® apply 9, 
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PROP ATHLh 


If a cylinder ABCD be divided 
Viby @ plane EF parallel to the oppo- 
freplans BC.AD, then as one cy. 
D /inder AEFD is to the other cylin. 
der.EBCF ,ſois the axis GI to the 
F axis IH. 
The axis being produced, 
s take GK —= GI, and HL = 
CIH — LM. and conceive planes 
drawn at the poiuts K,L, M pa- 
Orallel to the circles AD , BC. 
4 therefore the cyljnder FD = 
the cyl. AN.and the cyl. EC, = 
BO 6= OP. therefore the cy. 
linder EN is as multiplex of the cyligder ED as the 
axis IK is of the-axis IG. aud in like mavper the cy- 
hinder FP ts as. multiplex of the cylinder BF, as the 
axis IM 1s of the axis IH, but as IK is =, >, 
IM. ſo is the cylinder EN," WFP. therefore 
the cylinder AEFD.the cyl. EBCEF :: GI. IN, #.#. 
to be Dem. _ : 


PROP. KEV 


Cones AEB,CFD , andy 
linders AH ,CK,conſrſting upon 
equall baſes AB,CD are toone 
another as their altitudes ME, 

IK NF are. 

The cylinder HA, and the 

axis EM being produced,take 

D MIL — ENjand at the point 
FE L draw aplane parallel to the 
baſe AB.s then ſhall the cyl. AP be = CK. but the 
cyl. AH.AP (CK) :: ME.ML (NE.) W.W.to be Dem. 
The ſame may be affirmed of cones ſubtriple of 


cylinders; * as alſo ofpriſmes/and pyramids. 
PROP. 


<” x”- -  T © Op 
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PROP. XY. 


In equall cones BAC,EDEF, 
and cylinders BH,EK, the baſes 
and altitudes are reciprocall 
C(BC. ZF :: MD. LA: ) And 
cones and cylinders, whoſe baſes 
and altitudes are reciprocall, are 
equal! one to theother. - 

If the altitudes be equall 
then the baſes are equall too , 
and the thing is evident. If unequall,then take away 
MO = La. | 

i. Hyp. Then is MD. MO (©LA)®:: the cyl. 214-1 


F 


EK. (« BH) EQ 4:: the cir. BU. EF. Which was a 
to be Dem. d in. 43, 


2.Hyp.BC.EFe:;: DM.OM (LA) f:: the cyl. EK. 4 
EQg:; BC.EF b :: BH, EQ.# Therefore the cylind. 8 5- 
Y h 11, 12. 


EK —= BH. Which was to be Dem. kg. 5. 
The ſame argument may be uſed for canes. | 


PROoOrP. XAVL 


B u; Two wiequal! circles 
L ABCG, DEF, having the 
ſame cintre M , to inſcribe 
in the greater circle AB- 
C CGa folygenous figure of 
/ equal and even ſides, which 
/, ' | ſhall not touch the leſſer civ+ 
w CeDEEF. 
Through the center M 
draw the line AC cutting 
the circle DEF 1n F , from whence raiſe a perpendi- 
cular FH. a divide the ſemicircle ABC 1nto twoe- a 30. 3. 
quall parts; and the half thereof BC alſo; and ſo do 
continually, b till the arch IC become lefle then the b «. 10, 
arch HC. from I let fall the perpendicular IL. Ir 
, E 15 


G 
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is manifeſt that the arch IC meaſures the whole 
circle,and that the number of arches is even , and {© 
that the ſubtended lineIC is the ſide * of the poly- 
eſeb. 16.4. gonon that may be inſcribed withour touching the 
4 eor.. x6. 3, Jeffer circle DEF. For HG © touches the circle DEF, 
exC.t. eto which IK is parallel , and placed outwardly; 
f 34.646 fwhereſore IK does not touch the circle DEF;much 
lefle do CI, CK, and the other ſides of the polypo- 
non more remote from the center, W. W. to be Done, 
Coroll. Obſerye that IK touches not the circle 

DEF. 


PROP. XVII. 


Two ſpheres ABCV , EFGH , conſiſting about the 
ſame center D, being gives , to inſcribe a ſolide of many 


ſides (or Polyedran) in the greater ſphers ABC Mars 
| 4 


— wil. Q ww = .35 
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ſhall wot rouch the fuperficies of the leſſer ſphere 

EFGH. 

P Let both the ſpheres be cut by a plane pafſing by 

© | the center making the circles EFGH, ABCV z and 

the diameters AC, BV drawn, cutting perpendicu- 

i larly. In the circle ABCV, # inſcribe the equilaterall , ,, ,. 
| folygone VMLNC , &c. not touching the circle 
5 


EFGH: then draw the diameter Na, and eret DO 
perpendicular to the plane ABC. by DO, and by 
the diameters AC , Ne , conceive planes DOC, 
DON erected, which ſhall be 6 perpendicular to the 618. r1, 
circle ABCV, and (@ in the ſuperficies of the ſphere 
make © the quadrants DOC , DON. In which let « «0. 33. 6. 
the right lines CP, PQ,QR, RO, NS, ST, Ty, yO0 
4be fitted,equall,and of equall multitude with CN, 44 «- 
NL, &c. make the ſame conſtrution in the other 
quadrants OL, OM, &c. and inthe whole ſphere. 
Then I ſay the thing required is done. 

From the points P, S, to the plane ABCV draw 
the perpendiculars PX,SY, e which ſhall fall on the ,,v ,, 
ſeftions AC Na, Therefore becauſe both f the right f +2.ex, 
avgles PXC, SYN, g and PCX,SNY inliſting on £77: 
hequall circumferences , f are,equall , the triangles 
alſo PCX,SNY 5 are equiangular. Wherefoce being x, ,,vg.. 
PC® = SN, alſo is PX = SY,! and XC = YN; | 26». 
» whence DX = DY. = and therefore DX. XC :: my. 
DY. YN. » therefore YX, NC are parallels. but be- 03-6. 
cauſe PX,SY are equall,and ſince beiog perpendicu- 
Jar to the ſame plane ABCYV , they are alſo p paral- p & . 
[es,5 therefore YX, SP ſhall be equall and parallels. 7 5'% 
r whence SP,NC, are parallel one to the other; and , .,, 
lothe/quadrilaterall NC PS , and by the ſame rea- £7.11. 
lon SPQT, TQRG , as alſo the * triangley RO are * + 
ſo many planes. In like manner the whole ſphere 
may be ſhewn full of ſuch quadrilateralls and trian- 
gles. wherefore the figure inſcribed is a polyedron. 

From the center D « draw DZ perpendicular to 
the plane NCPS ; and join ZN, ZC,ZS,ZP. Be- | wo” 
cauſe DN. NC * :; DY, YX. thence NC 199 CT D) Y 14. 5+ 
(s 


a. 


qeor,19-12, 


r 47.1, 


'and D 
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(SP,) and likewiſe SP —TQ, and TQt-,R, 
And becauſe the angles DZC,D ZN, DZS, DZP 
z are ripht,and the {1des DC, UN,D3, DP, equal], 
commonzb theace ZC, ZN. ZS, ZP aree- 
quall one to the other ; and conſequently about the 


; quadrilacerall NCPS a circle may be deſcribed, in 


which (becauſe NS,NC, CP, are& equall, and NC 
C— SP) NC e ſubtends more then the quadrant, 
f therefore the ang. NZC at the center 1s obtuſe, 
g therefore NCq ©— 2 ZCq (ZCq + ZNq.) Le 
NI be drawn perpendicular to AC. therefore ſince 
the angle ADN (5 UNC + DCN) # is obtuſe, the 
half of it DCN ſhall be greater then the half of a 


right angle. and fo that which remains of the right 


ang.CNT ſhall belefle then it.* whence IN CIC. 
therefore NCq (Nlq + ICq) es "I 2 INq. there- 
fore IN C” ZC. and couſequently DZ# © DL, 
but the point I 1s 9 without the ſphere EFGH. &fo 
much more the point Z. wherefore the plane NC- 
PZ, (whoſe” next point to the center 15 Z) does 
not touch the ſphere EFGH. Andifa perpendicu- 
lar Ds be drawa to the plane SPQT, the points, & 
ſo alſo the plane SPQT is yet further removed 
from the center. which is alſo true of the other 
Planes of the polyedron. Therefore the polyedron 
ORQPCN\,&c. inſcribed in the greater ſphere, does 
not touch the lefſer. .w.to be Done. 


Coroll. 


Hence it follows , that if in any other ſphere a ſolid 
polyedron , like to the aboveſaid ſolid polyedron , be in- 
ſcribed'z the proportion of the polyedyan in one ſphere t0 
the polyedron in the other is triple of that of the diame 
ters of the ſpheres. | 

For,ifright lines be drawn from the centers of 
the ſpheres to a} the angles of the baſes of the ſaid 
polyedrons, then the polyedrons will be divided in- 
to pyramids equall in number and like ; whoſe ho- 

| mo- 
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mologous lides are ſemidiameters of the ſpheres; as 
appe=rs , if the lefler of theſe ſpheres be conceived 


deſcribed within the greater about the fame center. 
For the right lines drawn from the center of the 
ſphere to the avgles of the baſes will agree offe to 
the other by reaſon of the likeneſſe of the baſes;and 
ſo will like pyramids be made. Wherefore ſince eve- 
ry pyramide 1g one ſphere to every pyramide like it 


ig the other ſphere « ha's propoxtion triple to'that® cer. 8.2 | 


ofthe homologous (ides, that is, of the ſemidiame- 


ters of the ſpheres ; and b as one pyramide is to one Þ «3. 5. 


pyramide,ſo all the pyramids, that is the ſolid po- 
lyedron compoſed of theſe,ire to all the pyramids, 
that is;the ſolid polyedron compoſed of the others; 
thereſore the polyedron of one ſphere ſhall have to 
the palyedron of ti:e other ſphere, praportiou triple 


of that of the ſemidiameters , © 2nd ſo of the diame- , ,,_;, 


ters of the ſpheres. 


PROP. XVIIIL. 


SSC 


Spheres BAC, EDF, are in triple proportion one to 


the other of that in which their diameters BC ,, EF » 


are. 
Let the ſphere BAC be to the ſphere G 1n triple 
proportion of that of the diameter BC to the dia- 
meter EF.1 ſay G= EDF. Forif it be poſſible, let 
G be EDF. and conceive the ſphere G concen- 


tricall with EDF. In the ſphere EDF © inſcribe a a uy, «2, 


polyedron not touching the ſphere G, and a like 
| _ 
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polyedron in the ſphere BAC. Theſe polyedrong 


nz, barein triple proportion of the diameters C, EF, 


« that is, ofthe ſphere BAC to G. «4 Conſequently 
the ſphere G is greater then.the polyedron inſcribed 
in the ſphere EDE,the part then the whole. 
Againzif it be pofſible , let the ſphere G be — 
EDF. and as the ſphere EDF is to another ſphere 


5yp.inverſ, H,ſo let G be to BAC, e that is,in triple proportion 


of the diameter EF to BC. therefore ſince BAC 
Fc H, we ſhall incurre the abſurdity of the firſt 
part. wherefore rather the ſphere G = EDF, w.y, 
to be Demonſtrated. 


Coroll, 
Hence, As one ſphere is to another ſphere; ſo is a 


polyedron deſcribed in that to a like polyedron de- 
ſcribed in this, | | 


The End of the twelfth Book. 
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'& XY © 


F a right line 7 be divided _ to 
” extream and mean proportion (7.2: 

e.) the ſquare of the half of the = 
line z,, ard of the greater ſegment a, as 
one line,is quintuple to that which is de- 


ſcribed of half of that whole line 2. 


I fay Q. a+! 

ONS + "Dank ton, A z = 5 Q: * 2.athat 2 4.3. 
"Wo - DoS eo b 3.0x,0, 
” is 2a + 1.72 —þ Cas 

d byp. and 

2a = 22+! 22 þ Or aa + Za = ZZ. For ze—+ 6 


£2,4x.ad 
226= TS: _ zed = aa. e therefore aa + za == 1,ex. 


22. W.W.t9 be Dem- 


& 7 Þ% *Þ>+ 7 © 


See the 1. Scheme. 


If a right line | 2 ++ a bein power quintuple zo , , 


ſegment of it ſelf” 2 z. the line double of the ſid ſeg- 


ment (z) being divided according to extreme end mean 
proportion , the greaey egmnens 3 is (a) the other part of 
the right line at firſt given ' 2+ a. 
Z 

I ſay z.a :: ae. For becauſe by the hyp. * aa + OI 

"22+ 2a = 22 +) ZZ 5 Oran —þ 292mm ano= TO 
3 ax.17 

z2e=+ Zazb thence ſhall aa be == ze. c wherefore z. a c 19. 6. 

:a.C, WW. tobe Dem. 


PROP. 


a byp, 
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PROP. III; 


If a right line 2 be divided according to extreme and 
mean proportion (2.4 ::a.c.) the line made of the leſt 
ſegment e and half of the greater ſegment a, is in power 
quintuple to the ſquare , which is deſcribed of the half 
line of the greater ſegment a. 


I fay Qe+;a=$5Q 

ans F_. WC As 4 that 1S ee +! aa 
ag z I 

x A A E ea=aa=+*? aa.boree+ 


EY 
ea —= aa, Foree Seac= ze4= aa. Which was 
to be Dem. 


4 


oF 7 3 "# & £ 


If a right line 7 be cut according t0 extreme aud mean 
proportion (z.a :: a.e) the ſquare made of the whale 
linez,zv» that made of the leſſer ſegment e zboth together, 
are triple of the ſquare made of the greater ſegment a. 

I fay zz + ee; 
Fat nm "4 aa. 4 or aa —+ ee +2 
a EY ae ++ ee == 3 aa. For 
ac-ceecb—= zZec= 
aa. d therefore aa + 2 ae—+ 2 ee=3 aa, W.W.t0 
be Dem. 


PROP. V. 


D A C B If a right line /B be 
I | cut cceeiiag to extreme 
and mean proportion in C) 


and « line AD,equall to the greater ſegment BC, added 
£0 itzthe whole right line DB is divided arcording to ex- 
treme and mean proportion z and the greater ſegmentis 
the right line AB gives at the beginning. 

For becauſe AB.AD :: AC. CB. and by invet- 
ſon AD.AB :: CB. AC. therefore by compoſition 
DB.AB:; AB.AC (AD.) W.. tobe Dem. * 


Schdl. 


*” RA 


— x 


EUCLIDE'S Elements. 
Schol. 
But if BD. BA :: BA. AD. then ſhall be BA AD 
» AD. BA— AD. For by divihon is BD . BA 
(AD.)BA :: BA — AD. AD.therefore inverſely BA, 
AD::AD.BA —- AD, 


FS ok FL 
D A C B If a rationall right line 
© oO DM2"5. EISRNDEY AB be cut according to ex- 


| treme and mean proportion 

in C,either of the ſegments (AC, CB) is anirrationall 
line of that kind which is called apotome or reſ1duall. 

To the greater ſegment AC a adde AD==! AB. 
b therefore WcCe= 5 LAg. c therefore DCq* "boos 
DA3-conſequeatly 4 fince AB,e and fo the halt there- 
of DA arep , likewiſe DC is #. But becauſe 5. r :: 
not Q.Q. fthence 18 DC "TL. DA. g therefore DC 
— AD, that is, AC, 1s arefiduall line, Further, be. 
cauſe ACqs— AB x BC, andABis F , *likewiſe 
BC is arefiduall line. W.W.to be Dem. 


Shak ViL 


If three angles of an equilateral Pentagone ABCDE, 
whether they follow in order , (EAB, ABC, BCD,) 
or not , (EAB, BCD, CDE) be equall,the pentagone 
ABCDE ſhall be equiangnlar, 

Let 
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Let the right lines BE;AC, BD, be ſubtended to 
the equall _— in order. 

Being the tides EA, AB,BC, CD, and the in- 
cluded angles « are equall,s therefore ſhall the baſes 


* BE.AC,BD,*& the angles AEB,ABE,BAC,BCA, 


be equall,q wherefore BF —= FA, eand conſequent. 
ly FC = FE ; therefore the triangles FCD , FED, 
are equilaterall one to the other :f whence the angle 
FCD = FED. 8 conſequently the ang. AED = 
BCD.Inlike manner the ang. CDE is equall tothe 
reſt; wherefore the pentagone is equiangular.. to 
be Dem. 

But if the angles EAB,BCD,CDE, which are not 
1K order, be ſuppoſed equall , 4 then ſhall the ang, 
AEB be = BDC,and BE = BD. #* and thence the 
ang. BED —= BDE. ! conſequently the whole ang. 
AED = CDE. therefore becauſe the angles AE, 
D,in order,are equall,as before, the peatagone ſhall 
be equiangulat, W.W.to be Dem. 


PROP. VIIL. 


Tf in an equilaterall and equi- 
angulay Pentagone ABCUE, two 
right lines BD, CE, ſubtend two 
angles BCD, CDE, following is 
order thoſe lines do cut one another 

' according to extreme and meas 
'- proportion; and their greater ſy- 

ments BF or EF are equall tothe 
ſide of the Pentagone BC» 

4 Deſcribe about the pentagone + the circle 
ABD.6 The arch ED is = BC;c thercfore the avgle 
FCD = FDC. & therefore the ang. BFC =2 
FCD (FCD — FDC.) But the arch BAE bis =2 
ED , and conſequently the angle BCF e== 2 ECD 
== BFC.,ſwherefore BF =BC.Which was to be Dem. 
Moreoyer becauſe the triangles BCD*, FCD » are 


g equiangular , 5 therefore BD. DC. (BE.) :: (bp) 
B 


— rr 2 => 6» -— I, 


CY N 
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(BF) FD.and likewiſe EC.EP ::; EF. FC. W..to 
Dem. 


PROP. I X. 


If the ſide of an Hexagqne BE, 
and the ſide of « Decagone AB , 
both deſcribed in the ſame cixcle 
ABC,be added together, the whole 
right line AE is cut according to 
extreme and mean proportion 
(AE. BE :: BE. AB) and the 
greater ſegment thereof is the ſide 
i the Hexagone BE. 
Draw the diameter ADC , and Jjoio the right 
lines DB, DE. Becauſe the avg. BDC «= 4 BDA, yp. «nd 
and the ang, BYC5—= 2 DBA (DAB + DBA) =_— 
thence ſhaff D3A (b BDE + BED) © be = 2 BDA e7 «xa, 
i= 2 BDE. whence the avg. DBA or DABe—= hy 
ADE. Therefore the triangles ADE, ADB , atee- f 4.6. 
iangular ; fwherefore AE. AD (£ BE) :: AD, 8997154 
E.) AB. W.W.to be Dem. 


Coroll. 
Hence, If the fide of a hexagone in acircle be cut 
cording to extreme and mean proportion ; the 


geater ſegment thereof ſhall be the tide oiche De- 
capone 1 the ſame circle. 


X P3op, 
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PROP. X. 


; If an equilate- 
þ rall Pele 
ABCDE be de- 


'K 
FE. 
A 

WA N | pr in « Circle 
E » the de 
B EY _ of the pent "= 
F* | AB containeth jn 
| power both the ile 
of a hexagome 
| FB , and the ſide 
of a decapone AH 

C -_ ket in the 

G ſame cirele. 
Draw the diameter. AG. and biſe@ equally the 
arch AH in K.and draw FK,FH, FB, BH.,HM, 

The ſemicircle AG - the arch AC £= AG. 
AD. that is,the arch CG = GD) = AH = HB. 
therefore the arch BCG = 2 BHK ; © and fo the 
ang.BFG = 2 BFK. 4 but the ang, BEG = 2 BAG. 
e therefore the ang. BFE — BAG. Wherefore the 
triangles BFM, FAB , Fare equiangular. g whence 
AB, BF :: BF. BM. bh therefore AB x BM = 1 
Moreover,the ang. AFK * = HFK,and FA =FHn. 
* wherefore AL = LH,,, aud the angles FLA,FLH 
T8 _ » and ſo right angles. therefore the abg. 
LH » — LAM = = HBA. therefore the trial» 


gles AHB,AMH, , are equiangular. wherefore AB. 
AH :: AH.AM. 4 therefore AB x AM = AHq. So 
chat ſeeing ABq , —AB x BM—+ AB x AM,/thence 
ABq= BFq + AHq. F.w.to be Dem. 


Covell . 


1. Hence, aright line (FK) which being drawn 
from the center (F) diyides an arch (HA) into two 
equall ſegments,do's alſo diyide the right line( HA) 


ac ad & f Toa = 4 ET. 


*: \&?ÞZ&H& © ÞB 
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ſubtending that arch , perpendicularly into two 
equall ſegments, 

2.The'diameter of a circle (4G) drawn from any 
avgle (A) ofa __—_ » do's divide The fn: ig 
two —— arch hs ORG which the GdeaF th 


-—— —_ ſelf ) awd = 
Ye 


Here , «cording to ak. al ly hor Pl 


| _<_—_— L1,prop. - (ph 


To find out the fide of a pentagone to be inftribed in a 


-gircle AD3. 


Draw the diameter AB , to which ereQ a perpen- 
dicular CD at the center C, divide CB equally in 
E. aud make EF = ED. then DF ſhall be the tide 
of the pentagoue, 

For BF x FC + ECqs«= EFqb=— EDqe= 65 
DCq + ECq. therefore BF x FC=DCq or BCq. « = 
e wherefore BF.BC :: BC. FC. therefore fince BC « z.«x. 
is the ſide of a hexagone, FFC ſhall be the fide ofa p 7, - 
Scagons Conſequently DF 5 = / DCq -+ FCq pie 13+ 

lide of a pentagone. W.W.robe Done. 


X 2 PROP. 
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hd FS X1, 
If ov wcirels AB 


diameter 55 ratio 
 ME'AG,' av equilateral 

9 pentagove be inſcribed 
 ABCDE ; the fade of the 

x tegone AB is anirre. 

. Hontw(l Ne ' ,' of thet Rind 
'\" which is called «mine 
C * Sine. 

G ' Draw the diameter 
BFH, and the ripht lines AC, AH ; and * make FF, 
— : ofthe ray FH; and CM —= :CA. 

Becauſe the angles AKF,AIC,are © right angles,& 
CAI commune the triangles AKFAIC,are 6 equi. 
angular: /c therefgre CI, FK c :: CA. FA, (FB) 9: 
CM.FL. therefore by permutation FK.FL::CI.CM 
4:: CD.CK (2 CM) and fp by e compolition CD 
— CK. CK :: KL. FL, fconſequently Q: CD+ 
CE (zg 5 CKq.) CKq :: KLq. FLq. therefore KL 
=5 FLq. wherefore if BH (þ) be taken 8,FH ſh 
be 4, FL 1, andFLq 1, BL 5, and BLq 25, KLqs. 
by which ic appears" that BL-and KL are TD 
Noi BK is a refiduall , and KL its congruent 
or adjoiniog lice. but being BLq —KLq=20, 
I thence BL 4. y BLq —- KLgq. —_— BK ſhall 
be a fourth refiduall line. Therefore becauſe ABq 
«15 = HBx BK, ſhall AB be a minorline. which 


was to be Dems. 


PROP: 


i 


EUVELIDSsS Plements,” z2F 
PROP. XIA- : "0 
poll a circle An 5" 


ll tria 
e iſe Bina 7 de of 45 

triangle power tri. 

ple to af Fs D's draws 
C from D thecentre of the: cir- 

' Fleto the circumference, 
| ' |; ,- Thediameterbeing x: 

E, | | tendedtoE aw DE. 

cauſe the arch BE s—= EC, thearch BE is the 26 | 
part of the circumference. b therefore BE = DE. _ wy; = z. 
hence AE e=4 DEq( (4 BEq) g== ABq -+ BEq © C4 3, 
£- Bey 4 conſequent) y ABq= ; ADq.#.W.to « _ " 


Corel. 
FI ABq. Mos : 4. 3: f For ABq. AFq:: AE & «or86, 
q+ and 12, 
3. DF =FE. For thetriangle EBDgi 1s equila- YE ' ' 
terall, b and BF perpendicular to ED. b therefore EF 
FD. 


| CO AF =DE + DF =; DEF, 
PROP; XIIL. 


To deſcribe pyramide EGFI, and comprehend it in 
here given : and to demonſtrate that the diameter of 
the ſphere AB 5s in power ſeſquialtera of the ſide EF of 
the pyramide EGEI. X 3 About 


326 The thirteewth Book, of 
p10. 6. _ About AB deſcribe the ſemicircle ADB ; , and 
let AC be = 2 CB.from the point Cere& the per. 

i line CD; and join AD, DB. then at the 

tervall ofthe ray HE = CD deſcribe the circle 

beor.15:4 HEFG. 6 wherein inſcribe the equilaterall triangle 
45; EFG. from Hyereft IH = CA perpendicular to 
the plane EFG. produceIHtoK, «dſothatIK = 

ABjandl joia the right lines TE,LF,IG, Then EE GI 


ſhall be the _— uired: 
For becauſe the angles ACD, IHE, IHF, ING, 


econffr, eare right angles; & CD, HE;HF,HG eequall,” & 
4 4. IH=AC# therefore AD,IE,IF,IG ſhall be equall 
ACq.CDg. thence ſhall ACq be= 2 CDq. there- 
h 2.4x, 
44 03- Det ACq+ CDg) =; CDq=3 HEq 
L1,e.t t== EFqtherefore AD,EP,IE,IF, IG are equall, 
" and fo the pyramide EFGT is equilateral. But if the 
point C be placed upon H, and AC upon HI , the 
m 8, Tightlines AB, IH, * ſhall agree , as being equall, 
refore the ſemicircle ADB being drawn about 
m i5.def.1, the axis AB or IK * ſhall paſſe by the points E, F, 
* 31-4f. 11» 3, * and ſo thepyramide EFGI ſhall be inſcribed 
2 & i a ſphere. W. W. tobe Done. , 
ceo,  Alſoitis manifeſt that BAq. ADq®:; BA.AC# : 
p youff 
3-2. W.W.to be Dem, 


Core/l. 


1A HEq ::9: 2. For if ABq be put 9, then 
aa wr, (E ſhall be 9. , conſequently HEq ſhall 
2 


2. If L be the center , then ſhall AB. LC :: 6.1. 
r enſr, ForifABbeputs6, then AL ſhall be g.” and thence 
AC 4, wherefore LC ſhall be 1. Hence 
3- AB.Ql :: 6.4 :: 3.2. whence 
4 ABq. Hlq :: 9. 4. 


among themſelves. But being AC (2 CB.) CBg:; 


ww Hs -A=rXVA*D*G©oy =. 
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PROP. XIV. 


To deſcribe an Ofae- 
W; Ocomprebend it in the gi« 
| ven ſphere , wherein « 

pyramide is : and to de> 

monſlrate that AH the 

diameter of the ſphere is 

D in power double of AC 

the ſide of that Oftae« 
dron. 

About AH deſcribe the ſemicircle ACH. and 
hom the center B ere che perpendicular BC. draw 
AC, HC. then upon ED = AC « make the ſquare , ,,,, 
EFGD,whoſe diameters DF, EG, cut in the center | 
I. from Idraw IL = AB6 ndicular to the 61s. ni, 
plane EFGD. produce IL , e till IK —=IL. agdjoia © 3-1. 
KE.KF,KG,KD,LE,LF, LGLD ; then ſhall KEF- 
GDL be the Ofaedron required. 

| For AB,BH, FI, 1K, &c. being ſemidiameters of 
equall ſquares are equall one to x other. d whence 
the baſes LF, LE, FE, &c. ofthe rightangled trian- 
LIE,LIF,FIE,&c. are equall,and conſequently 
eight triangles LFE, LFG, LGD, LDE, KEF, 


dg. ts 


KFG, KGD, KDE, are equilaterall ,e and make an * 37. defeir. 


Odaedron , which may þe inſcribed in a ſphere , 
whoſe center is I,and ILor AB the radius. (becauſe 
AB, IL , IF, IK, &c. fareequall.) W. W. to be f confer. 
Done. Moreover, it is evident that AHq (LKq)g = gg. 
2ACq (2 LDq.) W.W.tobe Dem. 


Coroll. 


1, Hence it is manifeſt, that in the oRaedron the 
three diameters EG, FD, LK doe cut one the other 
perpendicularly in the center of the ſphere. 

2. Alſo that the three planes EFGD , LEKG, 
LEED are ſquares,cuttipg one another perpendicu« 


ay, 


X 4 2.The 
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3; The Oaedrou is divided into two like ande. 
quall pyran:iids EFGDLyand EFGDK, whoſe come 
mon baſe is the ſquare EFGU, 
4. Laitly;it follows that the oppoſite baſes of the 
oRacdren ate parallel qne to the other, 
_Þ n on, XV. * 
M K To deſcribe « cube 
EFGHIKLM, and 
comprehend it in the 
Jame ſphere wherein 
vw the former figures 
weye ; and to demoy- 
E ſtrate that AB the 
diameter of the ſphere 
is in power triple to 
EF the ſide of that cwbe. 
Upon AB deſcribe a ſemicircle ACB;# and make 
AB= 3 DA.from D raiſe the perpendicular DC,& 
join BC and AC:Then upon EF —= AC 6 make the 
ſquare EFGH, upon whoſe plane let the right lines 
EI,FK,HM, GL, ſtand perpendicular , being equall 
to EF,& conneR them with the right limes IK, KL, 
EM, IM. The ſolid EFGHIK LM is a cube, as is fuf- 
ficiently appareat'from the conſtru&tion. 
a the oppofite ſquares E FKI, HGLM), draw the 
diameters ER,F I, HL,MG, by which let the planes 
EKLH,FIMG be drawn,cutting one another 18 the 
dis 43... live NO. which c ſhall divide equally in two parts 
and14 def. the diameters of the cabe EL,FM,GI, HK, inP the 
_ cente? of the cube. dtherefore P ſhall be the center 
e47.,» Ofa (pherepaſſingby the angular points of the cube, 
fconffr Moreover,ELq e—= EKq —+ KLq e= 3 KLEq,for 
cor.8.6. 2 ACq.but ABq.ACq g:: BA.UA f:: 3-1. 5 there- 
—# q-ACq UAf: 3 
f.'. Ai3z = EL whetetfore we have made a cube,&c. 
W.W.to be Done. 
. Covdll. 


I. Hence it is maniſet,that al} the diameters of the 
cube are <quall one to another z and do-equally bt- 
ſe& one another in the center of the ſphere. And by 


the ſame means the right lines which conjoin the 
cen- 


VV TT Wo 6 GG 
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centers of the oppoſite ſquares are equally biſeQted 


in the ſame center. 


2. The diameter of a ſphere containeth in power , _ , 
the fide of a tetraedron and of a cubezviz. ABq &= 1 arg. 


IBCq + *® ACq. 
PROP. NXVL. 


=—4 
To deſcribe an Icoſaedrong 
ZGHIKFYVXRST , ant en-*F 
compaſſe it in the ſphere, wherein | 
were contained the foreſaid ſolids; 
and to demonſtrate that FG the* 
fide of the Iſocaedron is that ivra- 
tionall line , which is called a mi- | 
ner line. 
- Upon AB the diameter of a 
ſphere deſcribe the ſemicircle 
ADB ; & a make AB ==5 BC. 
then from C ere&t CD per- 
pendicular , and draw AD and 


BD. At the diſtance EF = 


BD deſcribe the cincle EFK- | 
NG; A. 


_ 


d confly, 
<6 at. 
fz3.9, 
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NG; 6 wherein inſcribe the equilaterali pentagone 
FKIHG. Divide equally in two parts the arches FG, 
GH, &c. and join the right lines FL,LG, &c. bein 


| the ſides of a decagone. Then «© eret EQ,LR, To 


NT,OV,PX equall to EF, and perpendicular to the 
plane FKNG; and conneA RS,ST,TV,VX,XR; as 
alſo FX, FR,GR,GS,HS,ST,HT,IT,LV,KV,KX. 
Lallly,produce EQ, and take QY = FL, and EZ 


I 
=— FL and conceive the right lines ZG, ZH, ZI, 


ZK, ZF tobe drawn; as alſo YV, YX, YR, YS, 
YT. Then I ſay the Iceſaedron required is 
made, 

For becauſe EQ.LR,MS,NT, OV, PX, are de. 
quall and , parallel, alſo thoſe lines that join them 
EL,QR,EM,QS,EN,QT,EO,QV, EP, QX),Ff are 


_ Equall & parallel. And thence likewiſe LM (or FG) 


& 15.12. 
hs. dif'3. 


F 47.1. 

I SDS 
m1@s. 13. 

= /ih 48. 1. 
andy ox. 


©ooy Ig. I), 


P41, 
qid, 13. 


7 15.def. 1. 


RS, MN, ST,&c.are equall one to the other.g there- 
ſore the plane drawn by EL, EM, &c. 1s diſtant e- 
qually from the plane paſting by QR,QS, &c.5 and 
the circle QXRSTV drawn from the center Q is e- 
gquall to the circle EPLMNO 3 and RSTVX is an 
equilaterall pom_ Burt EF, EG,EH, &c./ and 
QX,QR,QS.&c. being conceived to be drawn;then 
becauſe FRq®*—FLq—+ LRqyor EFq# = FGq, 
" therefore FR,F G,and ſo all RS,FG,FR,RG,GS, 
GH,&c.{hall be equall one to the other. and conſe- 
quently the ten triangles REX,RFG,RGS, &c. are 
equilaterall and equall. Moreover, becauſe XQY is a 
o right angleztherefore XYq = QXq-+QYqq= 
VXq or FGq. wherefore XY, V X,and likewiſe YV, 
YT,YS, YR, ZG,ZH, &c. are equall. Therefore o- 
ther ten triapgles are made, equilaterall and equall 
both to one another, and to the ten former; and {o 
an Icoſaedron is made, | 
Moreover,divide equally EQ in «,draw the right 
lines eF,aX,©V; and becauſe QX , = QV,and aQ 
the common {1de,and FQX , EQV are right angles, 
ſcherefore ſhall «X be = «V ; aud by the ſame rea- 
ſon all thelines «X,«R,aSnT,,V,cF,cG,o H;al,eK 


are 


«ans DPRESEHASDTE 


£ocno =m 


——_— _— x Qu l,_= 
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are equall. But becauſe ZQ.QE 8 62 QE. ZE. there- TY. 13. 
fore Zeq»= 5 Eaq® = EQq(EFq) + Eaqy= 351% 
«Fqtherefore Za = a«F.n like manner aF= Ya. y - < 
therefore the ſphere , whoſe center is a, and «F the 2'5-5* 
ny, ſhall paſſe by the 12 angular points of the Ico- 

O 


D. 
Laſtly, becauſe Ze.«E :: ZY. QE; s and ſo Zaq. Fo 
«Eq + ZYq. QEq. [1 taereſore þ 4 g = 5 QEqzgor big, 
5 BDq= : but ABq. BDqe:;: AB.BC:: 5. 1. © cor 8-6. 


Þ «therefore ZY = AB. W.W.t0 be Dove. eſeb.13. 20, 


Therefore if AB be put þ, «then EF= 4/ ABq f 10.15. 
ſhall ke alſo. and conſequently FG the fide of the 
pentagoueand likewiſe of the Icoſaedrogn, fis a mi- 
por line. Which was to be Demonſtrated, 


— 


Coroll, 


1.From hence is inferred, that the diameter of the 
ſphere is in power g"a__ of the ſemidiameter of 
- circle encompaſſing the fire fides of the Icoſae- 

ron, 

2. Alſo it is manifeſt that the diameter ofthe 
ſphere is compoſed of the fide ofa hexagone , that - 
is» of the ſemidiameter , and two fides of the deca- 

of a circle encompaſſing the five' ſides of the 


$.It appears likewiſe that the oppoſite fides of an 
Icoſaedron, ſuch as RX, HI , are parallels, For RX Fe 
+ is parall, to LP, b parall, to HI, b/cb. 26.3. 
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PROP, XVIL 


N 


To deſcribe a Dodecaedron , and comprehend it inthe 
ſphere wherein the former figures were comprehended: 
and to demonſtrate that the ſide RS of the Dodecardron 
is an ivrationsll line of has ſort which 5s called an apt 
tome or reſidual line, | PH) ns” 

Let AB be a cube 1nſcribed in the given ſphere, 
and let all the fides thereof be divided equally in 
the points EH, F,G,K, L, &c. andjoin the right 

a 30.6, lines KL, MH, HG,EF.s make HI.IQ :: IQ.QH; 
and take NO,NP,— IQ.then ere& OR, PS , per- ; 
pendicular to the plane DR, and QT to the plane 
AC; and let OR, PS, QT , beequall to IQ, NO) 
NP.whence DR,RS,SC,CT,DT, being connedted, 
DRSCT ſhall be a pentagone of the Jodecacdron 
required. For draw NV parallel to OR, and having 


drawn NV out as farre as the center of the cube X> 
jo2ln 


| G 


= a A A za act ST m£<6©@ ©*As_=rs__S a acc aa ws AS a ae oz oma Rn em Gao as oc o.oAocco a cc iT ce PD] waa ac i od. ao od os to wa == 
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a the right Jiges Oar LK, RNS R>CP,HY 
in. Becauſe DO ow 5 ma. . 
= 3 ONq, (3 ORq)4 nf NEOV = +. ORq bx. 
+22 OPaq, or R Sq. the e DR= RS. By ah? £403 3. 
ſame reaſon DR, RS, CT, TP are <quall., But, «2. 
becauſe OR Fis = an g parallel to PS, gn toaſty, 96. 
RS,OP, nds confrennaty RS, DC ſhall be alſo g 11, «. 
parallels. þ therefore theſe with them that con- Þ 9:5: 
join theny DK , GS, V-H, are in one andghe 
ſame plane. Moreover, becauſe HI. FS : IQ, a k9. 62, 
(TQ.) QH; :: HN. NV, Las: both 'TQ, HN. a 
QH,NV + Pit  pependchar the mes plane! ta IG&00; 
ſo likewiſe parallels , « all be a right line. m 32. 6. 
s therefore the Trapezium DRSC, and the triangle * SPUN 
DTS are 1n one plane exten, ed by the right. hoes 
DC, TV. o» therefore Der is 2 ; pentapone 3 40 
that alſo c<quilateral) , A what is the ſhewn already. 
> ar magtige no i KN. NP; and DS; 
= Da ALA g + PRg oo FO x 
bye DG Dees NE CET ava 6 
(4DHq)'—= DCq. Ges DEE = 4.13. 
pers. les DRS,DCT,areequilaterall one to an- cf!" 
other. [therefore the angle DRS—DTC , and 
likewiſe the ang CSR = DCT. therefore the _ 

one DTCSK is alſo equiangular, Moreoyer,be- 
"gon AX, DX, CX, &c. are {emidiameters of the, 
cube,* thence is XN — IH or KN,» and ſo XV = « «5. 11, 
KP ; wherefore becauſeRVX, isa * right angle ,  1.6x.4, 
T thence RXq= XVq+RVq(NPq) = KPq+ = Y 
NPq «= 3 KNq%== AXq or DXq, &c. therefore #003 
RX, AX, B » and by the ſarye reaſon X$, XT, AX, FF 


05.13 


dteequall one to angthgr. And if by the fame me- 
Frbody whereby the petagon DTCSR was made, 
twelvelike pentagones chivg the tyctve (xdes 
of the cube,be made.phity ll compoſe a Dodecae- 
 dronz and a ſphere Their; atigularponys, 
whoſe ray.1s AX or RX, ſha comprehend that Do- 
decaedron.W.W.to be Done. 


| Laflly, becauſe KN. NOs:: : NO. OK. 4cheng © nf 


334 
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KL.OP:: OP,OK + PL.Therefore if AB the dia 
meter of the ſphere be ſuppoſed j,then ſhall KL e= 
v/ ABS be alloze whence OP or RS the fide of the 


dodecaedron ſhall be a refiduall line. .7.to be Dey, + 


Coroll. 


From this demonſtration it follows, 1. that if the 


fide of a cube be cut in extreme and mean propor 
tion, the greater Sj" ſhall be the fade of the do- 
decacdron deſcribed in the ſame ſphere. + 

2. If the leſſer ſegment ofa right line , cut in ex. 
rreme and mean proportion z be the ſide of the do» 


the cube inſcribed in the ſame ſphere. 
- 3. It is manifeſt alſo, that the fide of the cubeis 
equall to the right line which ſubtendeth the an 


of a pentagone 
the ſame ſphere. 


PROP. XVIIT. 


To find out th 
ſides of the prece- 
dent five figures,and 
Compare them 10- 
gether, 

| Let AB be the 
diameter of the 
ſphere given, and 
AEB the ſemicir- 
cle, and let ACbe 
g== 5 AB,and AD 
B b= a AB. then - 
re the perpendi- 
culars CE,DF, and BG — AB. 1010 AF 3 AE, BE, 
BF, CG; and let fall the perpendicular HI from H ; 


and 


of the dodecaedron inſcribed in 


_ decacdron, the greater ſegment ſhall be the ſideof ' 


m_— 


» 11 7 


_—_ . FF 
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; and CK being taken equall to Cl,from K ereft the 


perpendicular KLzand join AL. Laſtly, c make AF. ©39. 6. 
AO :: AO.OF. | 

Therefore 3.24 :: AB.BD e:: ABq. BFq the ſide $59. 
ofa Tetraedron. and 2, 1:: «AB. AC ;: ABq. BBq I us _ 


* Fthe fide of an ORaedron. 


Alſo3.14d:: AB. ADe:: ABq.AFq,g the fide of gig 13. 
an Hexaedron. »eonfe, 
Moreover,becauſe AF.AO 5:: AO. OF. thence © 7 
ſhall AO be the ſide of a Dodecaedron. Laſtly, BG, 
(2 BC.) BC 1:; HI. IC. , therefore Hl =2 CI !46 
*—KI, therefore HIq-== 4 Clq. conſequently mp 4 
C Has =5 Clq therefore ABq = « Klq.r there. ®4.3. 
fore Kl or HI is a ray efa cirde encloſing the pen- {9 '- 
'tapone of an Icoſaedron;& AK or IB” is the fide of = cor. 16.43. 
a decapone inſcribed in the ſame circle. ſwhence * 1) 
AL ſhall be the fide of a pentagone , * and alſo the « 16 13. 
fide of an Icoſaedren. Whereby it appears that BF, 
BEAE are# T.. and AL,AO /O-, andBF © 
BE,and BE © AF, and AF © AO. And becauſe 
3 AFq= ABq «= 5 KLqzandaF x AO AF 
x OF, . and foAFxXAO+AFxOFC—2AFx 2,5, 
OF,” that is,AFqc” , 2 AO. thence ſhall 3 AFq y ».z. 
(s KLq) be = 6 AOq. conſequently KL © AO; 7 _—_ p 
and much rather AL ©” AO. n 
That we may exprefſe theſe ſides in numbers ; If 
AB be ſuppoſed 4/ 60, then , reducing whart is al- 
ready ſhewn to ſupputation, BF = 4/ 49,& BE = 
z0,Q& AR=+/ 20.Alfo AL=4/:30-4 180 
for AK = 15=4/ 3-a0d KL (HI)=+/ 12:) 
Laſtly AO = 4: 30=4y/ 500 (y/ 25 =y/ 5.) ; 


Schol. 
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Sche|. | 
. Tt is wery apparent that beſbdes the five aforeſaid fi 
ures, there cannot be deſcribed any other regular ſolid | * 
gure (v1z.ſuch as may be contained under ordinate and 
equal plane figures.) , 


- For three plane angles at leaſt are required to the 
b 840 ſebol. — of a ſolid angle ; « all which muſt be 
3h. 8. lefſe then four right angles. 6 But 6 angles of ane | 
quilaterall triangle,4 of a ſquare , and fix ofa hexa* 
gon, do ſeyerally equall 4 right angles; & 4 ofa pen« 
tagon,z ofa heptagon, z of an oRagone, &c. do ex- 
ceed 4 right angles : Therefore only of 3, 4, or 5 e- 
uilaterall triangles,of 3 ſq ares,or 3 pentagones, it 
1s poſſible ro make a ſolid angle, Wherefore beides 
the five above mentioned, there cannot be any other 
regular bodies. 


Out of P. Herigon. 


PRs. ! 


The Proportions of the ſphere and the froe regular fie 
gures inſcribed in the ſame. 


Let the diameter of the ſphere be 2.then ſhall 


The Peripherie or circumference of the preater | 
circle, be 6 þ:8318. 


The ſuperficies of the greater circle,z\ 1415 9, 1 
The ſuperficies of the ſphere, r 2 156637 
The ſolidity of the ſphere,4 [1379. 


The {ide of the tetraedron, 4 162 299« 
The 


EUCLIDE'S Elements. 


The ſuperficies of the tetraedron, 4 61 388. 


The ſolidity of the tetraedron, o 1151 32. 
The fide of the Hexaedron,1 547. 


The ſuperficies of the hexaedron, 8, 
The ſolidity of the hexaedron, 1 (5396- 
The ſide of the Okaedron,1 (+1421. 
The ſuperficies of the ofaedron,s (9282. 
The ſolidity of the oRaedron, x (33333: 
The fide of the Dodecaedron , © | 77364. F 
The ſuperficies of the dodecaedron, 10 51462» 
The (olidity of the dodecaedron, 2 | 78516. 
The {ide of the Icoſaedron, 1 [95 146. 
The ſuperficies of the Icofaedron,g | $7454 


mt I 


The ſolidity of the Icoſaedrog, 2 $3615. 
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If five equilateral! aud equiangular figures , like 
theſe in the ſchemes beneath , be made of paper , and 
rightly folded , they will repreſent the five regulay be. 

es. 


= 
| 
E-4 


The End of the thirteenth Book. 
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EUCLIDES ELEMENTS. 


I Terpendiculay 
line DF drann 
from D the 
Y center of 4 cir- 
Ve cle ABC t 
BC the ſide of a pentagone in- 
ſcribed in the ſaid circle , is the 
half of theſe two lines taken 
togetbey, v1z. of the ſide of the 
f hexagone DE » and the ſide of 
. the | airs EC inſcribed in 
the ſame circle ABC. 
Take FG —=FEzand draw CG : « Then CE is = 
CG.therefore the ang. CGE b = CEG s = ECD. 
therefore the ang. ECG « = EDC 4 =! ADCe= 


2 CED ( ECD.) fconſequently the angle GCD 


—=ECG-= EDC.g wherefore DG = GC (CE.) 86. +. 


therefore DF =CE (DG) + EF = DE + CE. 
W.W.to be Dem. NIN —TI Sas 


& #3 YL ox. 


SS... S If two right lines AB, , 
—}---] DE, be cut according to ex- 
D H E F treme and mean propurtion 
- AB. AG:: AG.GB. azd 
E.DH :: DH.HE.) ehey 
ſhall be cut after the ſame manner , viz. into the ſame 
proportions (AG.GB :: DH,HE.) 
y Take 


dio woes wo wee ws hes 


—k.1 


'Y 
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E109. }, 
f 7.4x. 
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Take BC = BG;and EF = EH.Then AB x BG 
ar.6 is8— x5 AGq.wherefore ACqb =4 ABG + AGq 
nad c=5 AGq-Inlike manner ſhall. DFq be== 5 DHq. 
d:2.5..nd dtherefore AC. \G :: DF.DH. whence by addition 
_ AC—+AG AG :: DE+DH. DH. that 15,2 AB.AG 
f 17.5. :: 2 DE.DH. e conſequently AB.AG:: DE. DH; 

f whence by divitioa AG. GB ;: DH. Hz. WW. 
be Dem, 


'& T KF *38 > & 0 


The ſame circle ABD comprehends both ABC DE 
the pentagone of a Dodecaedron , and LMN the triangle 

a ſeh.gr.., Of an Icoſaedron inſcribed in the ſame ſphere. 
» —_ Draw the diameter AG , and the right lines AC, 
997,” . CG.andlet IK be the diameter of the ſphere , 6 and 
£10,143, IKq=5 OPqb& make OP.OQ:: OQ. QP.Be- 
88. 13 cauſe ACq + CGqc= AGqa == 4 FGqs & ABq 
213 &:6. e= FGq=CGq.f thence ACq +ABq = 5 FGq. 
C. ing moreover, becauſe CA.ABg:: AB.CA — AB; and 
45. OP.OQ :: OQ.QP. b and ſo CA. OP :: AB.OQ. 
m cn? ktherefore 3 ACq. (11Kq.) 5 OPq (IK) :: 3 
n cor.16.3- ABq. 5 OQq. therefore 3 AB,q = 5 OQg. But be- 
pm - cauſe ML » is the {ide of a pentagon inſcribed 1n the 
que.yg. Circle, whoſe ray is OP,thence 15 RMq © 5 MLq 
eee 1 <= 5, OPq+5 OQget?; ACq 3 AbqQ— 
[:h.48.n, 15 FGq. ” therefore RM = FG. ſand conſequently 
ſidef.z, thecircle ABD is = to the circle LMN, W.W#-t0 be 
Dem, PROF, 
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( 


P Ro P. IV. 


If from I the center of a circle encompaſsing the 
pentagone of a dedecaedron ABCDE,, a perpendicular 
line | G be drawn to ons ſide of the pzrpfagone CD ; the 
reftangle contained ander the ſaid pde CD and the per- 
pendiculay FG, bem thirty times taken , is equalito the 
ſuperficies of the Dodecaedron.. Alſo, 
If from the center L of a circle incloſing the triangle 
of an Tcoſaedron HIK , @ perpendicular line LM be 
drewn to one ſrde of the triangle HK, the reftangle con- 
tained under the ſaid ſide HK, &> the perpendicular LM, 
being thirty times taken , ſhal! be equall tothe ſuperficies 
of the Icoſaedron, 
Draw FA, FB,I'C,FD.FE. «then ſhall the tritan- ag 1, 
gles CFD, DFE,EFA, AFB BF Che equall.but CD 
x FGb = 2 triangles CFD. therefore 30 CD x GF bg «1» 
c = 60CED4d= 12 pentagones A3©TDE e= to d—_ 
the ſuperficies of the dodecaedron. 1.1. to be Dem. e v7 3+ 
Draw LI, LH, LKzthen HK x LM p1is = 2 triang. = 
LHR. th1crcfore 30 HK x LMg= 60 HLK == 290 
HIK » = to the ſuperhicies of the Icoſaedron. 1. b 6. 13, 
to be Dem. 


Coro!!. 


CD x FG.HK x LM « :: the ſuperficies of the do- ,,, þ 
decacdron to the ſuperf. of the Icoſacedron. 


E.2 PRoP 
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PROP. V. 


The ſuperficits of a Da. 
q decardron hath to the ſu- 
perficies of an Icoſaedron 
_ in the ſame 
here , the ſame proportion 
joe H te # 4 Cube 
hathto AD the fide of an 
' Tcoſaedron. 

H Let the circle ABCD 
encloſe both the penta- 
one of a dodecaedron , and the triangle of an Ico- 
ſaedrop; whoſe fides are BD,AD. upon which from 
the center E let fall the perpendiculars EF , EGC; 

and draw CD. | 
bg. 13. Becauſe EC CD.EC6::; EC.CD.thence EG. 
ct, 14. (+ EC —+ CD.yEF (4: EC) e :: EF, EG— EF 


d cor.13. 13, 


yon tf 13- (: CD.) but H. BDF:: BD. H — BD. £& therefor, 


87;+ H-BD::EG. EF. conſequently H x EF — BD* 
ky. 5. EG.wherefore ſince H. ADz::Hx EF. AD xBEF- 
Leorr 4.14 & thence ſhall be H. AD + BDx EG. AD x EF j:: 

the ſuperficies of a dodecaedron to the ſuperficies of 
an Icoſaedron, W.W.to be Dem. 


8 3-14, 
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If a right line AB be 
cut in extreme and mean 
proportion , then as the 
right line BF , containing 
in power that which is 
made of the whole line 
AB', and that which is 
made of the greater ſeg- 
ment AC , is tothe right 
line E containing in power 
that which is made of the whole line AB,and that which 
is made of the leſſer ſegment BC ; ſo is the (ile of the 
cube BG to the ſide of an Icoſaedron BK inſcribed in the 
ſame ſphere with the cube. 

In the circle,whoſe ſemidiameter is AB , inſcribe 
BFGHI the pentagone of a dodecaedion , avd BKL 
the triaggle of an Fcoſaedron. « whe: efore BG ſhall 
be the de of a cube inſcribed in the ſame ſphere. ne” 
therefore BKq b = 3 ABq; and Eqe==3 ACq. c4 13. 
therefore BKq. Eqa:: ARq. ACq e:: BGq. BFq. py 
wherefore by inverſion BGq, } Kq :: BFq. Eq. F za. 6. 
f whence BG.BE :: BF. E. 1. to be Dem. 


PPUSOLA VEL 


' A Dodecaedron is t0 an Troſaedrin, as the [ide of a 
Cube is to the ſide of an Tcoſaedron , inſcribed in one and 
the ſame ſphere. 

Becauſe a the ſame circle comprehends both the 3 '4- 
pentagone of a dodecaedron, and rhe triangle of an 
Icoſaedron , b the perpendiculars drawn from the 
center of the ſphere to the planes of the pentagone 
and triangle,ſhall be equall one to another. There- 
fare if the dodecaedron and Ifocaedron be con- 
ceived divided into pyramids * , right lines being 
drawn from the center of the ſphere to all the anglcs, 
the altitudes of all the pyramids ſhall be equall one 

Y 4 to 


b 47. 1» 


a c0r.19. 13, 
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e$,.nd6, to theother, Wherefore fince the pyramids c of e. 
I. quall height are one to another as their baſes,& the 
ſuperficies of the dodecaedron is equall to twelye 
pentagone$zand the ſuperficies of the Iſocaedron to 
twenty triangles , the dodecacdton ſhall be to the 
Icoſaedron,as the ſuperficies of the dodecacdron is 
to the ſuperficies of the Icoſaedron , 4 that is, as 
the fide ofthe cube is ro the (id& of the Icofacgron, 


dy: 14. 


7R on VIHDLD— 


The ſame tivcle 


B BCDE compre- 
hends both the 
o E H ſquare of the cube 
8 BCDE 5 and the 
D —_—_—_——_ 


triangle of the ofae. 
dron FGH inſcri- 

bed in one and the ſame ſphere. , 
elf. 13. . LetAbethe 7 a of the ſphere. Becauſe Aq 
Fr en «<= 3 BCqb=6BIq ; andalſo Aqc = 2 GFq 
ts + 4 —=6 KFq ; thence ſhall BI be = KF. e therefore 
* thecircle CBEED= GFH.W.W. to be Demonſtrated, 


- The End of the ſaurtcenth Book. 
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PROPOSITION UI. 


255 N 4 cube given ABGHDCFE to deſcribe 
5% 4&4 pyramide AGEC. 

From the angle C draw the diame- 
ters CA,CG,CE ; and cobne them 

——_> with the diameters AG,GE, EA. All 

which are equall among themſelyes , as being the , 
diameters of equall ſquares : therefore the triangles 
CAG,CGE,CEA,EAG are e<quilaterall andequall; 
and conſequently A GEC 1s a pyramide, which in- 
fits upon the angles of the cube , and therefore is ® 314-114 
inſcribed in the ſame, W.W. to be Done. 


47.1. 


PROP. 


The fifteenth Book of 
CSOsI1, 


In4 pyramide given ARDC 
A to deſetBe an Mo EGK. 
IFH, 

's Biſe@ the ſides of the 
pyramide in the points,E,I, 
F,K,G, H, which join with 

R A D the r1 hr hoes EF,FGz, GE, 
F &c All theſe are b _— one 
to the other 3 conſequeatly the 8 triangles EHI , 
IHK,&c. are equilaterall and equall , and ſo make 
e 27.d4F 1g. £an ofaedron deſcribed 41n- the given pyramide. 
6 31,0511. 1.17.t0 be Dgpe. 


PRoOoFv TIIL 


IN 


N G7 | 


4 un 


. PRI | 


C H 


In a cubegives CHGBDEFA todeſcribe an of at- 
dron NPQSOR. 

TP" Conne* the centers of the ſquares N, Þ, Q, S, 
IM O, R with the twelye right lines NP, PQ, Q5, &c. 
aq 1. which are s equall among themſelyes ; and ſo make 
d 31..4927- $ equilaterall and equall triangles : wherefore þ the 
4% Oardron NPQSOR 6 is jaſcribed in the cube. 
W.W.to be Done, PROP, 


P R © Po 


I 
be equally biſeed in 


EUELIDE'S Elements. 


I'V. 


In an Oftaedron given AB- 


CDEF, 10 inſcribe a cube. 


Let the fides of the pyra- 
L mide EABCD, whoſe baſe 


1s the { 


eABCD , bee- 


qually biſeed by the right 

lines, LM, MN, NO, OL), 

which are a equall and b pa- a 4.x, 

rallel to the fides of the va.6 
© ſquare ABCD. « then the ©29 
quadrilateral LMNO is a 
ſquare. Inlike mannersif the 
fides of the ſquare LUNO 
the points G,H,K, I, & GH, 
HK, KI ,1IG conneted , GHKI ſhall be a ſquare. 
And f 1n the other 5 pyramides of the oRaedron, 
the centers of the triangles be in the ſame ſort con- 
Joined with right lines , then other ſquares will be 
deſcribed like and equall to the ſquare GHKI, 
wherefore {1x ſuch ſquares ſhall make a cube, which 
ſhall be deſcribed within an oRacdron , d being its 431,04 18 
eight angles touch the eight baſes of the oRaedron 
in their centers. WM. 0 be Done, 


— .- ——-——___ 
_— ot _ 


_ _- — 


- 
2 ” ——_— 
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In an Icaſaedroy given to inſcribe a Dodecat- 
dron. c 

Let ABCDEF be a pyramide of the Icofae- 
dron,whoſe baſe is the peatagone AB CDE; and the 
centers of the triangles G, H,l,K, L; which conne& 
with the right lines GH/HI,IK,KL, LG. Then GH- 
IKL (hall be a pentagone of the dodecaedron to be 
inſcribed, 

For the right lines; FM, EN, FO, FP, FQ, pal- 
ſing by the centers of the triangles , « do equally 
divide their baſes into two parts. b therefore the 
rightlines MN,NO, OP, Pq. QM c are equall one 
to the otherz 4 w rence alſo the angles MEN, NFO, 
OFP, PFQ, QFM are equall. therefore the penta- 
gone GHIKL ts equiane1[1r. e and conſequently 
equilaterall, being FG, H,FL,FK, FL f are equall. 
And if in the other eleven pyramids of the Icoſae- 
dron, the centers of the triangles be in like ſort con- 
joined with righclines > thea will pentagones e- 
quall and like to the pentagone GHIKL be de- 
ſcribed. Wherefore 12 of fuch peatagones ſhall cot- 


{tituce a dodecaedron; which alſo ſhall be deſcribed 
in 


mos _amos 


EUCLIDE'S Flements. 


in the Icoſaedion , ſeeing the twenty apgles of the 
dodecaedron confiſt upon the centers of the twenty 
baſes of the Icoſaedron. Whereby it appears that we 
have deſcribed a dodecacdron in an Ifocacdron 
given. Whit h was to be Done. 
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